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Abstract

This thesis focuses on improving and extending the available toolset for
Eulerian, i.e. grid based, free surface fluid animation and level set based
surface tracking in the context of computer graphics and visual effects.
More specifically three novel methods are presented each aimed towards
reducing the amount of computer memory required for producing high
resolution animations of incompressible free surface fluids. Each method
is primarily developed for, but not limited to, the popular Stable Fluids
method (Stam, 1999).

Eulerian free surface fluid animation has historically required a large
amount of computer memory, especially when high resolution results are
desired. This problem has recently been addressed through the development
of dynamic computational grids like the Dynamic Tubular Grid (DT-Grid)
for level set computations. However, when animating free surface fluids a
large amount of tracker particles are often added to the level set geometry
in order to provide more accurate tracking of fluid surfaces. As a result the
particle level set (PLS) method typically requires two orders of magnitude
more memory than a DT-Grid level set. In order to reduce the gap in
memory requirement between the level set and the particles this thesis
introduces a fast and efficient compression method for such tracker particles.
This compression is optionally combined with a specialized external memory
algorithm that allows particle and level set data to be efficiently streamed
back and forth between primary memory and secondary storage devices
such as hard disk drives. The particle compression scheme is able to
reduce the size of a DT-Grid particle level set by more than 65% while
only inducing a 5% penalty to performance. If combined with the external
memory algorithm particle level sets of virtually any size and resolution
can be used in free surface fluid animations. The induced performance
penalty of the combined scheme depends on the performance of the external
storage device. When using a traditional hard disk drive a 70% increase
in simulation time compared to the uncompressed in-core simulation was
measured in the worst case.

This thesis also presents a purely Eulerian alternative to the PLS method
through the introduction of a dual resolution level set representation. The
method replaces the tracker particles with a level set of higher resolution,
thus significantly increasing surface tracking accuracy compared to the
unaided level set. The scheme is able to produce high quality results using
up to 94% less memory than a PLS. The core component of the method is
the Spatially Adaptive Morphology (SAM) filter which connects the high
resolution representation of the level set with the lower resolution fluid, thus
providing plausable animation also for small and/or thin surface features.

i



A sheet preserving extension to the SAM filter is also presented that is
able to preserve thin sheets of fluid indefinitely if so desired. Although
this method adds mass to the simulation it is highly useful for animating
phenomena like splashes, fountains and waterfalls.

The final method presented in this thesis concerns the efficient local
animation of oceans and other very large free surface fluids.For such sce-
narios large amounts of memory and computation time can be saved by
only computing accurate fluid physics in a local fluid region immediately
surrounding a point of interest. The fluid outside this region can then
be animated using less accurate but significantly faster and less memory
demanding models. However, for this approach to be accurate the local
fluid must be contained in such a way that it behaves as if still part of a
larger fluid. This thesis enables the local simulation of a larger body of
fluid by introducing three different non-reflective boundary conditions for
free surface fluid animation using a modified Stable Fluids method. Two
simple wave dampening boundaries are presented as well as a significantly
more advanced wave absorbing boundary based on the Perfectly Matched
Layer (PML) approach. All three boundaries are shown to be effective in
preventing wave reflection given large enough boundary regions. However
the PML boundary is significantly more efficient, typically absorbing waves
at a fraction of the distance required by the other two methods.
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Preface

The story of this thesis starts with a very fortunate encounter: During the
final year of my M.Sc. in applied physics I took an interest in scientific
visualization. During this time I met Ken Museth, the enthusiastic and
inspiring professor that would later become my supervisor and guide for the
course of my PhD. During the fall of 2004 Ken asked me if I wanted to do
my diploma work for him studying free surface fluid animation using level
sets. Although I had no previous experience with either computational
fluid dynamics or the level set method, the challenge and the opportunity
to learn compelled me. What followed was six intensive months during
which time I came to appreciate the strange blend of math, physics and
computer science that is fluid animation. I graduated in 2005 and before
the end of the year I was a PhD student in the computer graphics research
group that Ken had created at Linköping University.

As a PhD student my research quickly focused on Eulerian methods for
the animation of incompressible free surface fluids. At the time I joined
the Linköping University graphics group Michael B. Nielsen was working
with professor Ken on a highly memory efficient computational grid for
level set animation. I was given the exciting challenge to develop a free
surface fluid animation framework based on these Dynamic Tubular Grids
(DT-Grids).In parallel to this work I also started teaching part-time at
Linköping University.

In the spring of 2006 I joined professor Museth on a two month visit to
Rhythm and Hues Studios in Los Angeles. This trip was a great source
of inspiration as well as a valued opportunity to experience visual effects
research in a production environment.

In fall 2006 the DT-Grid based fluid animation system was finally
completed and the result was, to the extent of our knowledge, the most
memory efficient system for Eulerian free surface fluid animation (using
uniform sampling) to date. At this time I had also started working with
professor Museth and PhD students Michael B. Nielsen and Ola Nilsson on
a specialized framework for compression and out-of-core streaming of level
sets and particle level sets. My fluid solver was included in the resulting
system and our combined work was presented first as an SIGGRAPH sketch
[Nielsen et al., 2006] and later published in Transactions on Graphics (TOG)
as Paper I [Nielsen et al., 2007].

In parallel to the development of the fluid animation system I had also
worked with PhD students Gunnar Johansson (now Gunnar Läthén) and
Ola Nilsson on building a cheap open-source rendering cluster. The purpose
of this cluster was to render the high resolution DT-Grid level sets we were
now able to produce. Our work was presented as a work-in-progress at
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SIGGRAD 2006 [Johansson et al., 2006] and completed later that year.
During 2007 I primarily spent my time taking courses and teaching. I

was also experimenting with the use of DT-Grids for engineering problems,
specifically finding the equilibrium profile of a sessile drop under Van-Der-
Waal stress. However, although we achieved fairly accurate results our
method could not compete with explicit alternatives. In the spring of 2007
Ola Nilsson, Gunnar Läthén and I was also given responsibility for the
course “Modeling and Animation” filling in for professor Museth who was
on a leave of absence. We decided to complement the solid theoretical
foundation of this course with a strong practical component. Consequently
we spent a significant effort in developing a completely new lab series
ranging from mesh data structures and decimation to level sets and fluid
animation. Our efforts were rewarded when the students at the end of the
course rated it as outstanding, awarding us with an acknowledgment from
the Dean. I have now been involved in teaching this popular course for
several years.

In the spring of 2008 I interned at the visual effects company Digital
Domain, once again working with professor Museth on visual effects in a
production environment. This work was a highly rewarding and inspira-
tional experience from both a personal and professional perspective. Upon
my return I started research into two new projects: An Eulerian alter-
native to the particle level set method and non-reflective boundaries for
free surface fluid animation. My effort to be rid of the level set particles
later resulted in Paper II [Söderström and Museth, 2010], and my work
on non-reflective boundaries would lead to Paper III [Söderström et al.,
2010]. I also started researching adaptive grids for Eulerian fluid animation
and DT-Grids. Furthermore Paper I was invited to be presented at the
SIGGRAPH 2008 conference.

During the fall of 2008 professor Ken Museth decided to leave Linköping
University and join Digital Domain. To my relief and appreciation Ken
still agreed to stay on as adjunct professor and as my supervisor for the
remainder of my PhD. However, with my supervisor now living in California
I decided to approach professor Matts Karlsson at Linköping University
and ask him to be my co-supervisor. My offer was accepted and Professor
Matts and his students has been a much appreciated support during the
final part of my PhD.

During 2009 I focused primarily on finalizing my current research
projects. This resulted in a sketch presentation at SIGGRAPH 2009
[Söderström and Museth, 2009] as well as the presentation of Paper II at
Eurographics 2010. In parallel to this I also finalized Paper III which was
later accepted for publication in TOG. During this time part of my work
was also presented at a local exhibition coinciding with the opening of the
Norrköping Visualization Center.

During the summer and fall of 2010 my PhD was concluded with the
writing of this thesis.
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Chapter 1

Introduction

In this chapter background material for this thesis is provided in the form of
a brief history of fluid animation for visual effects. A number of prominent
commercial tools for fluid animation are also presented as well as several
open-source alternatives. After this the novelties and contributions of the
thesis are briefly discussed followed by an outline of the remainder of the
thesis.

1.1 Fluid Animation for Visual Effects - a Brief
History

The last couple of decades have seen a remarkable change in the way
motion pictures are produced. The advent of the digital computer has
allowed artists and film makers to bring to life their visions and dreams in
ways few believed possible only thirty years ago. We have witnessed how
computer generated (CG) visual effects have progressed from the simple
X-wing targeting computers in the original Star Wars motion picture to the
breathtaking CG world brought to life in the movie Avatar. However, as
more and more CG scenery makes its way into motion pictures the necessity
for accurate animation and physics affecting this content also increases.
Few would be convinced by a ship that does not generate waves in the
water or trees that do not move in the wind. A common approach over the
years has been to animate CG content by hand1. Although there are many
cases where this approach has been successful, such animation typically
require significant artistic talent in order to achieve visually pleasing results.
This is especially true for photorealistic CG content that is intended to
be part of actual live action scenery. The context of realism provided by
this scenario can make even slight mistakes in animation look unrealistic,
breaking the illusion that the CG content is an actual part of the scene.

Although most types of animation can be done manually or by recording
natural motion through the use of motion capture equipment, realistic ani-
mation of CG content remains a prohibitively hard task for many scenarios.
One such scenario is the animation of fluid phenomena such as smoke, fire
and water. The highly complex dynamics of fluids makes visually pleasing
fluid animation a very hard task to perform by hand. As a result, tools

1Using for example simple rigging with a skeleton and motion paths.
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Chapter 1

that are able to aid in creating realistic animations of fluid phenomena are
highly desirable. The construction of such a tool is however no simple task.
The physics of fluids is very complex, including vortex formations and defor-
mations, turbulence, surface tension effects, interface dynamics and more.
The behavior of turbulent flow is indeed so complex it is considered one of
the remaining unsolved problems in physics [Clay Mathematics Institute,
2010]. Even one of the Millennium Prize problems, i.e. the Navier-Stokes
existence and smoothness problem [Fefferman, 2010], is directly related to
the complexities of fluid flow.

Over the ages many renowned philosophers and thinkers have worked
towards understanding and explaining the behavior of fluids. These studies
stretch at least as far back as ancient Greece where Archimedes began to
study static fluids and floating bodies. During the renaissance Leonardo
Da Vinic studied the physics of fluids extensively through observation and
his legacy include a significant collection of drawings and illustrations.
However, the development of a mathematical theory for describing the
behavior of fluids did not begin until the late 17:th century with the work of
Sir Isaak Newton. Along with his famous second law of motion (F = m · a)
Newton also discovered, among many other things, that the stress on a
fluid often relates almost linearly to strain (i.e. stress induced deformation).
Many everyday fluids ,like water and air2, exhibit this behavior and are for
this reason often referred to as Newtonian fluids.

The mathematical groundwork for what can be considered modern fluid
dynamics was laid down in the late 17:th and early 18:th century starting
with the work of Daniel Bernoulli and Leonhard Euler. Bernoulli derived
the Bernoulli equation which can for example be used for estimating fluid
flow through pipe systems and Euler derived the Euler equations which
provide a convincing model for an inviscid fluid. In the 18:th and 19:th
century Claude-Louis Navier and George Stokes contributed the famous
Navier-Stokes equations describing the dynamics of a viscous fluid.

The Navier-Stokes equations provide a very convincing model for the
dynamics of fluid flow and consequently these equations have since been
used extensively in the fields of science and engineering. Examples range
from meteorology and the calculation of weather forecasts to ballistics
and space flight. In the field of computer graphics and visual effects the
Navier-Stokes equations have become the backbone for a range of computer
animated fluid effects, including smoke, fire, wind and water.

The primary focus of fluid animation for visual effects is however not, as
one might believe, accurate simulation of the physics of fluids. The primary
concern is to provide visually pleasing animation of fluids, which may or
may not include physical accuracy. In essence “what looks good is good”.
As a result a special breed of methods have been developed in the field of
visual effects for solving the Navier-Stokes equations. These methods are

2From a physics perspective both liquids and gases are fluids.
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Introduction

designed to produce visually pleasing fluid animations while emphasizing
robustness, speed and versatility. The requirements of robustness and
speed stem from the fact that within the graphics industry there is often a
very limited timeframe for producing a fluid animation. For a game fluid
animations must be possible to compute in real-time whereas for motion
pictures a decent fluid animation should often be possible to compute
overnight. With these relatively tight time constraints it is imperative that
the methods employed for solving the Navier-Stokes equations are able to
produce physically plausible and visually pleasing solutions at all times
with no exceptions. Versatility is also an important factor since visual
effects involve a significant artistic component. Thus a fluid animation
system for visual effects should be as general-purpose as possible, allowing
a plausible fluid animation to be computed regardless of any far-fetched or
even unphysical scenarios created by the animator.

One of the first methods in computer graphics for solving the Navier-
Stokes equations that met all these requirements is the celebrated Stable
Fluids method first presented by Jos Stam [Stam, 1999], building upon
important developments by among others Nick Foster and Dimitri Metaxas
[Foster and Metaxas, 1996, 1997a,b]. The Stable Fluids method provides
an unconditionally stable approach to animating fluids and quickly became
a cornerstone for the animation of many fluid phenomena including smoke
[Fedkiw et al., 2001; Stam, 1999], fire [Nguyen et al., 2002] and water
[Foster and Fedkiw, 2001]. Since 1999 and the Stable Fluids method,
research into the field of fluid animation for visual effects has exploded with
numerous improvements and developments to the original Stable Fluids
method. Some examples include the application of vorticity confinement
[Steinhoff and Underhill, 1994], vortex particles [Selle et al., 2005], improved
integration schemes [Dupont and Liu, 2003; Molemaker et al., 2008; Mullen
et al., 2009; Yabe et al., 2001] more accurate boundaries [Batty et al., 2007]
and more.

Alternative methods for solving the Navier-Stokes equations have also
been explored. Noteworthy examples include the Smoothed Particle Hydro-
dynamics (SPH) method [Ellero et al., 2007; Monaghan, 1988], the Fluid
Implicit Particle (FLIP) approach [Brackbill et al., 1988; Zhu and Bridson,
2005], Lattice Boltzmann solvers [Chen et al., 1992; Fan et al., 2005] and
fluids on tetrahedral meshes [Batty et al., 2010; Chentanez et al., 2007;
Klingner et al., 2006]. A good overview of some of the recent developments
of fluid simulation in the field of computer graphics can be found in the
book “Fluid Simulation for Computer Graphics” [Bridson, 2008] as well as
the recent survey by Tan and Yang [2009].

Currently the Stable Fluids method and the subsequent developments
in the field of fluid animation for visual effects have led to fluid animations
playing an important role in many motion pictures in recent years. Exam-
ples include blockbusters such as The Lord of The Rings, The Day after
Tomorrow, Pirates of the Caribbean, 2012 and Avatar among many others.
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Chapter 1

1.2 Commercial Packages and Implementations

There are currently many commercial visual effects tools and packages
that support fluid effects. Prominent examples include software packages
such as Autodesk Maya and Houdini by Side Effects Software. In addition
to general-purpose tools such as these there are a number of commercial
packages that specialize on fluid effects in particular. Two such tools are
Realflow by Next Limit Technologies and Flowline by Scanline VFX. The
recent upstart Naiad by Exotic Matter has also recently made a name for
itself with its use in the motion picture Avatar.

In addition to commercial packages there are also a number of open
source tools available for producing fluid effects. The open source 3D suite
Blender3 contains a Lattice Boltzmann fluid solver and iSPH 4 is an open
source SPH solver. The large OpenFOAM 5 package also contains numerous
fluid simulation tools; however it is primarily aimed towards science and
engineering applications.

In spite of this offering of fluid animation tools it is common for large
visual effects studios to maintain their own in-house fluid animation system.
This can be advantagous since a studio has full control over its in-house
tools, allowing for specialized tweaks and modifications in order to customize
effects for a particular production or scene. However, maintaining a state-
of-the-art fluid animation tool is a costly process and as commercially
available software is getting more and more advanced the advantages of
this approach will likely become smaller.

1.3 Aims and Motivation

In 2005 when we6 started research into fluid animation for visual effects
many of the current methods were, and arguably still are, lacking in a
number of areas. One area where we saw great potential for improvement
was the Eulerian, i.e. grid-based, simulation of free surface fluids using level
set [Osher and Fedkiw, 2002] surface tracking. Consequently the overall
aim of this thesis became the improvement and extension of the available
toolset for Eulerian free surface fluid animation and level set based surface
tracking.

Since high definition Eulerian level set and free surface fluid animations
were found to require a sometimes prohibitively large amount of computer
memory this problem quickly became the main focus of this thesis. Our
research initially led to the development of the Eulerian free surface fluid
animation system based on Dynamic Tubular Grids (DT-Grids) described

3http://www.blender.org/
4http://isph.sourceforge.net/
5http://www.openfoam.com/
6The Linköping University Graphics Group, http://gg.itn.liu.se/
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Introduction

briefly in section 2.6.2. However, although memory efficient, this system
could still be improved further leading to the external memory and com-
pression methods presented in Paper I, the surface tracking method of
Paper II and finally the boundary conditions presented in Paper III.

1.4 Originality and Contributions

The papers included in this thesis represent a number of original ideas
and novel contributions to the fields of computer graphics and Eulerian
free surface fluid animation. Behind each paper is also a large amount of
practical work in order to implement, test and verify said ideas. Of the
papers included in this thesis I am the primary author of Paper II and
Paper III. In Paper I I worked as part of a team contributing both ideas
and implementations with my primary focus being the fluid animation
aspects of this paper. The ideas presented in Paper II and Paper III as
well as the implementations necessary for demonstrating their effectiveness
are to a large extent my own. A brief summary of my contributions to the
respective papers included in this thesis is provided below:

Paper I For this paper the main focus of my work and contributions
are the fluid animation aspects of out-of-core and compressed level
set simulations. I have contributed the streaming and compression
framework for the particle level set method[Enright et al., 2002a] as
well as the out-of-core fluid animation system that is a part of the
paper. I have also played a supporting role in the development of the
streaming and compression schemes for regular level sets presented
in this paper.

Paper II The ideas and execution behind this paper is to a large extent
my own work. I have contributed the ideas behind the SAM and
SP-SAM filters as well as their use in presenting a memory efficient
Eulerian alternative to the particle level set method. I have also
contributed all the practical work in order to test and evaluate the
resulting method.

Paper III This paper constitutes to a large extent my own ideas and
execution. I have contributed all the central ideas including the Stable
Fluids based solution algorithm and the related stabilization scheme
for the PML equations for incompressible free surface flow. The
analysis of the performance of said algorithm as well as the arbitrary
level set boundaries presented is also my own work.

Related to the work presented in this thesis is also the following minor
publications and technical reports to which I have contributed:
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Chapter 1

[Johansson et al., 2006] : G. Johansson, O. Nilsson, A. Söderström, and
K. Museth. Distributed ray tracing in an open source environment
(work in progress). pages 7–11. Linköping University Electronic
Press, 2006

[Nilsson and Söderström, 2007] : O. Nilsson and A. Söderström. Eu-
clidian distance transform algorithms : A comparative study. Tech-
nical report, Linköping UniversityLinköping University, Department
of Science and Technology, 2007

[Nielsen et al., 2006] : M. B. Nielsen, O. Nilsson, A. Söderström, and
K. Museth. Virtually infinite resolution deformable surfaces. In
SIGGRAPH ’06: ACM SIGGRAPH 2006 Sketches, page 66, New
York, NY, USA, 2006. ACM. ISBN 1-59593-364-6

[Söderström and Museth, 2009] : A. Söderström and K. Museth. Non-
reflective boundary conditions for incompressible free surface fluids.
In SIGGRAPH ’09: SIGGRAPH 2009: Talks, pages 1–1, New York,
NY, USA, 2009. ACM. ISBN 978-1-60558-834-6

1.5 Outline of the Thesis

The remainder of this thesis is divided into five chapters, the contents of
which is outlined below:

Chapter 2 introduces the reader to the theory and methodology behind
fluid animation in general and memory efficient animation of incom-
pressible Eulerian free surface fluids in particular. This chapter
introduces many of the concepts, methods and data structures upon
which the contributions of this thesis are built. The intended reader
is not an expert in Eulerian fluid animation and thus readers that are
very familiar with the Navier-Stokes equations, the level set method
and sparse computational grids may safely skip most of this chapter.
However, it is still recommended to read section 2.6.2 which intro-
duces the fluid animation system used for all numerical experiments
presented throughout this thesis and its related papers.

Chapter 3 focuses on the fluid animation aspects of the out-of-core and
compressed level set and particle level set framework presented in Pa-
per I. The chapter discusses the core methods and results and can be
seen as complementary reading to Paper I. The chapter is concluded
with short summary discussing the strengths and weaknesses of the
framework.

Chapter 4 describes the Eulerian method for dual-resolution tracking of
free surface presented in Paper II. The chapter provides background

6



Introduction

information for this project as well as the core method and results.
This chapter is intended as complimentary reading to Paper II. The
chapter is concluded with a short summary discussing the strengths
and weaknesses of the method.

Chapter 5 concerns the non-reflective boundaries for incompressible free
surface fluid animation presented in Paper III. The chapter puts more
emphasis on the explicit and implicit dampening methods presented in
this paper and also provides a more extensive version of the derivation
of the PML boundary equations. The chapter also shows how to
derive PML boundary equations for arbitrary external forces. This
chapter is intended as complimentary reading to Paper III. The
chapter is concluded with a short summary discussing the strengths
and weaknesses of the method.

Chapter 6 concludes this thesis with a discussion on the overall con-
tributions of the thesis, its potential impact and ideas for future
work.

After these chapters follows an appendix containing the core papers of the
thesis.
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Chapter 2

Eulerian Free Surface Fluid Animation

All the contributions in this thesis concern the animation of free surface flu-
ids in the context of computer graphics and visual effects. More specifically
this thesis focuses on Eulerian (i.e. grid-based) animation of incompressible
free surface fluids. As part of the research behind Paper I, Paper II and
Paper III a framework for computing such visual effects through the sim-
ulation of incompressible free surface fluids was developed. This chapter
provides an introduction to the theory and methods employed by this
framework as well as a quick overview of a number of related methods.

The Navier-Stokes equations are at the core of many fluid animation
systems, including the system constructed as part of this thesis. Section 2.1
presents how these equations can be obtained from Newton’s second law of
motion together with conservation laws for mass and energy. Section 2.1
also describes the Lagrangian and Eulerian viewpoints commonly associated
with the Navier-Stokes equations.

Section 2.2 proceeds by presenting a number of simplifications to the
Navier-Stokes equations that are commonly used for fluid animation. In
section 2.3 several common boundary conditions for the incompressible
Navier-Stokes equations are then presented including the free surface bound-
ary used for free surface fluid animation. Next section 2.4 introduces several
methods for representing and tracking free surfaces, primarily focusing on
the Eulerian methods used throughout this thesis. Section 2.5 continues by
presenting a number of methods for efficiently storing the computational
grids required for Eulerian fluid animation. This section also introduces
the memory efficient Dynamic Tubular Grid (DT-Grid) that forms the
foundation for many of the contributions presented in this thesis. Next
section 2.6 presents the Stable Fluids based method used as a basis for the
animation of incompressible free surface fluids in this thesis. This chapter
is concluded with section 2.7 presenting two simple methods for avoiding
undesired loss of mass and energy in Stable Fluids based animations.

2.1 The Navier-Stokes Equations

Most fluid animation systems for visual effects are based on the model for
fluid flow provided by the Navier-Stokes equations. Consequently these
equations form the very foundation of this thesis and the research it presents.
The Navier-Stokes equations can be derived from three fundamental physical
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principles; the conservation of linear momentum, the conservation of mass
and the conservation of energy. In this section we will show how the Navier-
Stokes momentum equations can be obtained from Newton’s second law of
motion describing the conservation of (linear) momentum. The equation
for the conservation of mass will also be presented. The equation related
to the conservation of energy will be presented separately in section 2.1.2.

A formal derivation of the Navier-Stokes equations is a lengthy process
and we refer the interested reader to relevant textbooks such as [Anderson,
1995; Klarbring, 2006]. However, fundamental understanding of these
equations and the physics contained within them can still be provided
through the relatively informal derivation of these equations as presented
in this section:

We start by considering Newton’s second law of motion for a single
point mass (i.e. particle), commonly written as

d

dt
(mpv) = f (2.1)

Here v = {vx, vy, vz} describes the particle velocity, mp represents its mass
and f represents external forces. Equation (2.1) is well suited for modeling
the dynamics of solid objects since such motion can readily be described
as translations and rotations affecting the mass center of an object, i.e.
translations and rotations around a single point. However, the flowing
nature of a fluid makes it ill suited to be modeled as a single point. Instead
fluids can be seen as a continuus and dynamic mass distribution spanning
an entire region. Let Ω define this three-dimensional, continuous and finite
region of fluid and let ∂Ω define the boundary of Ω. In order to animate a
fluid as opposed to a single point mass we need to find the equivalent of
equation (2.1) for the fluid region Ω.

Here we assume that instead of a single point mass, Ω consists of n
particles. Each particle carrying a potentially different velocity vp, a finite
mass mp and a volume Vp . Given that Ω has a constant total mass m we
observe that ∑

n

mp = m (2.2)

We now assume that each particle in Ω is still governed by equation (2.1).
Since we have a cloud of particles the force f acting on each particle can
be further divided into internal forces fint caused by interactions between
the particles contained in Ω and external forces fext that are independent
of the particles. These forces result in the equation of motion

d

dt
(mpv) = fint + fext (2.3)

for each particle in Ω. We now assume that the number of particles n goes
towards infinity and consequently that the fluid volume Vp represented by
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each particle goes towards zero while still satisfying equation (2.2). As a
result we may replace the particle mass mp in equation (2.3) with the mass
density ρ such that ∫

Ω

ρdΩ = m (2.4)

If we assume that all particles have the same mass and volume the density ρ
can also be interpreted as representing the density of particles at a point in
space. It can be shown [Anderson, 1995] that for a fluid the internal stresses
can be characterized by the stress tensor Σ and the resulting internal forces
fint can be calculated through the the tensor product ∇ ·Σ. The resulting
equation becomes

d

dt
(ρv) = ∇ ·Σ + fext (2.5)

where

Σ =

 σxx τxy τxz
τyx σyy τyz
τzx τzy σzz

 (2.6)

Here σ represents normal stresses and τ represents shear stresses. The
internal pressure of the fluid is often a parameter of interest and thus the
stress tensor Σ is commonly split into the pressure field p and the deviatoric
stress tensor1 T where

Σ = −pI + (Σ + pI) = −pI + T (2.7)

In equation (2.7) I is the identity tensor and

T =

 τxx τxy τxz
τyx τyy τyz
τzx τzy τzz

 (2.8)

where σxx + p ≡ τxx, σyy + p ≡ τyy and σzz + p ≡ τzz. As a result equation
(2.5) can now be written as

d

dt
(ρv) = −∇p+∇ ·T + fext (2.9)

Equation (2.9) is the result of the physical principle that the momentum of
the fluid should be conserved. However, we also have the principle that the
mass of the fluid should be conserved, i.e. equation (2.4). This equation
can be rewritten into the corresponding partial differential equation

∂ρ

∂t
+∇ · (ρv) = 0 (2.10)

1Also known as the stress deviator tensor.
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the full derivation of which can be found in for example [Klarbring, 2006].
Equation (2.10) essentially states that for every point in Ω the amount
of mass flowing into that point should equal the amount of mass flowing
out of it. Although equation (2.9) and (2.10) describe the dynamics of a
fluid these equations are not yet in a solvable form. In order to solve them
we also need to describe how to calculate the components of the stress
tensor Σ. This is where we go from describing the motion of a general
fluid to creating a model for a specific type of fluid. The characteristics
of a fluid can essentially be described through two material parameters,
typically denoted λ and µ. However, these parameters are often assumed
to be related (see equation (2.12)) and as a result there is only one material
parameter separating one fluid from another - viscosity. Viscosity can be
considered the amount of internal friction in the fluid, i.e. how “sluggish”
the fluid is. Typically fluids are divided into two types depending on the
behavior of the viscosity parameter. A somewhat simplified2 distinction
is that a Newtonian fluid has a viscosity that is independent of the forces
acting upon the fluid whereas this is not the case for a non-Newtonian
fluid.

When animating fluids for visual effects the Newtonian viscosity model
is typically used. Since many common fluids like air and water can accu-
rately be described by such a model this simplification is usually sufficient.
Assuming that a fluid is Newtonian it can be characterized by the constants
λ and µ [Anderson, 1995] where

τxx = λ (∇ · v) + 2µ
∂vx
∂x

(2.11a)

τyy = λ (∇ · v) + 2µ
∂vy
∂y

(2.11b)

τzz = λ (∇ · v) + 2µ
∂vz
∂z

(2.11c)

τxy = τyx = µ

(
∂vy
∂x

+
∂vx
∂y

)
(2.11d)

τxz = τzx = µ

(
∂vx
∂z

+
∂vz
∂x

)
(2.11e)

τyx = τzy = µ

(
∂vz
∂y

+
∂vy
∂z

)
(2.11f)

As previously mentioned λ and µ are frequently assumed to be related.
Typically the relation

λ = −2

3
µ (2.12)

2A Newtonian fluid is a fluid where the stress versus strain rate curve is linear and
passes through the origin.
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is used although equation (2.12) has not yet conclusively been proven
[Anderson, 1995]. The material constant µ is in this case the dynamic
viscosity of the fluid.

2.1.1 The Lagrangian and Eulerian Views

Equation (2.9) describes the forces acting upon each infinitesimally small
fluid element (i.e. particle) as it moves around with the material flow
of the fluid. This special frame of reference is often referred to as the
Lagrangian view. Equation (2.10) on the other hand is written in a frame
of reference that is fixed in comparison to the motion of the fluid. This
frame of reference is often referred to as the Eulerian view. These two
views are useful since some physical parameters move around with the flow
of material whereas others do not. Temperature and velocity are examples
of typical Lagrangian parameters, i.e. parameters that move with the
flow. Parameters like density and pressure on the other hand are typically
characteristic for a stationary point in space, i.e. the Eulerian point of
view, and may be considered Eulerian parameters. If we wish to make
an Eulerian measurement of a Lagrangian property, like temperature, we
simply apply the chain-rule

d

dt
f(x(t), t) =

∂f(x, t)

∂t
+∇f(x, t) · dx(t)

dt
(2.13)

thus taking the moving coordinate frame into account. Here x(t) describes
the motion of the coordinate frame, i.e. in this case the motion of the

particles, and thus dx(t)
dt = v where v is the Eulerian fluid velocity. In fluid

dynamics literature the notation D
Dt is often encountered where

D

Dt
≡ ∂

∂t
+ v · ∇ (2.14)

is referred to as the “material derivative” and is a derivative of a property
that moves with the material flow of the fluid. As can be seen from equation
(2.13) this is simply a special case of the total derivative d

dt when following

the fluid flow, i.e. when dx
dt ≡ v. No matter the nomenclature equation

(2.13) and (2.14) can both be used to obtain Eulerian measurements of
Lagrangian properties. By using equation (2.13) equation (2.9) can now
be written in its Eulerian form

∂

∂t
(ρv) + v · ∇ (ρv) = −∇p+∇ ·T + fext (2.15)

Note that in this form v is the Eulerian fluid velocity, i.e. a velocity
vector field that is fixed in space instead of moving with the flow. The
Lagrangian and Eulerian views, although interchangeable in theory, makes
a significant practical difference when designing an algorithm for solving the
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Navier-Stokes equations. The Lagrangian view typically leads to particle
based solvers like the Smoothed Particle Hydrodynamics (SPH) method
[Ellero et al., 2007; Monaghan, 1988] while the Eulerian view leads to a
grid-based approach like the Stable Fluids method [Stam, 1999]. Hybrid
Eulerian/Lagrangian methods also exist, a good example of which is the
Fluid Implicit Particle (FLIP) approach [Brackbill et al., 1988; Zhu and
Bridson, 2005]. However, in this thesis the focus is primarily on Eulerian
methods and thus we will use the Eulerian point of view henceforth.

2.1.2 Energy Conservation

So far we have discussed the conservation of momentum and the conservation
of mass. This only leaves the conservation of energy. Using the first law of
thermodynamics one can derive [Anderson, 1995] the equation

∂

∂t
ρ
(
e+

v · v
2

)
+∇ · ρ

(
e+

v · v
2

)
v = ρq̇ +

∂

∂x

(
k
∂T

∂x

)
+
∂

∂y

(
k
∂T

∂y

)
+

∂

∂z

(
k
∂T

∂z

)
− ∂vxp

∂x
− ∂vyp

∂y
− ∂vzp

∂z

+
∂vxτxx
∂x

+
∂vxτyx
∂y

+
∂vxτzx
∂z

+
∂vyτxy
∂x

+
∂vyτyy
∂y

+
∂vyτzy
∂z

+
∂vzτxz
∂x

+
∂vzτyz
∂y

+
∂vzτzz
∂z

+ ρfext · v (2.16)

describing the conservation of energy. Here e represents internal energy,
κ is thermal conductivity, T is temperature and q̇ is the local heat flux.
Note that e+ v·v

2 describes the total energy - kinetic and internal. At this
point we have equation (2.10) describing conservation of mass, equation
(2.15) describing conservation of momentum and equation (2.16) describing
conservation of energy. These equations does however not yet form a
complete system since we have more unknowns than equations. In order
to complete the fluid dynamics model we need to model the behavior of
the “gas” of particles that makes up the fluid. Here the assumption can be
made [Anderson, 1995] that

p = ρRT (2.17)

i.e. that the fluid behaves like an ideal gas where R is the specific gas
constant. If the gas is also calorically perfect the equation

e = cvT (2.18)

is obtained where cv is the specific heat at constant volume.
Equation (2.10), (2.15) and (2.16) form the Navier-Stokes equations for

a compressible Newtonian fluid which together with the models in equations
(2.17) and (2.18) describe the dynamics of an ideal, calorically perfect gas.
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That the Navier-Stokes equations are a set of conservation laws is readily
seen when the equations are written on conservation form:

∂u

∂t
+
∂f1
∂x

+
∂f2
∂y

+
∂f3
∂z

= g (2.19)

where

f1 =


ρvx

ρv2
x + p− τxx
ρvxvy − τxy
ρvxvz − τxz

ρ
(
e+ v·v

2

)
ux + pux − k ∂T∂x − vxτxx − vyτxy − vzτxz

 (2.20a)

f2 =


ρvy

ρvxvy − τxy
ρv2
y + p− τyy
ρvyvz − τyz

ρ
(
e+ v·v

2

)
uy + puy − k ∂T∂y − vxτyx − vyτyy − vzτyz

 (2.20b)

f3 =


ρvz

ρvxvz − τxz
ρvyvz − τyz
ρv2
z + p− τzz

ρ
(
e+ v·v

2

)
uz + puz − k ∂T∂z − vxτzx − vyτzy − vzτzz

 (2.20c)

u =


ρ
ρvx
ρvy
ρvz

ρ
(
e+ v·v

2

)

 (2.20d)

g =


0
fx
fy
fz

ρ (vxax + vyay + vzaz + ρq̇)

 (2.20e)

Here {fx, fy, fz} are the components of the external force vector.

2.2 Simplified Fluid Models

The Navier-Stokes equations represent a rather extensive system of coupled,
non-linear partial differential equations. Accurately solving such a system
can be a massively time-consuming task even with the aid of supercomputers.
This is where one of the core principles of visual effects takes over: “What
looks good is good”. In visual effects physical accuracy is not a primary
concern, only creating effects that are good enough to make the observer
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believe that they are looking at actual physics. Due to this distinction fluid
animation for visual effects typically does not require the level of complexity
described by equation (2.19). Instead a number of simplified fluid models
are often used, the most common of which will be presented below.

2.2.1 The Incompressible Navier-Stokes Equations

Although all physical fluids are compressible to some extent there are many
cases where the compressibility is very low and thus it can be useful to model
the fluid as incompressible instead. For the purpose of fluid animation air
and most liquids can convincingly be treated as incompressible fluids.

Assuming incompressibility simplifies the Navier-Stokes equations signif-
icantly. The energy equation is no longer necessary and assuming constant
viscosity the deviatoric stress tensor T is significantly simplified (see equa-
tion (2.23)). Furthermore, since incompressibility implies constant density
the mass conservation equation (2.10) becomes a statement that the di-
vergence of the flow should be zero, i.e. that volume should be conserved.
Following the derivation in for example [Anderson, 1995] the incompressible
Navier-Stokes equations for a Newtonian fluid can be written as

ρ

(
∂v

∂t
+ v · ∇v

)
= fext + µ∇2v −∇p (2.21a)

∇ · v = 0 (2.21b)

where µ is the dynamic viscosity. Here the compressible momentum equa-
tion (2.15) has become equation (2.21a) and the mass conservation equation
(2.10) simplifies to equation (2.21b), i.e. a statement that the there shall be
no sources or sinks in the fluid velocity field. In equation (2.21a) v · ∇v is
the “self-advection term” and describes how the fluid velocity moves with
the fluid flow. The term µ∇2v is the “viscosity term” and describes the
diffusion of velocity due to viscous forces, i.e. essentially internal friction in
the fluid. The terms fext and ∇p describes the external and pressure forces
respectively.

The incompressible Navier-Stokes equations, usually written on this
form, is the core component of most visual effects systems for computer
aided animation of Eulerian fluids. Note that in equation (2.21a)

µ∇2v = µ


∂2vx
∂x2 + ∂2vx

∂y2 + ∂2vx
∂y2

∂2vy
∂x2 +

∂2vy
∂y2 +

∂2vy
∂y2

∂2vz
∂x2 + ∂2vz

∂y2 + ∂2vz
∂y2

 (2.22)

implying that

T = µ


∂vx
∂x

∂vx
∂y

∂vx
∂z

∂vy
∂x

∂vy
∂y

∂vy
∂z

∂vz
∂x

∂vz
∂y

∂vz
∂z

 = µ∇v (2.23)
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through identification in equation (2.19).

2.2.2 The Incompressible Euler Equations

Some fluids like water and air have very low viscosity. Thus an additional
simplification of the incompressible Navier-Stokes momentum equation
(2.21a) is to assume zero viscosity. This leads to the incompressible Euler
momentum equation commonly written as

ρ

(
∂v

∂t
+ (v · ∇)v

)
= fext −∇p (2.24)

and subject to (2.21b).

2.2.3 Ocean Modeling

The Euler and Navier-Stokes equations provide a fairly accurate and general-
purpose description of fluid flow. However, there are many special cases
where the apparent dynamics of a fluid is relatively simple. One such
scenario of relevance to this thesis is the animation of ocean surfaces.
Oceans represent vast bodies of water and high accuracy animation of such
volumes is typically very impractical, if at all possible. However, the general
behavior of ocean surfaces, especially for calm oceans, does not require
the full complexity of the Navier-Stokes equations. Instead simpler fluid
models can be used for computing such animations. An overview of such
models is provided by Tessendorf [2004]. A number of examples can also be
found in Bridson [2008]. Typical for this type of models is that the ocean is
described as a two-dimensional height-field instead of a three dimensional
volume. This drastically reducing the complexity of the animation. However,
although height-field based models can efficiently animate large bodies of
water they typically do not allow complex interactions between the water
and solid objects3. In order to obtain the best of both worlds a potential
approach is to animate the large-scale motion of the ocean surface using
ocean models while creating an accurate local simulation around regions
where complex interactions are expected. The non-reflective boundaries
presented in chapter 5 and Paper III are intended to facilitate this type of
hybrid approach.

2.3 Boundary Conditions

The Navier-Stokes equations describe the dynamics of fluids in general.
They have an infinite number of solutions corresponding to the infinite
variety of fluid animation scenarios that can be constructed. Obtaining a
specific solution to a specific scenario requires specifying the initial and

3For example breaking waves around the bow of a ship traveling on the ocean.
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boundary conditions for that scenario. Simply put the initial condition
defines the initial state of the fluid whereas the boundary conditions define
how the fluid behaves at boundaries4, essentially determining how it is
allowed to flow from this initial state. In fluid animation two types of
boundary conditions are frequently encountered; Dirichlet conditions and
Neumann conditions. A Dirichlet boundary condition enforces specific
values to a function at boundaries while Neumann boundary conditions
enforce specific values to the first derivative of this function. Below three
types of boundaries of relevance to this thesis are presented together with
examples of their related Dirichlet and Neumann boundary conditions.

2.3.1 Solid Boundaries

One common example of a fluid animation boundary is solid objects.An
example of a Dirichlet boundary condition associated with solid boundaries
is the free-slip condition

v · n = vsolid · n (2.25)

In equation (2.25) v is the fluid velocity at the solid surface, n is the surface
normal and vsolid is the velocity of the solid. This Dirichlet boundary
condition simply states that, at the solid surface, the normal component of
the fluid velocity must equal the normal component of the velocity of the
solid. Although equation (2.25) can be useful for fluid animation, especially
for low viscosity fluids like water, it is in fact not physically accurate for a
viscous fluid. A more accurate Dirichlet boundary condition for viscous
flow is the no-slip condition

v = vsolid (2.26)

stating that the fluid velocity should equal the solid velocity at the solid
boundary.

An example of a Neumann boundary condition at solid boundaries is
the equation

∇v · n = 0 (2.27)

stating that the fluid velocity at the solid surface cannot be allowed to
change in the normal direction. Equation (2.27) is also sometimes written
as

∂v

∂n
= 0 (2.28)

more explicitly stating that the change of v along the normal n should be
zero.

4For example solid walls and obstacles.
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2.3.2 Two-phase Flow and the Free Surface Boundary

There are many practical scenarios where two or more fluids of different
types are involved. The animation of a waterfall for example involves
the two fluids water and air. In this scenario it is not only important to
accurately capture the dynamics of the two fluids; it is also very important
to accurately track the motion of the interface, i.e. the water surface,
separating them. There are two main reasons for this. The first is that
the water surface is typically the only visible part of the water animation.
The internal motions of the air and water are both invisible to the naked
eye. The second reason is that the water surface defines what region of
the world belongs to the water and what belongs to air, thus directly
influencing the solution to the Navier-Stokes equations inside these regions.
There are many approaches to tracking the interfaces separating fluids.
These methods range from Eulerian methods like the Level Set Method
[Adalsteinsson and Sethian, 1995; Osher and Sethian, 1988; Osher and
Fedkiw, 2002; Peng et al., 1999] through hybrid methods like Particle Level
Sets [Enright et al., 2002a] and Marker Level Sets [Mihalef et al., 2007] to
Lagrangian mesh methods including Bargteil et al. [2006]; Hirt et al. [1970];
Navti et al. [1997] among others. The strengths and weaknesses of these
methods as well as relevant theory is briefly discussed in section 2.4.

When animating two-phase fluids like water for visual effects a common
simplification is to only solve the the Navier-Stokes equations in the body
of water whereas the “air” region is simply treated as a void that the water
may fill. This “free surface” approach can be realized by applying the
continuity boundary condition

∇q · n = 0 (2.29)

at the fluid interface for all quantities q. Equation (2.29) simply states
that all quantities on the interface shall be constant along the normal
direction n of the water surface in the “air” region. As can be seen this
is essentially a Neumann boundary condition. The free surface boundary
condition is obviously approximate, however it can still provide visually
pleasing animation for scenarios where the density of the animated phase
is significantly higher than that of the ignored phase.

When solving the Navier-Stokes equations for free surface Eulerian
flow all computations can be localized from the entire fluid domain to
the region that contains the phase of interest. This typically makes free
surface fluid animations significantly faster to compute than full two-phase
flow. Furthermore the assumption of a free surface allows the data storage
required to compute the Eulerian simulation to be localized by using
dynamic computational grids such as the Dynamic Volume Grid (see section
2.6.2), a data structure closely related to the efficient Dynamic Tubular
Grid (DT-Grid) by Nielsen and Museth [2006]. Indeed the memory efficient
free surface fluid simulations made possible by the DV-Grid and the DT-
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Grid form the foundation for this thesis in general and papers I and II in
particular.

2.3.3 Non-Reflecting Boundaries

For practical reasons there are many fluid animation scenarios where it is
desirable to only simulate a portion of a larger fluid domain. This local
domain can for example be the immediate neighborhood around an aircraft
or a patch of water on a wide ocean (see chapter 2.2.3). In such scenarios
the implication is that a wide body of fluid surrounds the region where
the Navier-Stokes equations are solved and that the larger body is itself
never solved for. Accurate fluid dynamics can still be obtained close to the
object or region of interest. However, this requires that the inflow/outflow
boundary conditions linking the solved for and unsolved regions of fluid
are treated with special care. This type of “open” or “far-field” boundary
conditions for the compressible Navier-Stokes equations has been extensively
studied in the field of computational aeroacoustics where such boundaries
are used to prevent undesired reflections of pressure waves. In the field of
computational aeroacoustics and computational electromagnetics a number
of non-reflecting boundary conditions has been developed in order to realize
accurate open boundaries. An overview of some of the current techniques
is provided by Johnson [2007] and Hu [2008].

In the field of fluid animation in general and the animation of free
surface incompressible fluids in particular the reflection of pressure waves is
typically not a problem since such waves cannot appear in an incompressible
fluid. However, an equivalent boundary condition that is able to prevent
the reflection of surface waves can be highly desirable during for example
local ocean simulations as presented in section 2.2.3. To the extent of
our knowledge this type of boundary was first introduced to the field of
graphics and free surface fluid animation by Söderström and Museth [2009]
which constitutes preliminary work on the method presented in Paper III.
Non-reflecting boundaries for incompressible free surface fluid animation
along with the methods presented in Paper III will be considered in more
detail in chapter 5.

2.4 Surface Tracking

As is presented in section 2.3.2 accurate tracking of fluid interfaces for multi-
phase and free surface flow is very important. Inaccurate surface tracking
directly leads to an inaccurate solution to the Navier-Stokes equations
which in turn can result in poor animation. Furthermore the fluid surface
is often the most visible part of the fluid, and thus even small errors in
the way the surface moves can lead to a fluid that does not look real. An
example of a surface tracking error can be seen in figure 2.1. Here a sphere
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Figure 2.1: An example of failed surface tracking. Notice how the water
sheets has disappeared into thin air in the image to the right.

Figure 2.2: An illustration showing the difference between the Eulerian
representation of an ellipsoid (left) and the Lagrangian representation (right).

of water falls onto the top of a pedestal resulting in a splash. It is hard for
the human eye to determine whether the flow of water or air is physically
accurate in this animation, however, it is clear that a large portion of the
fluid suddenly disappears into thin air. This loss of fluid is a result of a
surface tracking failure and not an error in the solution to the Navier-Stokes
equations themselves.

2.4.1 Eulerian and Lagrangian Surface Tracking

As is described in section 2.1.1 there are two principally different ways to
describe the motion of a fluid - the Lagrangian view and the Eulerian view.
Equivalently there are two views on the surface tracking problem. The
Lagrangian view corresponds to tracking surfaces explicitly by describing
the motion of all points on the fluid surface. The Eulerian view corresponds
to implicitly tracking surfaces by some parameter defined everywhere in
space. An illustration of the difference can be seen in figure 2.2.

2.4.2 Implicit and Explicit Geometry

The Lagrangian view on geometry translates to an explicit geometric
representation where every point on the geometric shape is directly defined
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through a set of parameters. Consider for example the equation

y(x) = kx+m (2.30)

describing a line in 2D space. For any chosen value of x equation (2.30)
describes a corresponding value for y such that the point (x, y) always lies
on the line. Thus equation (2.30) explicitly describes where in space the
line can be found. Equation (2.30) can also be written on the parametric
form {

x(t) = at+ x0

y(t) = bt+ y0
(2.31)

effectively decoupling the variables x and y with the help of the parameter
t which describes the position along the line. For any t equation (2.31)
describes a point (x, y) that is on the line and thus equation (2.31) is
also an explicit description of a line. Explicit geometry can typically be
parameterized in this manner and thus it is often referred to as parametric
geometry.

Where the Lagrangian view leads to explicit geometry the Eulerian
view leads to an implicit description of geometry. Implicit geometry is as
the name implies geometry that is indirectly described, typically through
an equation on the form

f(x) = 0 (2.32)

Any point in space that satisfies equation (2.32) is considered on the implicit
surface. An example of an implicit shape is the equation{

f(x, y) = x2 + y2 −R2

f(x, y) = 0
(2.33)

which describes the implicit circle with the radius R. Equation (2.33)
does not explicitly state which points (x, y) lie on the circle. However,
every point in space can be tested against equation (2.33) and thus it can
be determined whether or not the point is a part of the circle. In this
simple case equation (2.33) can be solved analytically, thus obtaining an
explicit description of the circle. However, for more complicated shapes the
analytical transformation between implicit and explicit geometry can be
non-trivial, if at all possible.

2.4.3 Lagrangian Surface Tracking in Practice - Meshes and
Particles

Practical implementations of Lagrangian surface tracking typically corre-
spond to a particle-based approach. A number of discrete particles are
distributed in space and the particles are by definition located on the
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surface of the fluid. If topological information is also added to the particles
in the form of edges and faces a mesh is formed. An example of such a
mesh representation is the triangle and quad meshes commonly used for
representing geometry in computer graphics. By assigning each particle
a velocity based on the solution to the Navier-Stokes equations the La-
grangian surface will move in accordance to the fluid flow, thus tracking
the position of the fluid surface.

There are two main advantages to this type of surface tracking. First
of all particles allow for a naturally adaptive sampling of the fluid surface.
Simple, low curvature regions of the fluid can be represented efficiently
using few particles whereas a higher concentration can be used in complex
regions. Also, the Lagrangian nature of the particles allow for accurate
advection of the fluid surface. Both of these properties are very attractive
for fluid animation.

Unfortunately Lagrangian surface tracking also suffer from a number
of disadvantages. Fluid surfaces often exhibit complex motion with local
regions undergoing severe stretching and contraction. Stretching of the
fluid surface will move the tracking particles further apart, thus potentially
failing to take into account any high detail fluid motion that may later
occur in that region. In order to resolve this problem new particles need to
be placed. This procedure requires an accurate estimation of the location
of the fluid surface between points and can thus be complicated. Arguably
the most significant problem with Lagrangian surface tracking is however
the topology changes frequently occurring in the fluid. As two parts of the
fluid collide they should merge together. This merging does however not
occur naturally for explicit geometry. Instead explicit surfaces self-intersect
causing situations where the surfaces become entangled and it can become
non-trivial to discern how the resulting situation should be reconstructed
to form a consistent merged geometry. Likewise it can be problematic to
detect when and where explicit fluid surfaces should split apart.

There exists a growing body of work in the academic community on
the use of explicit methods for tracking fluid surfaces. Examples include
Bargteil et al. [2006]; Brochu et al. [2010]; Navti et al. [1997] among others.
However, the focus of this thesis is Eulerian methods and thus the field of
explicit surface tracking will not be investigated further.

2.4.4 Eulerian Surface Tracking in Practice - The Level Set
Method

Surface tracking methods which rely on implicit geometry in order to
track the interfaces between fluids is typically referred to as Eulerian
surface tracking. A popular realization of Eulerian surface tracking is
the Level Set Method (LSM) [Adalsteinsson and Sethian, 1995; Osher
and Sethian, 1988; Osher and Fedkiw, 2002; Peng et al., 1999]. Level set
surface tracking is a grid-based approach where the implicit function is
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uniformly sampled everywhere in space using a computational grid (see
section 2.5). This approach may seem overly complicated and inefficient
compared to Lagrangian methods. However, the development of narrow
band computation [Adalsteinsson and Sethian, 1995] and compact level
set representations [Houston et al., 2006; Nielsen and Museth, 2006] and
Paper I has greatly reduced the computational and memory efficiency gap
between explicit an implicit geometry. Even without these optimizations
level set surface tracking brings with it several major advantages over
explicit methods:

• Level set geometry can handle topology changes (merging and bifur-
cation) of arbitrary complexity in a completely robust and reliable
manner.

• Surface properties like surface normals and mean curvature can readily
and accurately be derived at any point in space where the level set
function is defined.

• When the level set function is a signed distance field accurate collision
detection, even with complicated geometry, is simple, robust and
efficient.

These advantages have made level set surface tracking an attractive alter-
native to explicit methods for free surface fluid animation.

The level set method constitutes a large body of theoretical concepts,
equations and numerical methods. The following parts of this section will
focus on introducing the basic concepts of level sets in order to provide a
foundation for the work presented in this thesis. For a more in-depth study
of level sets consider the book by Osher and Fedkiw [2002] as well as the
thesis by Nilsson [2009].

Fundamental Theory of Level Sets

The level set method describes the fluid surface ∂Ω as the level set Γ of a
scalar field ϕ(x, t), i.e.

Γ = {x(t) ∈ <d : ϕ(x, t) = c} (2.34)

In equation (2.34) d is the number of dimensions and c is a typically constant
iso-value. Thus the level set Γ can also be considered an iso-surface of ϕ.
Taking the total time derivative of equation (2.34) results in the equations

d

dt
ϕ(x, t) =

d

dt
c⇒

∂ϕ

∂t
+
dx

dt
· ∇ϕ = 0 (2.35)
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which if we assume that dx
dt equals the fluid velocity v result in equation

∂ϕ

∂t
+ v · ∇ϕ = 0 (2.36)

Equation (2.36) describes the change to the Eulerian parameter ϕ due to
the motion of the Lagrangian points Γ as they are advected by v. This is
equivalent to the situation described in chapter 2.1.1 and if desired equation
(2.36) can be obtained by means of the material derivative instead.

In addition to equations (2.34) and (2.36) it is also often convenient to
enforce the Eikonal equation

∇ϕ = 1 (2.37)

with Γ as boundary condition. The solution to (2.37) will produce a scalar
field ϕ that describes the signed Euclidean distance from every point in
space to the closest point on Γ. It is typically also convenient to choose
c = 0 and divide ϕ into regions that are inside Γ and regions that are
outside Γ based on the definitions

ϕinside = {x ∈ <d : ϕ(x(t), x) < 0} (2.38a)

ϕoutside = {x ∈ <d : ϕ(x(t), x) > 0} (2.38b)

Thus the sign of ϕ determines whether a point in space is inside or outside
Γ. The closest point xcp on Γ from some point x can now be found by
means of the closest point transform (CPT)

xcp = x− ϕ(x)∇ϕ(x) (2.39)

In addition to the convenient collision detection allowed by the distance
information encoded in ϕ signed Euclidean distance fields also allow for
easy calculation of several important geometric properties. The surface
normal n of Γ can be calculated through

n =
∇ϕ
|∇ϕ| (2.40)

and thus the mean curvature κ can be obtained through

κ =
1

2
∇ · n (2.41)

These properties can be calculated for any level set of ϕ, i.e. essentially
anywhere in space where ϕ is defined. This property is very convenient
when solving volumetric problems such as the Navier-Stokes equations
and is in stark contrast to explicit geometry where surface properties are
typically only defined on the actual surface.
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Disadvantages with Level Sets

Although the level set method has many advantages it also brings with it
its own set of problems and shortcomings. This is especially true when
ϕ is sampled on a uniform computational grid as is a requirement for
the finite difference schemes commonly used with level sets [Osher and
Fedkiw, 2002]. The limited sampling rate of the Eulerian grid puts a
limit on the highest spatial frequency that can be represented due to the
Nyquist sampling theorem5. As a result low resolution level set surfaces
can look overly smooth with no sharp corners or thin features beyond
the resolution of the computational grid. Furthermore aliasing effects
may develop for level set features that are close in size to the distance
between two sampling points. Level sets also typically suffer from numerical
smoothing of sharp features during advection, slowly eroding away surface
details over time. This problem can be reduced by the use of high order
accurate numerical advection schemes, for example using the Total Variation
Diminishing (TVD) Runge-Kutta [Shu and Osher, 1988] time integration
scheme and the Weighted Essentially Non-Oscillatory (WENO) [Liu et al.,
1994] spatial integration scheme. The Back and Forth Error Compensation
and Correction (BFECC) method presented by Dupont and Liu [2003] can
also be helpful for this purpose. However, inaccurate advection remains
a significant issue when using level sets for animating and tracking fluid
surfaces.

2.4.5 Hybrid Level Set Methods

In addition to purely Lagrangian and Eulerian methods there are a number
of hybrid surface tracking methods commonly used for free surface fluid
animation. These methods include the Particle Level Set (PLS) of Enright
et al. [2002a] and the Marker Level Set (MLS) of Mihalef et al. [2007]. The
PLS method adds a large number of small spheres around Γ in order to
augment the level set formulation with some of the advantages of Lagrangian
particles. The MLS method instead takes a more Lagrangian approach
by adding particles to Γ itself. The goal with these hybrid methods is to
try and combine the strengths of both Lagrangian and Eulerian methods
effectively obtaining the best of both worlds.

The Particle Level Set Method

The Particle Level Set (PLS) method first introduced by Enright [Enright
et al., 2002a, 2005] uses level set surface tracking at its core but augments
the implicit surface with Lagrangian tracking particles. These particles
are passively advected with the level set and used to mitigate some of the
issues with level sets as mentioned in section 2.4.4.

5For more information on sampling theory consider relevant textbooks such as the
book by Mandal and Asif [Mandal and Asif, 2007].
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The method relies on maintaining a potentially curvature dependent
density of particles in a close neighborhood around the level set surface.
Each particle is assigned a position and a signed radius where the radius
of the particle represents the distance to the closest point on the implicit
surface. The PLS method has proven very effective for use with free surface
fluid animation [Enright et al., 2002b, 2003, 2005; Losasso et al., 2008] since
Lagrangian particles suffers from much smaller numerical errors during
advection than the level set method typically does. However, the particle
level set method also has a number of disadvantages. In practice a large
number of particles is necessary for the method to be effective and thus
the PLS requires a fairly large amount of memory compared to a pure
level set [Nielsen et al., 2007; Söderström and Museth, 2010]. Also, as the
fluid surface deforms regions may stretch and contract causing the particle
density to be too low in some regions and too high in others. In these
cases new particles will have to be created and old particles destroyed.
The removal of particles also removes the surface information carried with
their radius and position information, thus reducing the effectiveness of
the method. Likewise creating new particles requires estimating the closest
distance to the implicit surface which will typically also introduce errors
into the surface representation described by the particles. Finally fluid
animation often creates scenarios where the fluid self-intersects. In this case
the particle representation may create an inconsistent surface representation
and level set based cleanup and re-initialization will be necessary. All these
cases can lead to the introduction of surface representation errors that
can easily result in surface noise, thus creating a fluid surface that is not
visually pleasing. Nevertheless particle level sets can be used to create
quality fluid animations as is shown in figure 2.3 as well as figure 3.14 in
section 3.4.4.

The Marker Level Set Method

The work presented in this thesis focus primarily on the PLS method
(Paper I) or pure level set surface tracking (Paper II and Paper III). However,
the particle compression and streaming method presented in Paper I is in
theory applicable to any type of hybrid surface tracking approach where
particles are stored close to a level set surface. One such method is the
Marker Level Set (MLS) method first introduced by Mihalef et al. [2007].
Like the PLS method MLS relies on a level set surface at its core and
augments this surface with Lagrangian tracker particles. However, instead
of indirectly sampling Γ using particle position and radii as the PLS does,
MLS tries to directly sample Γ by placing the tracker particles on the
actual fluid surface. As a result the MLS method requires no distance
information to be stored by the particles. The implicit surface represented
by the particles is then reconstructed using a blending function. This
method has the same advantages as the PLS concerning small advection
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Figure 2.3: A PLS surface tracking example showing a free surface fluid
animation of a fountain. This image was created by rendering both the level
set surface and the tracker particles.

errors compared to the level set method. However it also suffers from
some of the same issues. Surface particle density needs to be maintained
and when discrepancies arise between the particle surface representation
and the level set one needs to decide to what degree the one or the other
should be trusted. The particles are typically more reliable after advection,
but this may not be the case in regions where the particle density has
been lowered due to surface stretching and where topology changes have
occurred. Nevertheless MLS provides an interesting, although currently
not widely used, alternative to the PLS method.

2.5 Memory Efficient Eulerian Simulation

Up until this point we have primarily discussed the theory behind Eulerian
free surface fluid animation and level set surface tracking. However, in
order to turn this theory into practical animations all the relevant equa-
tions need to be solved. Since the Navier-Stokes equations have proven
notoriously hard to solve analytically for anything but the most trivial of
cases, computers and numerical methods are used for computing the actual
animations. The core component of an Eulerian fluid animation system is
the computational grid onto which all Eulerian quantities are sampled. The
simplest method for constructing such a computational grid is to make a
uniform discretization of the 3D space in which the simulation takes place.
However, since the number of samples need to be finite a limited region
of 3D space must be chosen where the fluid animation takes place. This
region is typically called the “simulation box” or “simulation domain” since
it specifies the boundaries of the 3D world in which the fluid animation
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can take place.
This local “world” in which the fluid exists can be very limiting for

Eulerian free surface fluid animation. Consider as an example an animation
of a massive tidal wave flooding the city of New York. Although the water
will not flood the whole city at once, and possibly might not even cover a
fraction of the city, the computational grid used must be able to cover every
part of space where the fluid might go. Thus a simple, uniformly sampled
computational grid for this task can easily become quite massive. The city
of New York has an estimated surface area of 800km2 [NYC Department of
City Planning, 2010] which can be approximated as a square with the side
28km. The tidal wave should at least interact with large buildings, thus a
sampling rate for the Eulerian parameters of one sample every 5 meters
should be sufficient. Assuming that the simulation domain is 50 meters
high this results in 56002 × 10 ≈ 3 · 108 samples. Thus sampling a single
Eulerian parameter, like the fluid velocity, on this fairly coarse domain will
require a minimum of 3.8GB6 of data.

As a result the data requirements for this type of large scale and/or
high resolution fluid animations may exceed the amount of fast primary
storage, i.e. “computer memory” available. In order to reduce the amount
of primary storage required to represent large Eulerian simulation domains
a number of different methods has been developed in the fields of computer
science and computer graphics. A few of these methods of relevance to this
thesis are briefly presented in sections 2.5.1 - 2.5.6 below.

2.5.1 Out-of-Core Computing

When faced with data that is too large to fit in primary storage a common
approach is to extend the amount of available memory by also including
slower secondary storage devices such as hard disk drives. This is done
through an external memory algorithm that typically tries to ensure that
data on which computations are currently performed is kept in primary
storage, whereas data that is currently not used is transferred to secondary
storage. General-purpose algorithms for this approach are included in many
popular operating systems and thus many computers will automatically use
secondary storage when primary storage is full. This process can however
be very inefficient since the operating system generally does not know what
data will be used by individual programs or when. As a result significant
performance gains can be achieved by creating external memory algorithms
that are customized for a specific application. Such algorithms can be
aware of the data usage patterns of their application and can thus predict
when and how data will be used. Computations that make use of external
storage algorithms will be referred to as Out-of-Core (OOC) computing.

Historically OOC computing has been used in a wide variety of areas,
examples of which include linear algebra, image processing, relational and

6Assuming 3 vector components, each stored as a single precision floating-point value.
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spatial databases, simulation and computer graphics among many others.
For a recent survey of the field of OOC methods consider the work by
Vitter [2001]. A specific survey in the field of linear algebra and simulation
is provided by Toledo [1999] and a survey concerning the field of computer
graphics is provided by Silva et al. [2002]

2.5.2 Dynamic Rectangular Domains

The example presented in section 2.5 requires a large simulation domain in
order to allow the fluid to reach every corner of New York City. However,
for free surface fluid animation the Eulerian parameters are only needed
where the Navier-Stokes equations are actually solved at the moment. For
the New York flooding scenario this corresponds only to the region where
there is currently water. As a result memory efficiency can be increased by
continuously adapting the size of the original rectangular grid in such a
way that it only covers the region that contains water at any given moment.
This approach effectively removes any restraints on how the fluid is allowed
to move and also reduces the amount of “empty space” stored during free
surface fluid animations. However, for complex, concave fluid shapes the
efficiency of this type of simple grid is quickly reduced.

2.5.3 The Octree Grid

A more memory efficient approach to the simple dynamic grid presented
in section 2.5.2 is the octree grid. By using an octree data structure and
collecting the leaf-nodes in and around the actual fluid, a grid structure
can be obtained that better matches the actual shape of the fluid region.
The octree still needs to store samples in the “empty” space where there
is currently no fluid. However, these samples can be stored sparsely, thus
reducing the memory requirements of the simulation compared to the simple
rectangular grid. Although octrees also allow for non-uniform sampling of
the Eulerian parameters this tends to cause problems in practice. The finite
difference methods typically used when solving the Eulerian Navier-Stokes
and Level Set equations are constructed for uniformly sampled grids and
do not respond well to non-uniform sampling. A good example of fluid
animation using height-balanced octree grids is the work by Losasso et al.
[2004].

2.5.4 The Dynamic Tubular Grid

In order to achieve even higher memory efficiency for Eulerian free surface
fluid animation, a Dynamic Tubular Grid (DT-Grid) can be used. The
DT-Grid was first introduced by Nielsen and Museth [2006] as an efficient
data structure for dynamic level set geometry. However, with minor changes
this grid structure can also be used for dynamic volumetric phenomena like
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water. This Dynamic Volume Grid (see section 2.6.2) was developed as
part of the research behind Paper I and is used extensively together with
DT-Grids in the work presented in this thesis.

The DT and DV Grids are geometrically adaptive and can change their
shape to perfectly match the shape of any level set surface geometry. Due
to their projective nature these grids do not need to store any data in
empty space and thus come close to offering optimal memory efficiency
for a uniformly sampled Eulerian free surface fluid animation system. A
related data structure to the DT-Grid is also the Hierarchical Run-Length
Encoded (H-RLE) level set method presented by Houston et al. [2006].

2.5.5 The Dynamic Block-Grid

Although the DT-Grid is close to memory optimal [Nielsen and Museth,
2006] the grid relies heavily on data being accessed in sequential order. The
performance of the DT-Grid can be significantly decreased when data is
accessed in a non-sequential manner. Although all operations necessary
to compute free surface fluid animations can be described as sequential
iterations through DT and DV grids as was done in Paper I, there are many
scenarios where fast random access is desirable. In parallel to the work
presented in this thesis Ken Museth has developed an efficient block-based
level set data structure, dubbed the DB+Grid[Museth, 2009]. Given the
fact that the DB+Grid is still propriety technology, our insight into this
data structure is limited. However, for the sake of completeness we include
the following high-level description, and refer the interested reader to an
upcoming publication.

The DB+Grid is based on a Dynamic Blocked Grid structure that
exploits the spatial coherency of uniform grids to effectively separate the
encoding of data values and topology. The grid shares several characteristics
with the B+Trees typically employed in data-bases and file-systems, which
accounts for its name. The DB+Grid allows for cache-coherent and fast data
access into sparse 3D grids of very high resolutions, i.e. exceeding millions
of grids-points in each spacial direction. Additionally, the DB+Grid is very
general since it does not impose topology restrictions on the sparsity of the
volumetric data or access patterns when the data are inserted, retrieved
or deleted. This is in contrast to both DT and H-RLE grids that assume
fixed data topology (narrow-band level sets), and require specific access
patterns (sequential) for fast data access. Since the DB+Grid employ a
hierarchical data-structure it also offers adaptive grid sampling and native
acceleration structures which leads to fast algorithms. As such, DB+Grid
has proven useful for several applications that call for very large sparse
dynamic volumes, and it has already been featured in the live-action movies
“The Golden Compass”, “Pirates of the Caribbean: At World’s End”[Museth
et al., 2007], “The Mummy, Tomb Of The Dragon Emperor”[Museth and
Clive, 2008], and “2012”[Zafar et al., 2010].

31



Chapter 2

2.5.6 Adaptive Eulerian Grids

Since the complexity of fluid flow can vary greatly depending on spatial
location, an adaptive grid structure for Eulerian fluid animation can be
desirable. However, since the finite difference schemes used for fluid anima-
tion rely on uniformly sampled grids adaptivity is non-trivial. Adaptivity
can still be provided without breaking the uniform sampling constraints
of the finite difference schemes by computing finite differences on a uni-
formly sampled grid while solving the relevant equations on a transformed,
adaptive version of this grid. By making use of the Jacobian of the grid
transformation the equations described on the adaptive grid can be solved
on the uniform, i.e. undistorted grid. This method was used successfully
by Tang et al. [2003] for level set deformations and later also by Tan et al.
[2007] for fluid simulation. We suspect that these methods can also be
successfully applied to free surface fluid animation and this is an ongoing
research project at the writing of this thesis.

However, although adaptivity is an attractive property it is not without
its own problems. First of all adaptivity through grid transformation
rely on a rectangular, uniformly sampled grid and it is not clear how this
method can be applied to the arbitrary volumetric grid shapes provided
by the DT and DV grids. Thus this method can typically not compete
with the memory efficiency of these grids in spite of its adaptive nature.
Furthermore, adaptivity brings with it the problem of choosing how the
grid should be adapted, i.e. designing a good adaption oracle. In order
for adaptive methods to be effective sample points need to be placed in
regions where high frequency behavior will arise from the equations being
solved. However, since the solution to the equation of interest is unknown
until the equation has been solved this problem is essentially a paradox:
Perfect adaptivity requires a perfect solution to the equations to be known.
However if such a solution already exists adaption is not needed since the
problem is already solved. As a result oracles tend to try and guess the
solution to the equations being solved and thus predict where sample points
should be concentrated. This biased behavior can lead to inaccurate or even
completely false solutions to the relevant equations if the oracle prediction
is inaccurate and sample points are concentrated in the wrong regions. As
a result adaptive computations can, for a general problem with an unknown
solution, do more harm than good. Nevertheless adaptive finite difference
simulations of Eulerian fluids is an interesting possibility.

2.5.7 MAC Grids

The Marker-And-Cell (MAC) grid by Harlow and Welch [1965] is not really
a grid structure per se, however it will be mentioned here since MAC
grids are for numerical reasons commonly used for fluid animation. The
MAC grid is essentially a regular Eulerian grid specifically designed to
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store the fluid velocity field. Where regular Eulerian grids store the full
velocity vector at every sample point the MAC grid instead stores the
velocity components on the corresponding faces between grid cells. Thus
the full velocity vector never exists at any one point in space. However the
cell-centered velocity vector can be approximated by for example averaging
the neighboring velocity components.

The main reason for using MAC grids is a potential problem with the
combination of regular grids and the central difference numerical scheme.
For the central difference scheme there exists a frequency at which the
numerical derivative evaluates to zero while the numerical values of the grid
can vary in a checker-board pattern. As a 1D example consider the sequence
{...2, 1, 2, 1, 2, 1, 2...}. A central difference computation at any point along
this sequence will evaluate to zero even though the values obviously are
spatially different. Central difference computations on a MAC grid only
relies only on adjacent values thus avoiding this problem.

More practical information on MAC grids and their use in fluid anima-
tion can be found in for example [Bridson, 2008].

2.6 Constructing an Eulerian Fluid Solver

The computational grids presented in section 2.5 allow Eulerian parameters
to be discretized in a memory efficient manner. Using this discretized rep-
resentation the Navier-Stokes and level set equations can be solved through
numerical methods. As presented in section 1.1 robustness, reliability and
speed are primary concerns when animating fluids for visual effects. One
of the popular Eulerian methods for animating incompressible fluids under
these constraints is the Stable Fluids method [Stam, 1999]. A modified
Stable Fluids solver combined with level set based surface tracking form
the foundation for the free surface fluid animation framework used for
generating the results presented throughout this thesis and its included
papers. In section 2.6.1 below a short outline of the Stable Fluids method
is presented. Implementation specific details of relevance for this thesis
are then presented in section 2.6.2. For more detailed information on the
different steps of the Stable Fluids algorithm, as well as relevant numerical
methods, we direct the interested reader to the work by Stam [1999] as
well as the fluid simulation book by Bridson [2008].

2.6.1 The Stable Fluids Method

The Stable Fluids [Stam, 1999] method has historically been one of the
cornerstones of fluid animation. The popularity of this method mainly
stems from the fact that it is unconditionally stable. Thus this method can
potentially find solutions to the Navier-Stokes equations regardless of how
coarse the spatial and temporal resolution is and regardless of how violent
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and unphysical the interactions are between the fluid solver and the rest of
the scene.

The Stable Fluids method solves the Navier-Stokes equations in parts
by using a first order accurate operator splitting scheme. This allows the
different terms of the Navier-Stokes equations to be integrated one by
one, allowing for specialized solution methods for each integration step.
Typically the solution algorithm consists of the following steps: Given the
divergence-free velocity field vt at some time t, integrate the self-advection
equation

∂vt
∂t

= vt · ∇vt (2.42)

∆t seconds forward in time by means of the method of characteristics, i.e.
semi-Lagrangian integration. Let v1 be the result of this integration. Now
add the effect of viscosity by integrating the diffusion equation

∂v1

∂t
=
µ

ρ
∇2v1 (2.43)

∆t seconds forward in time by means of first order accurate implicit in-
tegration. This amounts to solving a sparse linear equation system that
is positive definite. For an arbitrarily shaped fluid domain such systems
can be solved in a fairly efficient manner using for example the precondi-
tioned Conjugate Gradient method [Shewchuk, 1994]. Denote the resulting
solution v2. Now integrate the effect of external forces by solving the
equation

∂v2

∂t
=

f

ρ
(2.44)

∆t seconds forward in time. Given the fact that f is independent of v2 this
can be done in an unconditionally stable manner using explicit integration.
Let the resulting velocity field be known as v3. Now project the potentially
divergent velocity field v3 onto its divergence free part vt+∆t by means of
the Helmholtz-Hodge decomposition

∇2q = ∇ · v3 (2.45a)

vt+∆t = v3 −∇q (2.45b)

thus enforcing equation (2.21b). At this point we have obtained an ap-
proximate solution vt+∆t to the incompressible Navier-Stokes equations ∆t
seconds forward in time. We may now integrate vt+∆t another timestep ∆t
by starting with equation (2.42) using vt = vt+∆t. Note that by scaling the
scalar field q by 1

ρ this field can be interpreted as the internal pressure field
p of the fluid. The Stable Fluids method is known to introduce significant
amounts of artificial viscosity into the fluid animation due to high levels of
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Figure 2.4: An example of the fluid animation quality that can be produced
by a fluid solver based on the Stable Fluids approach. This image is a high
quality rendering of a frame from the flooding simulation used to test the
rendering cluster presented in [Johansson et al., 2006].

numerical dissipation. This is especially true if simple trilinar interpolation
is used when solving equation (2.42). However, the robustness and stability
provided by the Stable Fluids method still makes it an attractive option
and as can be seen in for example figure 2.4 this method can indeed be
used to produce visually pleasing animation of incompressible free surface
fluids.

Reducing Numerical Dissipation

The high amounts of numerical dissipation introduced by the Stable Fluids
method is to a large degree caused by the interpolation necessary as part of
the semi-Lagrangian integration of equation (2.42). Numerical dissipation
due to interpolation errors can be reduced by means of constrained higher
order accurate interpolation like the Constrained Interpolation Profile (CIP)
[Yabe et al., 2001] and the Catmull-Rom based interpolation presented by
Fedkiw et al. [2001]. A Monotonic Cubic Interpolation [Fritsch and Carlson,
1980] is also an option. However, if large stable timesteps is not a primary
concern equation (2.42) can also be solved through high order accurate
explicit integration, thus avoiding the use of interpolation altogether. The
non-linear aspect of equation (2.42) does however make this a somewhat
risky venture. Nevertheless explicit integration of equation (2.42) has been
used successfully together with a Courant-Friedrichs-Lewy (CFL) stability
condition in both Paper II and Paper III.
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2.6.2 Free Surface Fluid Animation on Dynamic Grids

All results presented in this thesis are generated using a free surface fluid
animation system based on the Stable Fluids method and level set based
surface tracking. To the extent of our knowledge this system is unique in
its use of the Dynamic Tubular and Dynamic Volume grids for free surface
fluid animation, resulting in several attractive capabilities:

Boundless Animation : The fluid animation system has no inherent
“simulation box” limiting the domain in which the fluid can move.
The fluid animation is free to go wherever the physics of the situation
describes. No decisions need to be taken beforehand on the limits of
the “world” in which the fluid exists and its motion is only limited by
the physical objects present in the scene. Examples of the behavior
made possible can be seen in figure 2.5.

High Memory Efficiency : The compact DT-Grid and DV-Grid (see
section 2.6.2) provides a close to optimal memory footprint for a uni-
formly sampled Eulerian grid for use with free surface fluid animation.
As a result our system is able to animate fluids using a minimum
amount of memory for representing the fluid domain, the fluid level
set and level set based solid boundaries. Our system is also able
to use PLS surface tracking, however as is shown in Paper I PLS
surface tracking drastically increases the memory requirements of the
animation, an issue that was addressed in Paper I and later resolved
in Paper II.

Cache Coherency : Our fluid animation system offers good cache co-
herency, putting small loads on the memory subsystem while attempt-
ing to maximize the amount of computations performed on data
present in fast cache memory. Overall this is beneficial for perfor-
mance and also useful for OOC streaming as presented in Paper I.

The Dynamic Volume Grid

Level set operations like advection and re-initialization can be localized in
a close neighborhood around the actual implicit surface (i.e. typically the
zero level set). These localized narrow band computations [Adalsteinsson
and Sethian, 1995] allow the computational complexity of level sets to scale
with the surface area of the implicit surface instead of the volume of the
Eulerian grid. The DT-Grid is a further development of this method that
also allows the memory footprint of a level set to scale with the surface area
of the implicit surface by only maintaining grid data in the computational
narrow band. Although this works well for level sets it is not ideal for free
surface fluid animation since a fluid is a volumetric phenomenon. In order
to solve the Navier-Stokes equations in the fluid a volumetric equivalent
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(a) (b)

Figure 2.5: An example of the level of freedom allowed by our fluid solver.
In figure 2.5(a) a model of a section of the Grand Canyon is flooded. During
the animation water escapes the confines of the model and starts free-falling
over the edge. In figure 2.5(b) a powerful explosion takes place in a box.
The effectively unlimited simulation domain provided by the DV-Grid allows
the Eulerian fluid to travel unhindered far outside the originally estimated
confines for this animation.

to the DT-Grid is needed. For this purpose the Dynamic Volume Grid
(DV-Grid) was constructed. This grid is similar to the DT-Grid in its
adaptive properties; however instead of storing only the narrow band the
DV-Grid stores the union between the narrow band of the fluid surface
and the volume encompassed by the fluid. An example of the difference
between a regular grid, the narrow band method, the DT-Grid and the
DV-Grid can be seen in figure 2.6.

A DV-Grid can be derived from a DT-Grid in a fairly straight-forward
manner requiring only minor modifications and can be considered a close
to memory optimal uniform grid for Eulerian free surfce fluid animation.

MAC Grid Computations on DV-Grids

Our fluid animation system supports both MAC Grids (see section 2.5.7)
and regular velocity grids where the full velocity vector is stored at the
grid center. Velocity data stored on DV-Grids can readily be reinterpreted
as velocity component data stored on grid cell faces and no changes to the
data structure is needed to enable MAC grid computations.

The results in Paper I, Paper II and Paper III were all computed using
regular grids storing the full velocity vector at cell centers. However, to
the extent of our knowledge all the methods presented in these papers can
readily be applied to fluid animations using MAC grids. Indeed a number
of the results presented in this thesis, for example figures 2.8, 2.10, 4.4(b)
and 4.10 are fluid animations performed on such staggered grids. The PML
boundaries presented in Paper III are also possible to apply to MAC grids,
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(a) Regular Grid (b) Narrow Band
Grid

(c) DT-Grid (d) DV-Grid

Figure 2.6: Examples of different levels of optimization for uniform Eulerian
grids. Figure 2.6(a) shows a 2D fluid (dark blue) on a uniform (non-MAC)
Eulerian grid. Grid data is stored in the positions marked by the black dots
and level set computations are performed everywhere. Figure 2.6(b) shows
a narrow band grid where grid data is stored globally whereas computations
are localized in a narrow band (darkened region). Figure 2.6(c) shows the
DT-Grid where both data and computation is localized. Figure 2.6(d) shows
the DV-Grid where the interior volume is added to the DT-Grid.

a topic that is specifically addressed in section 5.8.

Particle Level Sets on DT-Grids

The DT-Grid is designed to access data in sequential order and thus it
is natural for all data associated with DT and DV grids to be stored in
sequential order as well. Maintaining this sequential storage order is straight-
forward for Eulerian data that naturally coincides with the location of grid
cells. Examples of such data include the level set function ϕ around which
the DT-Grid is adapted as well as fluid velocity and pressure data. This
is however not the case when associating Lagrangian data with Eulerian
grids as is the case for the PLS and MLS methods. Even if the particles are
accessed in sequential order each particle can have an arbitrary position
thus resulting in a non-sequential and in the worst case random mapping to
the cells in the DT-Grid. Likewise if the DT-Grid is accessed sequentially
an arbitrary and potentially random set of particles can be associated with
each grid cell. In order to maintain the efficient, cache-coherent storage
of the DT-Grid when hybrid surface tracking is used a special particle
advection algorithm is used. This algorithm is able to sort the particles
in linear time7 during each particle advection step so that the particle
storage order coincides at all times with the DT-Grid storage order. The
algorithm makes use of a particle storage data structure that associates
a set of particles to each grid cell. This is done by associating a particle
“bin” to each cell in the DT-Grid where each bin contains an index into

7Assuming that no particle move further than a distance that can be contained by a
DT-Grid iteration stencil.
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Figure 2.7: An illustration of the DT-Grid to particle array mapping data
structure. Each voxel in the DT-Grid has a particle bin associated with it.
Each particle bin contains information about the number of particles in the
bin and the index to the first particle in the particle array that is within
the voxel.

a linear array of particles as well as the number of particles in that cell.
An illustration of the data structure is provided in figure 2.7. Using this
storage method, particles can be advected while maintaining their DT-Grid
aligned storage order through the following algorithm:

Advection : Advect each particle in accordance to the PLS or MLS
method by iterating through the DT-Grid in sequential order.

Mapping : Create a new set of empty particle bins. Iterate through the
DT-Grid a second time writing the new number of particles in each
bin by taking into account particles that have moved into neighboring
cells. Once the particle count is known for each cell the corresponding
index into the sorted particle array can be constructed by another
iteration through the DT-Grid. Note that the new particle bins that
have now been constructed map into the sorted particle array which
is yet to be created.

Sorting : Create a new particle array of identical size to the current one.
Iterate through the DT-Grid copying particles from the old particle
array to the new one taking into account the particles that have
changed cells. Providing that the particles have moved only a short
distance, which is commonly the case in practice, this operation can
be done sequentially by making use of a DT-Grid iteration stencil (see
[Nielsen and Museth, 2006]) of appropriate size. For this algorithm a
27 point cubical stencil (see figure 3.9) is typically8 needed.

Note that all parts of this algorithm consist of sequential iterations
through the DT-Grid. Also note that this algorithm is presented in its

8Assuming advection limited by a CFL condition.
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fundamental form and can be optimized by combining the advection and
mapping steps. The algorithm presented above is further refined in Paper I
in order to allow for fast OOC streaming of particle data - a situation
where the cache coherent nature of the DT-Grid and DV-Grid is effective.
Using the particle storage method presented above all additional operations
necessary for the PLS and MLS algorithms can be performed sequentially
as well.

Accurate Self-Advection

As noted in section 2.6.1 our fluid animation system has the option of solving
equation (2.42) using explicit integration in order to reduce interpolation
related numerical dissipation. Equation (2.42) is an advection type equation
where the advected quantity (the velocity) is the same as the quantity that
determines the rate of advection (i.e. self-advection). For level set advection
the Total Variation Diminishing (TVD) Runge Kutta [Shu and Osher,
1988] time integration scheme together with the Hamilton Jacobi Weighted
Essentially Non-Oscillatory [Liu et al., 1994] upwind finite difference scheme
has proven to be effective [Enright et al., 2005]. Under the assumption
that the advecting velocity field is constant during each self-advection
iteration of the Stable Fluids algorithm equation (2.42) can be interpreted
as ordinary advection and the TVD Runge-Kutta/HJ-WENO scheme can
be considered appropriate. In practice this self-advection scheme has proven
effective and we use it extensively as part of our free surface fluid animation
system. This approach has also proven useful for integrating other advected
quantities as presented in Paper III.

Our self-advection scheme is explicit and thus only conditionally stable.
However, we often use high order explicit methods for level set advection (see
for example Paper II) and the CFL stability condition associated with the
level set has in practice proven adequate also for our explicit self-advection
scheme. We have experienced a few cases where our scheme seems to
become unstable, however, since these have been isolated incidents further
investigation is needed in order to determine whether this was caused by
our self-advection approach or other factors. All results presented in this
thesis and its included papers were however computed without any stability
issues.

2.7 Artificial Conservation of Volume and Energy

The aliasing issues and difficulties with advecting high frequency geometry
exhibited by the level set method can lead to geometric features being lost
during the animation of a fluid. Due to such numerical errors both mass
and energy can be lost during a fluid simulation. If such losses are large
enough the discrepancy will become visible to the naked eye and results
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in a fluid animation that is not visually pleasing. In our fluid animation
system we have introduced a simple method for artificially correcting these
problems if so desired. The methods presented below are, unless stated
otherwise, not used for any of the results presented in this thesis or its
associated papers since they hide inaccuracies in the fluid animation and
may thus produce results that are misleading from a scientific standpoint.
However, both methods provide a fast and simple way of creating visually
pleasing fluid animations even at fairly low resolution and thus we feel they
should be mentioned.

It should be noted that these methods are useful mainly from an aesthetic
point of view since they are, although physically motivated, not physically
accurate. Mass (or energy) lost in one specific region of the fluid will be
reintroduced over the entire fluid, thus causing unphysical transport of
energy and mass. This effect may or may not be noticeable to the naked eye
depending on the amount of mass or energy lost per unit of time. However,
as is shown in this section the methods described below guarantee perfect
conservation of mass and total energy at all times and both methods are
very easy to implement.

2.7.1 Artificial Volume Conservation

Equations (2.45a) and (2.45b) constitutes a Helmholtz-Hodge decomposi-
tion where the fluid velocity field is projected onto its divergence-free part.
However, by adding an additional term to the right-hand side of equation
(2.45a) the result of the projection will not be divergence-free. This can be
exploited in order to compensate for lost volume. By evenly distributing
sources in the remaining fluid volume lost mass can be artificially injected
in every grid cell. Since parts of the fluid with large volume contain more
grid cells the bulk of the new mass will be added there, thus causing a
minimal visual distortion as long as the amount of lost mass is small. Using
the same method for subtracting excess mass is however not advisable since
the sinks created can easily remove parts of fluid that represents small
volumes like thin features and sheets. Potentially this problem can be
avoided by making use of the feature thickness estimate provided by the
method presented in Paper II. However, avoiding volume subtraction also
removes the risk of potentially unstable volume oscillations.

The modified version of equation (2.45a) becomes

∇2q = ∇ · v + εv (2.46)

where εv can be calculated through

εv = α (Vtarget − Vcurrent) (2.47)

Here Vtarget is the desired, for example initial, fluid volume and Vcurrent is
the current fluid volume. The parameter α is used to determine the rate at
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Figure 2.8: Frames from a breaking dam animation where mass loss is
present. The top three frames shows the reference animation and the
bottom three frames shows the same animation with the artificial volume
conservation enabled.
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Figure 2.9: Graph showing the fluid volume of the two breaking dam
simulations presented in figure 2.8.

which lost volume is recovered. Typically α is continuously estimated such
that all lost volume is restored within one or a few iterations of the fluid
solver depending on the amount of volume loss9. Equations (2.46) and (2.47)
can be considered a simple proportional regulator that compensates for lost
volume. Since the amount of volume lost is typically small for each iteration
of the Stable Fluids algorithm the above method has proven surprisingly
effective in maintaining fluid volume without introducing visually noticeable
artifacts. An example of the effectiveness of this method is shown in figures
2.8 and 2.9.

9Restoring large amounts of lost volume in a short time is possible but can lead to
visual artifacts.
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2.7.2 Artificial Energy Conservation

If volume and thus mass conservation can be guaranteed, for example
through the method presented above in section 2.7.1, conservation of total
energy can also be artificially enforced in a simple, although approximate,
manner: The total energy E of an incompressible fluid at constant temper-
ature and of constant mass can be described as

E = Ek + Ep (2.48)

where Ek is kinetic energy and Ep is potential energy. If energy is conserved
E will be constant and equal to the initial energy Einitial of the fluid. Thus
the energy loss (or gain) ∆E in the fluid can be described as

∆E = Einitial − (Ek + Ep) (2.49)

Since mass is conserved any energy difference detected through equation
(2.49) can be assumed to be caused by inaccurate transformation of poten-
tial energy to kinetic energy or vice versa. Energetic flows are typically
considered visually pleasing and thus we will restore all lost energy through
the addition of kinetic energy to the flow.

The total current energy E can be changed to match Einitial by multi-
plying Ek by the factor αe where

αeEk + Ep = Einitial ⇒ (2.50a)

αe =
Einitial − Ep

Ek
(2.50b)

Since the kinetic energy Ek of the fluid region Ω can be calculated through

Ek =
1

2

∫
Ω

v · vdΩ (2.51)

the velocity field vnew with the associated total energy Einitial can be
obtained from the current velocity field v with the associated total energy
E through the simple scaling

vnew =
√
αev (2.52)

The energy conservation scheme above will produce visually pleasing
results if the amount of energy lost per unit of time is small. If a large
amount of energy is quickly lost the result will be apparent unphysical
acceleration of fast moving parts of the fluid since energy lost in one part
of the fluid will be distributed over the entire fluid. Nevertheless, the above
method can guarantee energetic flows (see figures 2.10 and 2.11), a property
that may or may not be perceived as visually pleasing depending on the
scenario. Note that this method does not suffer from the pseudo-unstable
behavior of cascading vorticity that can occur when energy is reintroduced
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Figure 2.10: Frames from a breaking dam animation where both the volume
conservation scheme of section 2.7.1 and the energy conservation scheme
of section 2.7.2 has been applied. The frames represent the state of the
animation at 0, 2.3 and 8.9 seconds respectively and are comparable to the
frames shown in figure 2.8.

with the vorticity confinement method. However, our energy conservation
can be combined with vorticity confinement, thus allowing control also of
the distribution of rotational energy in the flow.

Note that the above method will, in its present form, prevent the
fluid from ever coming to rest. It is thus most appropriate for animating
completely inviscid fluids, i.e. when solving the Euler equations. However
the method can potentially also be used for animating viscous fluids by
compensating for the energy changes introduced through equation (2.43).
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Figure 2.11: Graphs comparing the potential, kinetic and total energies of
the breaking dam simulation depicted in figures 2.8 and 2.10. The reference
simulation uses no artificial conservation schemes, the volume conserving
simulation uses the scheme presented in section 2.7.1 and the volume and
energy conserving simulation uses the schemes presented in sections 2.7.1
and 2.7.2. The initial increase of the total energy is due to over-estimation
of the energy of the thin fluid sheet that initially develops along the floor of
the box used to contain the fluid.
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Breaking the Memory Barrier -
Out-of-Core and Compressed Level Set
Methods

This chapter focuses on the novel framework for out-of-core streaming
and compression of Eulerian level sets and free surface fluid animations
as presented in Paper I. The main focus is the fluid animation aspects
of this paper, however, much of the chapter is also relevant for general
level set animations. The chapter starts with section 3.1 providing an
introduction to the problems that lead to the development the framework
presented in Paper I. Next a brief background to this work is provided in
section 3.2. This is followed by sections 3.3 and 3.4 describing the central
compression and data management components of the framework. The
chapter is concluded in section 3.5 with a summary of our framework.

3.1 Introduction

As presented in section 2.4.4 level set geometry has many attractive proper-
ties that make it highly useful for free surface fluid animation. However, the
finite difference schemes typically used for solving the level set equations
favors a uniformly sampled computational grid. Using grid transforms (see
section 2.5.6) non-uniform sampling for finite difference schemes can be
achieved, however this is currently not widely used in the field of computer
graphics. As a result the typical level set implementation for use in fluid
animation is based on uniform sampling. The uniform grid structure makes
it inherently difficult for level sets to represent high frequency geometric
features like sharp corners, edges and thin sheets, all of which commonly
occur during free surface fluid animation. Hybrid Eulerian methods, like
the PLS, can reduce these issues. However, they are still unable to avoid the
fundamental problem that the sampling resolution of the level set is often
not enough to represent the desired level of detail. Simply increasing the
resolution of the level set surface is also problematic since high resolution
level sets and particle level set require a relatively large amount of data.
This is especially true if similar level of detail is desired as can be provided
by explicit, naturally adaptive alternatives like meshes. Even with state-of-
the-art dynamic grids like the DT-Grid the memory requirements of level
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sets and especially particle level sets can be high compared to meshes.
In order to reduce the data requirements of high resolution level set and

PLS geometry Paper I proposes the use of specialized on-line1 compression
schemes for DT-Grid level sets. The goal with these schemes is to be
able to significantly reduce the data size of DT-Grid level sets while still
maintaining high performance for any numerical computations performed
on the level set surface. In order to further reduce the memory footprint
of level set and PLS geometry a specialized external memory algorithm
for out-of-core computing on DT-Grids is also proposed. During a free
surface fluid simulation this method can effectively move level set data
between fast but limited primary storage, i.e. “computer memory”, and
slower but significantly larger secondary storage devices like hard disk drives.
As a result of this Out-of-Core (OOC) streaming, essentially all memory
limitations on the size and resolution of level set and PLS geometry is
removed. By also applying our external memory algorithm to the entire free
surface fluid animation system, fluid animations of virtually any resolution
can be produced using small amounts of primary storage.

3.2 Background

The use of out-of-core and compression techniques for free surface fluid an-
imation was inspired by the success of streaming and compression methods
within the field of computer science. However, no existing methods were
found that was well suited for free surface fluid animation on DT-Grids.
Thus the decision was made to develop an out-of-core and compression
framework specialized for fast and memory efficient level set computations
in general and free surface fluid animation in particular. A thorough review
of existing out-of-core and compression methods related to our work is
presented in section 3 of Paper I and we direct the interested reader to this
paper.

3.3 Compression for DT-Grid Based Free Surface
Fluid Animation

At its core (no pun intended) our OOC and compression framework consists
of one data management component and one compression component.
Figure 3.1 shows an illustration of this framework relevant for DT-Grid
level sets. In this section the ideas behind the different compression schemes
for DT-Grid level set and PLS data will be presented. Each method will
be described briefly, however, relevant in-depth descriptions can be found
in sections 6 and 7.1 of Paper I.

1Compression and decompression is performed transparently on the fly on level set
data as it is being processed.
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Figure 3.1: An illustration of the out-of-core and compression framework for
DT-Grid level sets. The colored boxes represent the compression components
while the Storage Handler is responsible for the out-of-core streaming.

3.3.1 Compression of DT-Grid Level Sets

The DT-Grid data structure effectively removes the need to store data and
grid topology outside a narrow band (or tube) around the fluid surface
(see figure 2.6 in section 2.6.2). This results in a compact Eulerian grid
representation that is close to optimal for a uniformly sampled computa-
tional grid. Since the DT-Grid is adapted around a level set surface the
grid typically contains at least the sampled level set distance function ϕ
in addition to topology data. Thus compression of a DT-Grid typically
involves compressing both the level set data and the grid topology. The
DT-Grid topology consists of coordinate data of the first and last voxel2

in a connected component3 with pointers in between. As a result the data
layout of the DT-grid forms geometric shapes corresponding to different
levels of projections of the geometry of the model. An illustration of this
behavior is shown in figure 3.2. The geometric nature of the topology data
lends itself well to compression, however, the compression scheme needs
to be specialized for each level of projection. If we start by looking at the
pointer data of the 1D projection level, an analysis shows that the data
tends to be fairly uniform. Thus the difference between consecutive values
are almost constant (see figure 3.3). To compress this data a second order
accurate probability model [Salomon, 2007] is used.

This characteristic behavior is also present at the 2D projection level
as can be seen in figure 3.4, and thus the same probability model used at
the 1D level can also be used for compressing pointer data on the 2D level.
In addition to the 1D and 2D pointer data we also need to compress the

coordinate data stored in the green voxels (see for example figure 3.2) at
each projection level. This data is located at the beginning and end of
each connected component of the DT-Grid. The coordinates stored are the
coordinates of the grid boundaries at each projection level, i.e. if the 1D
projection stores the x coordinate, the 2D and 3D projection levels store the
y and z coordinates respectively. The grid locations of coordinate data will

2In the context of this chapter a voxel is, unless stated otherwise, a cubic grid-cell
with the grid data stored at the center of the cell.

3See [Nielsen and Museth, 2006] for details on the DT-Grid data structure.
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Figure 3.2: a) Illustration of the 1D, 2D and 3D components of a DT-Grid
representation of the Stanford bunny at 643 resolution. b) The 1D and 2D
components contain pointers to columns in respectively 2D and 3D, and the
3D DT-Grid component stores the actual distance values of the level set
function. Voxels that contain coordinate data are colored green and voxels
containing pointer data is colored brown.

Figure 3.3: a) The values of the 1D projection level shown as a histogram. b)
The difference between consecutive values at the 1D projection level shown
as a histogram.

Figure 3.4: a) The values of the 2D projection level constituent shown as
a 2D histogram. b) The difference between consecutive values on the 2D
projection level shown as a histogram.
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Figure 3.5: a) The 2D grid component of the 643 Stanford bunny DT-Grid.
The y-coordinates stored at the 2D projection level are shown in green. b) A
close-up shows actual y-coordinate (red-brown) predicted by three previous
y-coordinates (blue).

thus form surfaces in 3D, contours in 2D and points in 1D, all of which reflect
the shape of the geometry stored in the DT-Grid. At the 1D level encoding
this data is straight-forward. The difference between coordinate values
are encoded using a zeroth order adaptive probability model [Salomon,
2007]. At the 2D projection level coordinate values are estimated using,
at the most, the three previously processed coordinate values. Here we
use as predictor the Lagrange form of the unique interpolating polynomial
[Kincaid and Cheney, 1991] that passes through the previously processed
coordinates. An illustration of this process is shown in figure 3.5.

Compressing the z coordinate at the 3D projection level is the most
complex operation. Here the predictor used is that each of four immediately
neighboring coordinates (see figure 3.6) lie on the same plane. Thus z(D)
is predicted as z(A) + ∇z |A ·

(
1
1

)
= z(B) + z(C) − 2z(A), using a one-

sided first order accurate finite difference approximation for computing the
gradient. Given the permutation-symmetry of this expression with respect
to z(B) and z(C) we then compress the prediction using a context-based
adaptive probability model (see e.g. [Taubin, 2002]) with the integer value
z(B) + z(C)− 2z(A) as context.

At this point the only remaining component to compress is the level
set distance field. These values correspond to a large majority4 of the
data stored in a DT-Grid. Thus a fast method for achieving high levels
of compression is desired for these values. Here a combination of different
techniques is used depending on the location of the predicted value in the
narrow-band structure of the DT-Grid (see figure 3.7):

1. If all the blue grid points exist in the narrow band, the value at the
red grid point is predicted using the 3D Lorenzo predictor of Ibarria
et al. [2003].

2. If some of the blue grid points do not exist in the narrow band the
parallelogram predictor of Touma and Gotsman [1998] is used if
possible. This can be done if the red grid point is part of a face (four

4Typically 80% or more as can be seen in Table V in Paper I.
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Figure 3.6: a) The 3D grid component of the 643 Stanford bunny DT-Grid.
The z-coordinates stored at the 3D projection level are shown in green.
b) A close-up shows actual z-coordinate (red-brown) predicted by three
immediately adjacent z-coordinates (blue). c) The situation in b) shown
from above.

Figure 3.7: Illustration of the grid neighberhood around a level set value
(red box) that will be predicted.
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connected grid points in the same plane) where all grid points have
already been processed.

3. If it is not possible to find a face as described above, an axis-aligned
second order differential prediction is used (see Paper I). This es-
sentially constitutes a measure of the acceleration of the values of
the level set function along one of the coordinate (i.e. Cartesian)
directions.

4. If it is not possible to apply the second order differential prediction a
first order differential prediction is used if the previous grid point in
one of the coordinate directions exist.

5. Finally, if none of the above conditions apply the value itself is stored.

In order to further increase the compression ratio of the level set distance
field we optionally employ quantization of the distance data. In Paper I 14
bit quantization is typically used.

Using the above compression method the memory footprint of DT-Grid
level sets can be reduced by between 75% and 92% depending on the specific
model and resolution (see tables IV and V in Paper I). Although our level
set compression framework achieves high levels of data compression it is
fairly computationally expensive. As presented in Table II in Paper I the
computational time required for a sequential iteration through the DT-Grid
increases by up to a factor of 14. Since performance is a significant concern
for fluid animation it may be advantageous to only rely on OOC streaming
(see section 3.4) of geometry during the simulation and use the compression
scheme primarily for compact long-term storage and generally static level
set geometry such as solid boundaries. As is explained by section 8.1.3 in
Paper I our compression method is effective also for this scenario. Note
however that our compressed level sets, in spite of the performance penalty,
allows for significantly higher resolution5 than otherwise possible given a
limited amount of memory. Equivalently this also releases up to 92% of
the memroy used by the level set for other purposes, such as solving the
Navier-Stokes equations.

3.3.2 Compression of Particle Data

When using the PLS method a large amount of data is needed to store the
PLS tracker particles in addition to the level set geometry. In fact, when
DT-Grids are used particle data typically becomes the largest data field in
the fluid solver by a fair margin (see figure 3.8).

As a result large amounts of primary storage can be saved by compressing
the particles. However, in order to maintain performance of the fluid solver
such compression also needs to be fast. Our solution to this problem is

5Between 4 and 12 times higher resolution based on 75-92 percent compression.
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based on the observation that tracker particles are always found within a
close neighborhood of the fluid surface and is thus within the grid structure
stored by the DT-Grid. Consequently we can make use of the topology data
already stored in a highly efficient manner by the (possibly compressed)
DT-Grid.

Compression is achieved by describing particle positions and radii in
a coordinate frame that is local to the grid-cell in which the particle is
currently found. Thus global coordinate information is carried by the
DT-Grid and local coordinate information is carried by the particle. This
in turn allows us to quantize the particle position and radius in the local
coordinate frame - achieving high levels of (lossy) compression without
significant performance penalties. Since the quantization is based on the
local coordinate frame the error introduced by the quantization will still
scale linearly with the size of the grid cell, i.e. if the resolution of the
DT-Grid is increased by a factor of two the size of the grid cell halved and
the quantization error is halved as well.

Through experiments we found that a quantization precision of 10 bits
for the particle coordinates and 9 bits for the particle radius provided
visually pleasing results while still reducing the size of each PLS particle
by approximately 70%6. Though our tests were performed for PLS surface
tracking we believe our quantization method can also be used for MLS
surface tracking. However, since MLS stores particles on the actual surface
the quantization accuracy of the particle positions may have to be increased.
Assuming that 10 bit quantization is enough our compression method would
however provide close to 70% compression for MLS particles as well.

In section 9.2 of Paper I we have benchmarked level set advection using
our compressed PLS method. For this test the DT-Grid itself was not
compressed. As a result we found that our particle quantization method
provides a 65% reduction of the simulation memory footprint at a 5%
increase in simulation time (see Table VI and VII in Paper I). For the cases
shown in figure 3.8 the corresponding reduction of the memory footprint is
63% for figure 3.8(a) and 65% for figure 3.8(b).

3.3.3 Compression of Fluid Solver Data

The primary focus of Paper I is to facilitate memory efficient and possibly
high resolution level set geometry and free surface fluid animations by
compressing level set and PLS data, thus increasing the amount of memory
available when solving the Navier-Stokes equations. A natural extension
of our framework is to also apply on-line compression to the various data
fields of the Stable Fluids method. A brief investigation into compression
of general scalar and vector fields was conducted as part of this project,

6Assuming that particle radius and position was originally stored using single precision
floating-point data and that the particle mapping data structure (see section 2.6.2 and
Paper I) is uncompressed.
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Figure 3.8: Graphs showing the amount of data required by the different
parts of the fluid solver presented in section 2.6. Figure 3.8(c) shows the
current data distribution for the simulation depicted in figure 3.8(a). Figure
3.8(d) shows the current data distribution for the simulation depicted in
figure 3.8(b). The simulation in figure 3.8(a) has low surface area compared
to fluid volume wheras the simulation depicted in figure 3.8(b) has high
surface area compared to fluid volume. The memory footprint for each part
of the fluid solver is given in MB and as a percentage of the total memory
footprint.
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(a) Cross stencil (b) WENO stencil (c) Voxel stencil (d) Box stencil

Figure 3.9: 2D Illustrations of the primary (spatial) data stencils used
for fluid animation on DV-Grids. The central grid point of the stencil is
highlighted in green. The ”cross stencil“ (figure 3.9(a) is used for central
and first order upwind finite differences. The ”WENO stencil“ (figure 3.9(b)
is used for high order finite differences. The ”voxel stencil“ (figure 3.9(c)
is used for trilinear interpolation. The ”box stencil“ (figure 3.9(d) is used
for higher order interpolation and particle advection (see see section 7.2 in
Paper I).

however no satisfactory method for fast general-purpose compression of
floating-point data was found at the time. Thus, when necessary our
original framework instead relies on OOC streaming (see section 3.4) of the
scalar and vector fields when solving the Navier-Stokes equations.

However, since the publication of Paper I a fast compression method
for sequential floating-point data has been proposed by Burtscher and
Ratanaworabhan [2007]. This method promises high performance and
good compression ratios and is thus a promising candidate for compressing
velocity and scalar fields in our framework. We do however still expect
performance penalties to be high compared to the uncompressed case
and thus the practical usefulness of such compression may be limited for
simulation.

3.4 Efficient Out-of-Core Streaming for DT-Grid
Based Fluids

Compression allows us to animate free surface fluids and particle level
sets using less memory than previously possible using DT-Grids. In order
to allow for even more efficient use of primary storage we also employ a
specialized scheme for out-of-core streaming of data on DT and DV grids.

When a computation is performed on data stored on a DT and DV
grid a stencil7 is chosen and then iteratively moved through the entire grid
in the lexicographical storage order of the DT-Grid. This ensures that

7See figure 3.9 for examples of common stencils used in our fluid animation system.
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(a) (b)

Figure 3.10: Figure 3.10(a) shows an example of how 2D grid data is
mapped to a linear array. Figure 3.10(b) shows how this mapping translates
to different access positions in the linear array for different points in an
access stencil. As the stencil moves sequentially through the grid each acess
position sweeps sequentially through the array.

all points in the stencil access data in sequential order, thus providing
good data coherency. Since stencil sweep operations only work with a
small amount of local data at any time this access pattern lends itself
well to out-of-core computing where only the data currently accessed
by the stencil needs to be kept in primary storage. Data outside the
stencil can then be sequentially read and written to the significantly larger,
although typically much slower, secondary storage devices8 present in
most computers. Since secondary storage capacity is typically orders of
magnitude larger than primary storage9 this approach allows computations
on implicit geometry of virtually limitless10 resolution. This method also
means that most of the data associated with surface tracking and scene
geometry can be moved out-of-core leaving a substantial amount of resources
for use with the rest of the fluid solver. However, even though each stencil
point access data in sequential order, the access locations will be partially
spread over the sequential data array maintained by the DT-Grid. As
can be seen from the 2D example in figure 3.10 this leads to a non-trivial
although piecewise sequential data access pattern. Consequently an optimal
scheme for out-of-core streaming of DT-Grid data is non-trivial to construct.
However, since the access pattern is known beforehand for each stencil this
is indeed theoretically possible. This knowledge allows us to construct a
page replacement scheme for DT and DV grids that is superior11 to typical
general-purpose page replacement algorithms.

8This can for example be a hard disk drive.
9At the writing of this thesis typical primary memory modules can store 4GB of data

while a hard disk drive can store 2-3TB.
10The possible resolutions are so high that for all practical purposes the simulation is

completely limited by computation time and not by memory.
11See the results in section 8 of Paper I as well as the discussion in section 5 Paper I.
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3.4.1 Measuring Out-of-Core Computing Performance

In Paper I several performance benchmarks are presented for out-of-core
computing on level sets. The result of such benchmarks will depend on the
hardware used for computing said benchmarks. Mainly the performance
difference between the primary and secondary storage devices are of im-
portance. For the specific hardware used for each benchmark see relevant
sections in Paper I. However, note that standard consumer grade devices
were used for all tests. The intent is to provide a lower bound12 on the
performance of our out-of-core scheme.

3.4.2 A Page Replacement and Prefetching Strategy for Data on
DT-Grids

In theory the optimal page replacement strategy [Tanenbaum, 1992] for
a demand-paged system (i.e. no prefetching) is simple: If a page must
be evicted from the cache, the page replacement algorithm always picks
the page that will be used furthest into the future. Realizing this strategy
in practice does however require complete knowledge of the page demand
sequence, information that is effectively impossible to obtain in general.
However, for specific problems like sequential iteration through a DT-Grid
this information is known, allowing the construction of a near-optimal page
replacement strategy. Since all computations in our fluid solver can be
described as sequential iteration through a DT-Grid or DV-Grid this allows
for near optimal13 out-of-core free surface fluid animation using our solver.

General-purpose page replacement schemes like the Least Recently Used
(LRU) scheme can easily make bad decisions when faced with the stencil
access patterns used for fluid animation on DT and DV grids. An example
of how this may happen is depicted in figure 3.11. This figure shows a 2D
grid, a stencil consisting of five points (i.e. the “cross stencil”) and the
corresponding positions on the paged secondary storage device. At this
point it is important to note that a DT-Grid stencil does not move as one
unit. In order to move a stencil one step forward in the lexicographical
storage order of the DT-Grid each stencil point is individually moved one
step until all stencil points arrive at the new position. Let us now assume
that page five is the least recently used page. When stencil point four moves
forward it will generate a page fault as page eight is not in memory. As a
result page five, being the least recently used, is evicted to make room for
page eight. However, as the entire stencil moves, stencil point one will soon
move forward into page five which has just been evicted. This generates
a new page fault and page five has to be loaded again. Similar to the

12More advanced hardware such as professional high-speed hard drives or Solid State
Drives (SSDs) possibly in a RAID configuration will drastically increase the data
throughput to secondary storage, thus increasing performance.

13See table I in Paper I.
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Figure 3.11: Outline of a stencil consisting of five grid points (0-4) as well
as a cache slice and the corresponding paged memory/disk layout. In this
example all grid points are occupied with data and each page is two grid
points long. The pages in memory are outlined in white and the others in
black. c denotes a clean page i.e. a page that has not yet been written to
and d denotes a dirty page, i.e. a page that has been written to. Reprinted
from Paper I.

LRU strategy it is possible to construct examples where all other existing
non-analysis based page-replacement strategies that we are aware of will
fail. Analysis based algorithms on the other hand face other problems such
as the fact that they need to detect a certain access pattern before they
start working properly whereas our approach is guaranteed to work almost
optimally at all times.

Our strategy is based on the observation that, although stencil points
that are neighbors in space may access data that is far apart all points in
the stencil move forward at the same speed. Given this observation the
optimal page replacement strategy is to see if the page in memory with the
lowest page-id (see figure 3.11) is not part of the stencil. If this is the case
the page can be evicted from the cache and, if dirty, written to secondary
storage.

In order to keep the secondary storage device busy with I/O operations
at all possible times our page eviction strategy is complemented with a
page prefetching algorithm. Prefetching is performed by a high priority I/O
thread within the Storage Cache. The use of a separate I/O thread allows
I/O operations to be performed in parallel with the fluid computations,
hence increasing efficiency. Furthermore the I/O thread can exploit direct
memory access (DMA) in order to reduce the amount of computations and
primary storage bandwidth required per I/O operation, thus leaving as
much as possible of these resources to fluid computations.

Our prefetching algorithm works by first checking if all pages that will
be accessed by the stencil points are already in-core, i.e. typically all pages
immediately ahead of a stencil point. If this is the case no prefetching
needs to be done. Prefetching a page typically results in the eviction of a
page in order to make room for the new data. This is done in accordance
to our previously presented page eviction strategy. To determine which
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page should be prefetched we use a variation of the elevator algorithm
[Tanenbaum, 1992]. Our elevator algorithm always moves in the forward
direction, starting at the position of the stencil point corresponding to the
lowest page ID. In figure 3.11 this would be stencil point one at page index
four. The algorithm then fetches the nearest page in the forward direction
from this point that is not currently in-core. The algorithm then moves to
the next stencil point, stencil point three in figure 3.11 and so on until it
reaches stencil point two. The algorithm then wraps around and starts at
stencil point 1 again.

If no page needs to be prefetched the algorithm instead tries to write
to disk any dirty pages that will not be written to again during the stencil
sweep through the DT-Grid. If no read or write operations need to be
performed the I/O thread sleeps until any part of the stencil moves into a
new page.

Thus, at any moment in time the I/O thread performs one of the
following three steps in order of priority:

1. Prefetching

2. Write-Back

3. Idle mode

In order to test the effectiveness of our paging algorithm a test case
consisting of a single WENO stencil pass over an implicit model of the
“Stanford Bunny” (see figure 3.12) was performed. The effective resolution
of the model is 10003 grid-points. In table 3.1 we compare our method to
the LRU approach, both methods with and without prefetching. We also
compare the results to an optimal page replacement strategy [Tanenbaum,
1992] for a demand-paged system (i.e. no prefetching) as computed from
a logged sequence of demand requests. As can be seen our approach
comes close to the optimal page-hit ratio for demand paged systems when
prefetching is not enabled and we also come close to the optimal page hit
ratio of one for prefetched systems. The test in table 3.1 uses relatively
small page sizes. In order to achieve high data throughput larger page
sizes are typically needed. Figure 3.13 shows the number of grid points
processed per second depending on page size and number of pages. As can
be seen a page size of 4-8 MB and 32-64 pages gives good results for this
test. For the benchmarks presented in Paper I 32 pages of size 4MB were
used, showing that efficient out-of-core computations can be performed
with our method using as little as 128 MB of primary storage.

3.4.3 Out-of-Core Level Sets for Fluid Animation

Using the prefetching and page-replacement scheme described in section
3.4.2 the level set equation (2.36) can be solved completely out-of-core.
Likewise out-of-core re-initialization can also be performed by solving
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Figure 3.12: An implicit (level set) model of the “Stanford Bunny”.
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Figure 3.13: The throughput (processed grid-points/second) as a function
of page size (in MB) for various numbers of pages in the cache. The results
were generated by sequential iteration over the Stanford Bunny in resolution
80003 with the “cross” stencil. The maximal memory usage of the cache
was in this case restricted to 512 MB.

equation (2.37). This can effectively be used for fluid animation in order
to represent huge scenes and environments consisting of high resolution
implicit geometry using a minimal amount of memory. The fluid surface can
also readily be represented as an out-of-core level set, possibly combined
with the dual-resolution approach of Paper II.

3.4.4 Out-of-Core Particle Level Sets for Fluid Animation

As shown in figure 3.8 the PLS method uses significantly more memory
than level set surface tracking alone when DT-Grids are used. Even though
the particle compression method described in section 3.3.2 can reduce the
memory footprint of the particles by close to 70% this still means that
particle data uses well over an order of magnitude more primary storage
than the level set itself. In order to reduce the amount of primary memory
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32 pages 64 pages 128 pages
Page-
size

LRU Opt LRU Opt LRU Opt

Demand Demand Demand Demand Demand Demand

0.5kB 0.6313 0.6450 0.6316 0.6606 0.6318 0.6911
1.0kB 0.6317 0.6600 0.6318 0.6906 0.6404 0.7490
2.0kB 0.6318 0.6896 0.6404 0.7483 0.6430 0.8573
4.0kB 0.6404 0.7469 0.6430 0.8564 0.8888 0.9439

Our Our Our Our Our Our
Demand Prefetch Demand Prefetch Demand Prefetch

0.5kB 0.6421 0.9452 0.6580 0.9465 0.6888 0.9468
1.0kB 0.6546 0.9461 0.6858 0.9468 0.7454 0.9470
2.0kB 0.6794 0.9477 0.7406 0.9480 0.8533 0.9545
4.0kB 0.7305 0.9893 0.8482 0.9907 0.9436 0.9595

Table 3.1: Comparison of the page-hit-ratios of our page-replacement policy
with prefetching disabled (Our Demand), prefetching enabled (Our Prefetch),
LRU page-replacement without prefetching (LRU Demand) and the optimal
page-replacement policy for a demand-paged system computed offline (Opt
Demand) from a logged sequence of demand requests.

used by particle level sets as well as being able to represent PLS geometry
at essentially arbitrary resolution we may employ our page-replacement
and prefetching scheme to the PLS particles as well.

Similarly to the out-of-core level set it is however important for per-
formance that the PLS particles are accessed as sequentially as possible.
This can be ensured by making the particle storage order coincide with the
storage order of the underlying DT-Grid level set. Our basic algorithm for
ensuring this is presented in section 2.6.2 and a detailed description can be
found in section 7.2 of Paper I.

In order to keep track of which particles belong to which DT-Grid cell
we employ a mapping data structure that consists of a particle bin array
and a particle array (see figure 2.7). Since one particle bin is associated
with each DT-Grid cell, and the storage order is the same as the storage
order of the DT-Grid, no explicit pointers to particle bins are needed. As
can be seen in figure 2.7 each particle bin stores one index pointer into the
particle array in addition to the number of particles contained in the array.
This is done to allow for fast random access of the particles within each
bin. However, if we assume that particle bins will always be accessed in
sequential order this data structure can be made more compact by omitting
the index pointer14.

In order to achieve high data throughput15 between primary and sec-

14The current index pointer can instead be calculated by each stencil point during
sequential iteration through counting the particles in each bin.

15As measured in particles transferred per second
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ondary storage our out-of-core particle streaming can also be combined with
the fast particle compression algorithm described in section 3.3.2. Since the
computational overhead of the particle compression scheme is negligible
this effectively results in a 230% increase in particle throughput16.

A performance benchmark of our out-of-core particle level set can be
seen in table 3.2. This table is based on the results presented in table
VII of Paper I and shows the relative processing time per grid-point for
the advection of a DT-Grid PLS at different resolutions. The memory
footprints of the different simulations can be found in table VI of Paper I.
In table 3.2 the in-core, uncompressed performance of the smallest model
is used as a reference. Note the slow performance of the 10243 resolution
uncompressed in-core case. This is caused by the inefficient general-purpose
paging of the operating system, a problem that is significantly reduced
when our out-of-core scheme is used instead.

Two examples of fluid animations using our out-of-core PLS can be seen
in figures 3.14 and 3.15. Note that the surface noise that can be seen on the
sheets of fluid are artifacts of the PLS method trying to represent geometry
that is becoming too thin to be accurately resolved on the DT-Grid. This
issue along with the significant memory footprint of the PLS method led to
the development of the dual resolution Eulerian surface tracking method
and SAM/SP-SAM filters presented in chapter 4 and Paper II.

8003 10243 15003 40963

In-Core 1.00 10.30 NP NP
Out-Of-Core 2.92 3.21 4.30 4.89
In-Core (Q) 1.04 1.05 1.10 NP
Out-Of-Core (Q) 1.06 1.13 1.14 1.71

Table 3.2: Benchmark showing the relative processing time per grid-point
for the advection of a DT-Grid PLS at different resolutions. (Q) means that
our quantized particle level set was used. In-core tests were Not Possible
(NP) due to 32-bit hardware limitations for the 40963 simulation and only
possible using quantization for the 15003 simulation.

3.4.5 Out-of-Core Streaming of Fluid Data

Our prefetching and page-replacement scheme can also efficiently be applied
to all data fields used by our fluid solver (see section 2.6) with one exception:
When solving the linear systems produced by the viscosity and pressure
projection steps (see section 2.6.1) we store all data associated with the
Conjugate Gradient [Shewchuk, 1994] method completely in-core. As can

16Each particle requires 70% less data to store, thus 1
1−0.7

≈ 3.3 times more particles

can be transferred per second at a given data bandwidth.
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Figure 3.14: A fountain animation using our OOC and compression frame-
work. OOC streaming and compression is used.

be seen in section 9.6 and Table X in Paper I the Conjugate Gradient
method can be used with our OOC framework. However, this is a very data
intensive algorithm and thus the performance penalty can be high, typically
making OOC Conjugate Gradient inappropriate for fluid animation.

3.5 Summary

High resolution level set deformations and level set based free surface fluid
animations can require a large amount of primary memory, especially if
PLS surface tracking is used. In order to decrease the memory footprint
associated with these methods Paper I and this chapter proposes the use
of specialized on-line compression schemes and out-of-core streaming of
data. The primary aim of our methods is the surface tracking aspect of
free surface fluid animation, however our prefetching and page-replacement
scheme is also applicable to the fluid solver itself.

Using our level set compression methods the size of a DT-Grid level set
can be reduced by between 76 and 93 percent. However, the performance
penalty is relatively high with level set computations taking up to 14
times longer than the uncompressed case. Although this is typically fast
compared to general purpose compression methods it is slow compared to
in-core speeds. The main reason for the reduced performance is however
the compression of the level set distance values. Thus in order to maintain
close to in-core performance when animating compressed level sets a faster
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Figure 3.15: Frames 151, 351, 601 and 798 from a fluid animation of a
large fountain. At its peak complexity the animation has an effective grid
resolution of 600x1080x470 voxels, contains 580 million particles and 43
million voxels in the DT-Grid. The peak memory footprint of the simulation
is 12.9GB. OOC streaming but no compression is used.
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compression method for this data is desirable.
Our particle compression scheme can on the other hand reduce the size

of a PLS by approximately 65 percent at a 5 percent performance penalty.
The particle compression is also general purpose in the sense that it is
applicable to any method where particles are stored in a grid.

Our prefetching and page-replacement scheme allows for very compact
simulations, typically using only 128-256MB of primary memory. The
page-replacement scheme is close to optimal for a demand paged system
and often comes close to the ideal page-hit ratio of 1 when combined with
prefetching.

The performance penalty of out-of-core fluid animation17 depends heav-
ily on which parts of the solver that uses out-of-core streaming. The data
intensive Conjugate Gradient method becomes up to 14 times slower while
the level set and compressed PLS can achieve close to in-core speeds18. The
out-of-core PLS is however limited in the sense that performance is reduced
if particles are allowed to move further than one grid cell per iteration of
the advection algorithm. The reason for this is the large computational
stencils necessary to cover all potential grid-cells into which a particle can
move from its current position. For the fluid solver presented in section
2.6 this is however not an issue: The CFL stability condition related to
explicit advection limits motion to less than the distance of a grid-cell per
iteration.

When used for fluid animation our out-of-core and compression frame-
work provides several methods for reducing or even virtually nullifying the
memory requirements of each component of our fluid animation system.
This allows for the ability to strike a compromise between the computational
performance and the memory footprint of the simulation: Computationally
expensive tasks as well as data that is not frequently used, for example solid
geometry and surface velocity fields, can be stored using our out-of-core
data structures. The memory demanding PLS can be compressed and if
necessary stored out-of-core as well. This leaves significantly more memory
for use when solving the Navier-Stokes equations. Potentially the entire
fluid solver can be stored out-of-core, allowing for virtually limitless19 reso-
lution free surface fluid animations. The performance penalty for this can
however be high if fast external storage devices are not used.

17Using the fluid solver presented in section 2.6.
18The OOC level set is 1.3 to 2 times slower compared to in-core performance while

the OOC PLS using particle compression is between 1.06 and 1.71 times slower.
19The resolution is only limited by available secondary storage which can easily be in

the order of Terabytes.

66



Chapter 4

Preserving Surface Details Without the
Particle Pain

The focus of this chapter is the dual resolution method for Eulerian surface
tracking presented in Paper II. The motivation behind this technique is
presented in section 4.1. Next section 4.2 describes relevant previous work
related to our method. Sections 4.3 and 4.4 then proceeds to present the
main ideas behind Paper II focusing primarily on the geometric filters that
together with DT-Grid level sets form the core of our method. This is
followed by section 4.5 which presents a number of numerical experiments
aimed towards validating the effectiveness of our method. This chapter is
concluded in section 4.6 with a summary of our method.

4.1 Introduction

In Paper I the observation was made that the PLS method requires a
large amount of memory compared to pure DT-Grid level sets. Typically
this difference is close to two orders of magnitude as can be seen in for
example figure 3.8 in chapter 3 as well as table 2 in Paper II. Although the
particle compression scheme presented in Paper I will significantly reduce
the memory footprint of the particles they still use more than an order of
magnitude more memory than the DT-Grid level set itself1. As a result the
resolution of a DT-Grid level set can be increased by at least a factor of
three2 or four (if no compression is used) before approaching the memory
requirements of the PLS method.

Based on this observation we decided to develop a dual-resolution surface
tracking approach for animating free surface fluids using the Stable Fluids
method. The core idea behind our method is to replace the tracker particles
of the PLS with a higher resolution level set. If comparable3 results to the
PLS method can be achieved before the memory footprint of the DT-Grid
reaches that of the PLS method this approach can be seen as a memory
efficient alternative to the PLS method.

1Assuming 70% compression.
2The memory requirement of a DT-Grid scales with the surface resolution. Thus

doubling the resolution of a DT-Grid leads to approximately a factor four increase in
memory requirement for the same geometry.

3Subjectively similar.
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In order to allow level set surface tracking at a higher resolution than
what is used to solve the Navier-Stokes equations, a connection must
be established between the high resolution level set surface and the low
resolution representation of this surface as seen by the Navier-Stokes solver.
This can be achieved by downsampling the high resolution geometry onto
the lower resolution Eulerian grid. If done naively this downsampling can
however easily result in aliasing problems: Geometric features that are
close to the size of, or smaller than, the low resolution sampling distance4

risk being poorly represented or completely lost during the downsampling
process. As a result entire regions of high resolution geometry may become
invisible to the low resolution fluid solver which will thus be unable to
properly animate this geometry.

In order to mitigate this type of aliasing problems we decided to develop
a spatially adaptive geometric low-pass filter that is able to guarantee
that all high resolution geometric features will, at least approximately,
be preserved during downsampling. This property will ensure plausible
animation of all parts of the high resolution geometry. The resulting
method, including our Spatially Adaptive Morphology (SAM) geometric
low-pass filter and its Sheet Preserving extension resulted in the publication
of Paper II.

4.2 Related Work

Dual resolution surface tracking has previously been attempted for level
sets by Goktekin et al. [2004] resulting in improved surface tracking at
the expense of sampling related artifacts. Similarly Bargteil et al. [2006]
encountered and discussed artifacts related to their use of a high resolution
octree level set for their semi-Lagrangian contouring method. Recently Kim
et al. [2009] coupled a high resolution particle level set to a lower resolution
fluid solver in order to accurately track the effects of their vortex sheet
method. Kim et al. also introduced a simple geometric filtering process
they call the “Liquid Biased” (LB) filter in order to reduce the aliasing
problems of their system.

The work of Kim et al. [2009] can be considered the most closely related
to ours, however Kim et al. uses a particle level set at typically four times5

the resolution of the underlying solver. This makes their method memory
demanding which is not suitable for our goal of creating a fast and memory
efficient Eulerian alternative to the PLS method. Furthermore, the Liquid
Biased filter employed by Kim et al. is fairly simple and suffers from several
weaknesses. Finally dual-resolution surface tracking has not previously
been attempted using DT-Grids. Our use of these compact grids allow our
method to be very memory efficient, thus potentially making it a compact

4I.e the size of a low resolution voxel.
5According to the figures presented in Kim et al. [2009].
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Eulerian alternative to the PLS method.
As presented in Paper II our surface tracking method may also optionally

employ sheet thickening in order to preserve thin sheets of fluid. Sheet
thickening for this purpose has previously been proposed by Chentanez
et al. [2007]. However, Chentanez et al. uses a particle based thickening
method whereas our method is a purely Eulerian approach that is a natural
extension of our SAM filter.

4.3 The Spatially Adaptive Morphology Filter

At the core of our dual resolution surface tracking approach is the concept
of implicit geometry on two levels of resolution. Let ϕh denote the level
set representation of the fluid interface on a high-resolution grid and let ϕl
represent a filtered version of ϕh downsampled onto a lower-resolution grid.
The Navier-Stokes equations are solved on the same grid as ϕl which results
in the low resolution velocity field vl. Let ∆xl be the sampling distance
used for ϕl and let ∆xh be the sampling distance used for ϕh. Let α denote
the fraction ∆xl

∆xh
, i.e. the difference in grid resolutions given as a fraction.

The challenge is now to derive ϕl from ϕh in a way that is feature-preserving
and yet does not violate boundary conditions and introduce unnecessary
topology changes. Once ϕl is defined we can compute vl which in turn can
be upsampled to vh using for example simple trilinear interpolation. This
finally allow us to advect ϕh through the level set equation

∂ϕh
∂t

= vh · ∇ϕh (4.1)

Simply defining ϕl from a naive down-sampling of ϕh is not appropriate
since this can cause potentially severe aliasing problems [Bargteil et al.,
2006; Kim et al., 2009]. Although ϕl is not intended to be explicitly
rendered a poorly defined low-resolution interface can cause problems when
solving the Navier-Stokes equations for vl which in turn will affect ϕh
through equation 4.1. This problem can be reduced by a uniform dilation
of ϕh by 0.5∆xl before downsampling. This is the approach of the LB
filter employed by Kim et al. [2009]. The resulting surface will have no
geometric features smaller than ∆xl and as a result all features in ϕh will
be approximately represent in ϕl after downsampling. However, the global
nature of the LB filter can cause several problems. First of all, if ϕh is in
contact with a solid surface we may create a ϕl that penetrates this surface
by as much as 0.5∆xl potentially causing boundary problems. Furthermore,
this dilation may cause topology changes in ϕl that are not present in ϕh.
This includes premature merging (e.g. colliding droplets) and non-physical
merging of, for example, separate surface details moving in parallel close
to each other without actually touching. Finally, we observe that dilation
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n

Distance to solid

Distance to fluid

Fluid thickness

Figure 4.1: An illustration of a 7 point normal aligned stencil used by the
SAM filter to estimate geometric thickness and distance.

is not necessary for any features of ϕh already large enough to be resolved
on ϕl.

These problems can be avoided by using a geometry aware filtering
process, i.e. a filter that is aware of geometric feature thickness as well
as any neighboring geometry. These ideas resulted in the creation of our
Spatially Adaptive Morphology (SAM) filter. The basic idea behind this
filter is to measure the feature thickness of different regions in ϕh as well as
the distance to neighboring geometry. Our suggested method for computing
these measurements is to use a normal-aligned computational stencil as
depicted in figure 4.1. The distances between any implicit surfaces present
in this stencil can then be estimated through linear interpolation of the
level set distance field along the stencil. Based on these measurements
adaptive dilation of ϕh can then be performed before creating ϕl through
downsampling. The algorithm used to compute this dilation based on the
distance estimates is presented in section 3 of Paper II.

Two examples of how the behavior of our SAM filter differs from the
LB filter can be seen in figures 4.2 and 4.3. In both these figures the level
set surface has been triangulated using the Marching Cubes [Lorenson
and Cline, 1982] algorithm and rendered as a wireframe mesh where ϕh
is colored green and ϕl is colored blue. The solid boundary is colored
gray. Notice how the uniform dilation of the LB filter causes boundary
penetration of in figure 4.2 and premature merging in figure 4.3. The SAM
filter reduces these problems while still creating a plausible low resolution
representation of the thin sheet in figure 4.2.

4.4 The Sheet Preserving SAM Filter

Since ϕh is represented on a uniformly sampled DT-Grid the situation may
arise where parts of the fluid become too small or thin to be represented
also by this high resolution level set. From a visual quality standpoint
the most apparent problem caused by this scenario is the dissipation of
sheets of fluid, potentially making large portions of fluid disappear into
thin air. An example of such volume loss due to failed surface tracking can
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(a) (b)

Figure 4.2: An example showing the differences in behavior between the
LB filter (figure 4.2(a)) and the SAM filter (figure 4.2(b)) close to solid
boundaries. Here ϕh is colored green and ϕl is colored blue.

(a) (b)

Figure 4.3: An example showing the differences in behavior between the LB
filter (figure 4.3(a)) and the SAM filter (figure 4.3(b)) close to another part
of the fluid. Here ϕh is colored green and ϕl is colored blue.
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(a) (b)

Figure 4.4: Two examples of fluid animations where the SP-SAM filter can
be useful. Figure 4.4(a) shows a simple animation of a waterfall and figure
4.4(b) shows a massive, 20 meter tall fountain in the form of a statue.

be seen in figure 2.1. In scenarios where the preservation of thin sheets of
fluid is paramount the adaptive and geometry aware nature of the SAM
filter allows for a simple extension we call the Sheet Preserving Spatially
Adaptive Morphology (SP-SAM) filter. The idea behind this filter is to
use the feature thickness estimation of the SAM filter in order to define
a dilation of ϕh as well as ϕl. This dilation is such that the thickness of
a fluid sheet is always kept slightly above the width of a high resolution
grid cell, thus guaranteeing the presence of the sheet at all times. This
approach adds mass to the simulation and is consequently the most useful
for scenarios where the preservation of mass is of lesser importance to visual
quality than the existence of fluid sheets. Examples of this include scenes
with large sources present, thus effectively masking small deviations in the
fluid volume, and scenes where the entire body of fluid is not visible. The
waterfall animation shown in figure 4.4(a) as well as the fountain shown in
figure 4.4(b) are both good example of such scenarios. The SP-SAM filter
can be realized by only slightly modifying the SAM filtering process as can
be seen by the detailed description provided in section 5 of Paper II.
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(a) (b) (c)

Figure 4.5: Examples of a problematic region when using the SP-SAM filter.
Figure 4.5(a) shows a fluid sphere hitting the top of a pedestal. The resulting
splash should at some point break up around the pedestal. If additional
measures are not taken the SP-SAM filter produces the unphysical behavior
shown in figure 4.5(b). By marking the pedestal as a solid that is allowed
to break fluid sheets the expected behavior (figure 4.5(c)) can be achieved.

4.4.1 Extensions to the SP-SAM Filter

The basic SP-SAM filter presented above can easily preserve sheets too
well. Consider for example the scenario of a sphere of water hitting the
top of a pedestal (figure 4.5). In this scenario the fluid will stretch as it
hits the pedestal until a thin sheet of fluid is present on the top of the
pedestal. At this point the fluid sheet is expected to break apart, however
the SP-SAM filter sees a thin sheet of fluid and will, if no additional care
is taken, preserve this sheet indefinitely. As a result fluid will continuously
flow from the top of the pedestal. This and similar scenarios are however
easily avoided by exploiting the geometry aware nature of the SP-SAM
filter. The simplest solution is to prohibit the filter from widening portions
of ϕh that are in contact with solid geometry. This allows the fluid to
break apart as it contacts the top of the pedestal while still preserving
fluid sheets in midair. The resulting method will however also allow sheets
of fluid to dissipate when in contact with the floor beneath the pedestal
which may be undesirable. Thus it can be useful to specify in detail which
solid objects or regions of solids should be allowed to break fluid sheets
and which should not.

4.5 Results

The goal of our dual-resolution surface tracking algorithm is to create a
purely Eulerian surface tracking method that can provide similar results
to a PLS level set using less memory. Thus our main focus is on accurate
advection and a low memory footprint. Since the PLS method is relatively
fast we also put emphasis on low computational complexity. For these
reasons we will limit ourselves to α = 2 for the validation of our method.
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In the examples below we compare our method with several other surface
tracking methods. These methods and the motivation for including them
as comparisons are as follows:

Single level set, 1X resolution This method is provided as a baseline
reference. Both the level set and the fluid are resolved on the lower
resolution grid typically resulting in poor surface tracking behavior.

PLS level set, 1x resolution This is the method we are primarily in-
terested in comparing our results against. The PLS method allows
significantly improved surface tracking at the expense of large amounts
of memory and potentially noisy geometry.

Dual level set and SAM, 2x resolution Our method using the SAM
filter and a DT-Grid level set at 2x the resolution of the grid on
which the Navier-Stokes equations are solved. This method should
preferably provide similar or better quality results than the PLS
method.

Dual level set and SP-SAM, 2x resolution Our method using the SP-
SAM filter and a DT-Grid level set at 2x the resolution of the grid
on which the Navier-Stokes equations are solved. For this method
we expect identical results to the SAM filter when no thin sheets are
present in the fluid, while regions with sheets should be prevented
from dissipating.

Single level set, 2x resolution This method is provided as a high resolu-
tion reference with both the level set and the Navier-Stokes equations
solved on the higher resolution grid.

In order to achieve accurate advection of our higher resolution surface
we solve equation (4.1) through high order explicit integration. For all
examples the HJ WENO [Liu et al., 1994] and TVD Runge-Kutta [Shu
and Osher, 1988] methods have been employed when advecting the fluid
surface.

4.5.1 Breaking Dam Simulation

This example is intended to show the additional level of detail that can
be obtained by employing our method. A comparison between our surface
tracking approach and several other methods are shown in figure 4.6. Most
notably we see that our dual interface approach provides comparative results
to the PLS method without any surface noise (see figure 4.7). We also note
that the results of the SAM and SP-SAM filters are essentially identical.
This is to be expected since the SP-SAM filter should only widen surfaces
when needed and thus leave the simulation untouched in well behaved cases
such as this.
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Figure 4.6: Each row of images above show three snapshots (frame 40, 73
and 110) of the breaking dam simulation using different surface tracking
methods. From top to bottom these methods are: Single level set at 1003

resolution, PLS at 1003, Dual level sets and SAM filter at 1003/2003. Dual
level sets and SP-SAM filter at 1003/2003.
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Figure 4.7: Comparison of the surface quality between our dual-resolution
approach (left) and the PLS method (right). Here the surface noise that
can appear when using the PLS method is clearly visible.

4.5.2 Splash Simulation

This example tests the behavior of our method during extreme stretching
of the fluid. A comparison of frames from this simulation using different
surface tracking methods can be found in figure 4.8. In this example we see
the main advantage of the SP-SAM filter. Where both a high resolution
single level set and a PLS fail to keep the sheets of fluid, our method kicks in
and creates a smooth, noiseless surface. Note that as expected the surface
still breaks apart on impact with the pedestal.

4.5.3 Flooding Simulation

This example is intended to show the behavior of our dual-resolution surface
tracking method for a complex, visual effects oriented scenario. In this
scenario a large amount of fluid is released in two small rooms, each at the
end of a corridor. As a result the fluid will flood the corridors and continue
into a central room, creating a fairly violent scenario with complex interface
dynamics, including many sharp features and fluid sheets. An illustration
of this scenario is presented in figure 4.9. A comparison of frames from this
simulation using different surface tracking methods is provided in figure
4.10.

For this scenario the benefits of our method compared to both single
level set surface tracking and the PLS method are fairly apparent. The
extreme surface deformations and frequent fluid sheets makes the single
level set fail utterly resulting in an almost complete loss of fluid volume
by the time the fluid reaches the central room. The PLS method performs
better, however, the limited spatial resolution still results in loss of thin
features in spite of the particle correction. Furthermore noise caused by the
particle representation can be seen in several places where the fluid surface
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Figure 4.8: Each row of images above show three snapshots (frames 2, 30
and 69) of the Splash simulation using different surface tracking methods.
From top to bottom the methods are: PLS at 1003 resolution, dual level
sets & SAM at 1003/2003 and dual level sets and SP-SAM at 1003/2003 .
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Figure 4.9: An illustration of the initial condition for the flooding simulation.
The initial fluid volume is colored blue.

has sharp and/or thin features. Our dual-resolution approach with the SAM
filter is able to preserve high-frequency geometry well while still providing
plausible animation, providing significantly improved results compared to
the unaided single level set. When combined with the SP-SAM filter sheets
of fluid are also kept intact providing a result that is arguably more visually
pleasing.

4.5.4 Computational Cost and Memory Footprint

Table 4.1 shows the average computation time per frame for the first couple
of frames of the breaking dam simulation (see section 4.5.1) using different
methods and resolutions. Table 4.2 shows the corresponding initial memory
footprint associated with representing the fluid surface geometry. All
methods use the DT-Grid data structure. The memory footprints for the
SAM and SP-SAM methods represent the amount of memory required for
representing the high resolution level set. In practice it may be desirable to
store both the high and low resolution surfaces which increases the memory
footprint of our method slightly6.

As can be seen our method is slower than the PLS, but requires more
than an order of magnitude less memory while still being able to provide
significantly improved surface tracking performance compared to a single
level set as is shown by the previously presented examples. Also note that
significant increase in computation time when both the level set and the
fluid solver are running at 2x resolution (last row in table 4.1). This is due
to the fact that the computational complexity of the fluid solver scales with
fluid volume while the surface tracking component scales with fluid surface
area. Thus our method can achieve significantly improved surface tracking
performance at a low computational cost compared to running the entire
simulation at the higher resolution.

6Approximatly by the size of the single low resolution level set
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Figure 4.10: Each row of images above show three snapshots (frames 103,
134 and 245) from a simulation showing the flooding of a small building.
From top to bottom the methods are: Single level set at 2563 resolution,
PLS at 2563, dual level sets and SAM at 5123/2563 and dual level set and
SP-SAM at 5123/2563.The first two images on each row show the initial
flooding of one of the corridors while the third frame shows a view of the
fluid entering the central room.
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1003 2003 3003 4003

Single level set 1.9 12.1 45.6 153
PLS 2.8 20.1 67.7 181
Dual + SAM 6.2 28.8 78.8 207
Dual + SP-SAM 6.3 31.8 96.6 212
Single level set 2x res 12.1 153 689 2261

Table 4.1: Benchmark results showing average time in seconds per frame for
the initial frames of the Braking Dam simulation.

1003 2003 3003 4003

Single level set 0.2 0.8 1.8 3.2
SAM & SP-SAM 0.9 3.6 8.2 15
PLS 15 (4.4) 60 (18) 136 (41) 242 (72)

Table 4.2: Table showing initial memory footprints (in MB) for the fluid
surface of the breaking dam simulation. The SAM and SP-SAM results
show the memory footprint of the high resolution surface. The PLS uses a
particle density of 64. The numbers in parenthesis is the PLS method with
70% particle compression as can be achieved through the method presented
in Paper I.

4.6 Summary

The main purpose of the work presented in Paper II and this chapter was
to investigate dual-resolution level set surface tracking in order to achieve
a memory efficient Eulerian alternative to the PLS method. The core
components of our approach are the DT-Grid data structure and the SAM
and SP-SAM filters allowing for plausible animation to be computed for
all parts of the high resolution surface. Based on the results presented in
section 4.5 and Paper II we consider our method successful. Our approach
can provide significantly improved surface tracking compared to a single
unaided level set, often achieving results that are subjectively close to or
even better than the PLS method using an order of magnitude less memory
than the PLS. Our method is also both robust and reliable, introducing
no randomness7 into the simulation and no parameters that need to be
tweaked in order to maximize performance for a particular scenario.

The main weakness of our method compared to a PLS that it relies
on Eulerian advection. Although we use high order numerical advection
methods our level of accuracy cannot match the advection of Lagrangian
particles, especially in high frequency regions like edges and corners.

7This can be the case with the PLS when random particle seeding is used.
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Furthermore, the difference in resolution between vl and ϕh can poten-
tially lead to parts of ϕh moving in an unphysical manner. We have only
experienced small artifacts of this type for α = 2, however this can still be
a problem.

Finally the sheet thickening of the SP-SAM filter adds mass to the
simulation. However, the thickness of the enforced sheets are in the order
of ∆xh, thus typically only covering a fraction of the low resolution grid
cell. Consequently the amount of mass gained can potentially be reduced
by more accurately estimating the actual part of a low resolution grid cell
that contains fluid as described by ϕh. For this purpose volume fractions
[Batty et al., 2007; Bridson, 2008] can potentially prove useful.
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Figure 4.11: A high resolution rendering of a frame from a fountain animation
using our dual resolution level set surface tracking with the SP-SAM filter
(see chapter 4).
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An Ocean in a Box -
Non-Reflecting Boundaries for Free
Surface Fluid Animation

This chapter focuses on the non-reflecting boundary conditions for in-
compressible free surface fluid animation presented in Paper III. The
chapter starts with an introduction to the problem that motivated the
development of our boundaries. Following section 5.1 a brief background
on non-reflecting boundaries, primarily focusing on the Perfectly Matched
Layer (PML) method, is provided in section 5.2. Next section 5.3 explains
how to define boundary regions and section 5.4 discusses the methods used
in order to demonstrate the effectiveness of our boundaries. Sections 5.5
and 5.6 cover the introduction, design and evaluation of two fairly simple
types of non-reflecting boundaries: the explicit and implicit dampening
methods. This is then followed by section 5.7 presenting a method for
deriving and solving the equations behind PML based wave absorbing
boundaries for incompressible free surface fluid animation. Section 5.7 ends
with a comparative evaluation of all three boundary types presented in this
chapter. Section 5.8 then briefly describes how the PML boundaries can
be implemented on MAC grids. This chapter is concluded in section 5.9
with a summary of our boundaries.

5.1 Introduction

When animating free surface fluids the situation may arises where one
wishes to obtain a detailed simulation of a portion of a larger fluid volume.
An example of this is capturing the complex dynamics of ocean waves
interacting with a ship without simulating the whole ocean. In this situation
it is tempting to create a smaller simulation domain focused only around a
local area of interest, using solid wall boundaries to contain the fluid. The
ocean outside this local simulation “box” can then potentially be animated
using simpler and much faster methods1 saving significant amounts of
memory and computation time. A significant problem with this method is
however that the presence of walls in the simulation agrees poorly with the

1Examples of such ocean models can be found in the work by Tessendorf [2004] and
also in Bridsons book on fluid animation [Bridson, 2008].
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Fluid WallWall
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Figure 5.1: A 1D example of the different parts of the simulation domain
involved when a non-reflecting boundary is employed.

actual scenario of a vast body of fluid. Waves approaching the edges of the
local simulation will reflect off of the walls containing the fluid, typically
returning towards the area of interest in the center of the simulation domain.
These reflected waves, moving in the “wrong” direction, may easily break
the illusion of a wider fluid domain that is intended.

In order to more accurately facilitate this type of local simulation
approach a boundary condition is needed that allows waves to pass through
unhindered while still containing the fixed volume of fluid present within
the simulation domain. Our solution to this problem is to employ wave
absorbing boundary regions close to the edges of the simulation domain.
Within these regions alternate fluid equations can then be solved allowing
waves to enter but absorbing them before they can reflect back into the
unmodified simulation domain. An illustration of this idea can be seen in
figure 5.1. Here the fluid domain Ω is divided into a regular fluid region Ωf
and a wave absorbing region Ωd. Between Ωf and Ωd we have the internal
boundary ∂Ωf corresponding to the edge of the physical simulation domain,
i.e. the domain which contains actual fluid. We also have the external
boundary ∂Ωd, typically treated as a solid wall

In Paper III three different methods are presented for realizing this type
of non-reflecting boundary condition for Eulerian animation of incompress-
ible free surface fluids:

Explicit Dampening The explicit dampening boundary attempts to pre-
vent wave reflection by explicitly modifying the velocity field of the
fluid in Ωd. The method is fast and robust but typically requires a
large dampening region in order to be effective.

Implicit Dampening The implicit dampening boundary attempts to
prevent wave reflection by adding a dampening term to the Navier-
Stokes momentum equation in Ωd. Accurately solving the resulting
equations can require small timesteps in order to be stable and can
thus be slow. However, when using the operator splitting approach
of the Stable Fluids method, implicit integration can be applied
resulting in an unconditionally stable solver. This results in a method
that is very similar to explicit dampening. When integrated using
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small timesteps the implicit dampening method is more effective than
explicit dampening. Relatively large dampening regions are however
still required for this method to be effective.

Perfectly Matched Absorption Layer This approach aims to create
a set of wave dampening equations that is specifically tailored to the
Navier-Stokes equations. The resulting wave dampening equations
are fairly complicated and introduces a number of additional variables.
However, as is shown in Paper III, a Stable Fluids based solution
algorithm can be constructed for these equations. Although the
resulting scheme is not unconditionally stable the stability condition
can still be made independent of the parameters of the boundary.
The Perfectly Matched Layer approach results in highly effective
boundaries that can be considered wave absorbing and not simply
wave dampening. As a result this method can typically prevent
wave reflection using a significantly smaller boundary region Ωd than
explicit and implicit dampening.

The above three methods for achieving reflection free boundaries have
all been inspired by the success of equivalent methods in the fields of
physics and engineering. However, to the extent of our knowledge the work
presented in Paper III, and this chapter, is the first to derive and construct
this type of boundary conditions for free surface fluid animation based on
the incompressible Navier-Stokes equations.

5.2 Background

Undesired reflection from far-away, i.e. far-field boundaries has long been a
problem in physics and engineering. In the field of computational aeroacous-
tics undesired reflection of pressure waves are for example often encountered
when solving the compressible Navier-Stokes equations [Hu, 2008]. A fairly
recent and promising method for preventing such wave reflections is the
Perfectly Matched Layer (PML) approach. The idea behind a PML is to
create a boundary condition that acts as a wave absorbing medium perfectly
matched to the behavior of the governing equations of the problem being
solved.

The first perfectly matched layer approach was introduced by Berenger
in 1994 for computational electromagnetics [Berenger, 1994]. Berenger used
a split-variable formulation that was later shown to be dynamically stable
but only weakly well-posed [Abarbanel and Gottlieb, 1997]. Since then it
has been shown that the PML method is equivalent to a complex change
of variables in the frequency domain and that the PML equations can be
formulated in unsplit physical variables [Chew and Weedon, 1994; Turkel
and Yefet, 1998; Zhao and Cangellaris, 1996]. The PML method was first
applied to computational fluid dynamics and computational aeroacoustics
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starting with the linearized Euler equations in [Hu, 1996]. In [Hu, 2001] it
was later found that a necessary condition for the PML method to work in
this scenario was that all physical waves have consistent phase and group
velocities. This conclusion was also reached independently in [Bcache et al.,
2003]. In response to this issue several new PML formulations have been
developed. In [Hu, 2001] a stable PML method for the linearized Euler
equations in the presence of a uniform mean-flow was proposed. Equivalent
methods have also been presented in [Bécache et al., 2004; Hagstrom and
Nazarov, 2002, 2003]. Recently the PML method has also been applied
to the non-linear Euler [Hu, 2006] and Navier-Stokes equations [Hagstrom
et al., 2005; Hu et al., 2008].

It is interesting to note that the fundamental idea of deriving absorbing
boundary conditions by means of complex scaling of coordinates, which
forms the very basis of the PML method, originates outside the field of
computational fluid dynamics. While it is virtually impossible to track its
exact origin, this idea of complex scaling has existed in quantum dynamics
for a long time. Specifically, it has successfully been applied to the study of
atomic and molecular dynamics in [Museth and Leforestier, 1996; Neuhasuer
and Baer, 1989; Reinhardt, 1982] among others.

In the fields of computer graphics and fluid animation simple open
boundaries2 for incompressible gas and smoke simulation has been widely
used for some time. Examples include [Fedkiw et al., 2001; Stam, 1999]
among many others. Compressible gas and smoke simulation is not widely
used in computer graphics, however PML boundaries concerning this prob-
lem have been well studied in, among others, the field of computational
acoustics as presented above. Non-trivial, wave-absorbing open boundaries
for the animation of incompressible free surface fluids was however first
introduced in [Söderström and Museth, 2009] which constitutes preliminary
results to Paper III.

A quick introduction to the field of non-reflecting boundaries and PMLs
in the field of physics and engineering can be found in the evaluation
provided by [Richards et al., 2004] and the progress review by Hu [2008]
for computational aeroacoustics.

5.3 Constructing Dampening Regions

As presented in section 5.1 the non-reflecting boundaries presented in this
thesis all rely on defining dampening regions in the simulation domain.
Typically waves traveling into or out of these regions should be inhibited
while waves traveling in parallel to the boundary can be left unaffected in
order to avoid removing unnecessary momentum from the flow. For best
numerical performance the amount of dampening should also be increased

2The inflow/outflow boundary conditions used for this type of simulations can be
considered a type of open, although not reflection preventing, boundary condition.
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smoothly the deeper into the boundary region a wave travels (see section
8.1 in Paper III). In order to efficiently define boundaries that allow for
this behavior we presents two implicit methods: Simple boundaries based
on cut-planes and a novel application of level set geometry for defining
wave dampening boundaries of arbitrary shape and complexity.

5.3.1 Cut-plane Boundaries

Our first method uses a set of cut-planes to define ∂Ωf . The location of
each cut-plane is defined by the position vector pb and the orientation is
given by the plane normal nb. We now make use of the well-known equation

nb · x + d = 0 (5.1)

describing an implicit plane to which nb is normal and d is a position
constant that can be determined through pb. Provided that ‖nb‖ = 1 the
shortest signed distance D between the implicit plane and a point p can
readily be computed through the equation

D = (p− pb) · nb (5.2)

This information can now readily be used to determine where in space the
dampening schemes should be applied and to what extent. The normal of
the closest plane can be used to estimate the amount of dampening applied
in each spatial direction. An example of how the simulation domain can
be partitioned using cut-plane boundaries is shown in figure 5.2. Note
that for regions influenced by several cutplanes the closest distance must
be computed by taking all relevant planes as well as edges and points
into account. This method can also readily be extended for use with
triangle mesh geometry, however for complicated meshes the closest distance
computations can quickly become expensive.

5.3.2 Level Set Boundaries

The cut-plane method can easily be used for creating convex shapes. How-
ever, for concave boundary shapes and complex boundary geometry requir-
ing large amounts of planes this method quickly becomes computationally
expensive. In order to efficiently represent boundary shapes of arbitrary
complexity we propose the use of DT-Grid level sets. A level set can
readily encode a signed Euclidean distance field (see section 2.4.4). Thus
classifying a point in space as either inside or outside Ωd becomes a simple
sign evaluation of the level set function ϕ. Likewise the closest distance
from a point in space to the internal boundary ∂Ωf can be readily obtained
from ϕ at that point. Furthermore normals to the level set function can
be estimated everywhere in space3 using equation (2.40), thus making

3The normal will be harder to estimate around shocks of the level set distance function.
Thus high order finite difference schemes may be needed.
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Figure 5.2: An example of how a rectangular simulation domain can be
partitioned using cut-plane boundaries. The figure shows an ortographic pro-
jection of a 3D domain as seen from above with the dashed lines representing
∂Ωf as defined by the cut-planes.

estimation of the amount of directional dampening that should be applied
straight-forward as well. More information on our method for calculat-
ing directional dampening using level sets can be found in section 5.4 of
Paper III.

5.4 Measuring Wave Absorption Efficiency

In order to demonstrate the basic performance of the three non-reflecting
boundary conditions presented in this thesis a simple and controlled refer-
ence experiment has been constructed. The scenario is inspired by the effect
of throwing a pebble into a large pond of still water: The pebble creates a
splash that generates a ring-like wave pattern emanating from the point
of impact. This wave pattern continues unbroken while energy is slowly
lost due to the internal friction in the water until the surface of the pond
is still yet again. In the actual simulation of this scenario a sphere of water
is dropped in the middle a square basin generating ring-like waves that
travel towards the edges of the simulation domain. In order to stay true
to the envisioned scenario of a sphere of water dropped in the middle of a
large pond, this ring-like wave pattern should continue uninterrupted until
all the energy of the simulation has dissipated. However, in the reference
case, solid walls are used at the edges of the simulation domain, causing
wave reflections that in time produce a distinct interference pattern in the
fluid domain. The performance of our non-reflecting boundaries can now
be tested by investigating how much our boundaries are able to change
this interference pattern towards the undisturbed ring-like wave pattern
that is expected. In figure 5.3 three frames from this “Pebble in the Pond”
reference simulation is shown.

As observed in Paper III the width of Ωd is of importance for the
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Figure 5.3: Rendering of three frames from the “Pebble in the Pond” refer-
ence simulation.

effectiveness of the non-reflecting boundaries presented in this chapter. For
all wave absorption tests and graphs shown in this chapter, unless stated
otherwise, the resolution of the simulation domain is 165x70x165 grid-
points and the boundary width is 10 grid-points (i.e. 6% of the width of the
simulation domain). These fairly small boundary regions are intended to
stress the non-reflecting boundaries making differences in their effectiveness
more apparent.

5.4.1 Fluid Surface Offset Visualizations

In order to visualize the wave patterns that arise during our experiments
surface offset visualizations are used. These visualizations show the simula-
tion domain from above using orthographic projection. The fluid surface is
then color-mapped in order to display the offset of each surface point in
comparison to the initial depth of the fluid. In scenarios like the pebble
simulation depicted in figure 5.3, the initial position of the surface of the
“pond” is used as a reference. An example of this type of visualization is
provided in figure 5.4, showing a visualization of the example presented
in figure 5.3. The visualization uses a color map where green represents
the surface at the initial position, blue represents that the surface is below
the original position and red represents that the surface is above the initial
position. For each figure the color map is provided and the mapped value
represents the surface height above a reference level4.

5.4.2 Energy and Flux Graphs

In addition to the surface visualizations presented in section 5.4.1 two types
of graphs are also used to show the effectiveness of our boundaries. The
first type is a graph showing the total kinetic energy of the simulation.
Since the non-reflecting boundaries presented in this thesis are all based
on dampening of fluid motion to some degree, the effect of this dampening
on the kinetic energy of the simulation as a whole is of interest. Ideally the

4As reference level we use the origin of the simulation domain
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Figure 5.4: Example visualization of the surface offset in the “Pebble in the
Pond” reference simulation. The three frames above are visualizations of
the corresponding frames shown in figure 5.3.
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Figure 5.5: Figure 5.5(a) shows a plot of the total kinetic energy of the
“pebble in the pond” reference simulation depicted in figure 5.4. Figure
5.5(b) shows a plot of the total fluid flux through the inner boundaries of
this simulation.

boundary should prevent wave reflection while preserving the kinetic energy
as much as possible. An example of a kinetic energy graph for the “Pebble
in the Pond” reference simulation is shown in figure 5.5(a). The kinetic
energy of a simulation can vary drastically over time, thus a logarithmic
scale is used for the energy axis for these graphs.

As surface waves pass through the internal boundary ∂Ωf a net flux
is temporarily generated through the boundary surface. In simple, highly
symmetric scenarios like the “pebble in the pond” simulation this flux can
be used as an indication of the amount of wave reflection present in the
simulation domain. If no wave reflections are present the total flux through
the boundaries should exhibit the behavior of a decaying oscillation. The
reason for this is that each ring-like wave will pass through the boundaries
in only one direction and with successively lower amplitude. However,
if reflected waves are present this symmetry is broken and interference
patterns will develop on the flux graph due to waves traveling in opposite
directions. For these graphs positive flux is defined as flux from Ωd to Ωf .
An example of a graph showing the total internal boundary flux in the
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Figure 5.6: A graph sowing the total boundary flux through each cut-plane
for the “pebble in the pond” reference simulation. The total flux from figure
5.5(b) is also shown.

“pebble in the pond” reference simulation is given in figure 5.5(b). In figure
5.6 the total flux through each of the four boundary planes is also shown,
making the symmetry of the scenario apparent. In this simulation flux is
measured through cut-planes positioned 10 grid cells away from each of
the walls of the simulation domain (see figure 5.2 for an example of this),
however no dampening is applied in Ωd.

5.5 Explicit Dampening

The first and simplest type of non-reflecting boundary we propose for
free surface fluid animation using the Stable Fluids method is the explicit
dampening approach. This method relies on defining a target velocity
vtarget in Ωd and then attempting to explicitly force the velocity of the
fluid towards this target velocity. While the Navier-Stokes equations are
solved the solution is regularly modified by enforcing the condition

v̄ = v − σ (v − vtarget) (5.3)

where σ is a dampening function, v is the solution to the undampened
Navier-Stokes equations and v̄ is the solution after the explicit dampening.
In order for this process to be effective equation (5.3) needs to be enforced
frequently during the solution process, preferably at least once per iteration
of the Stable Fluids algorithm. In Paper III it was found that a smooth and
continuous σ function tend to yield better results in practice than steep
and/or discontinuous functions. In [Richards et al., 2004] the dampening
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function

σ(x) = σmax

(
1 +

x− L
L

)β
(5.4)

which simplifies to

σ(x) = σmax

( x
L

)β
(5.5)

was used5 for explicit boundaries in the context of computational aeroa-
coustics. Here L is the width of the dampening region and x is the distance
from the internal boundary ∂Ωf . The maximum dampening σmax and
β are coefficients which determine the shape of the dampening function.
In [Richards et al., 2004] it was found that the optimal value for these
parameters is problem dependent and thus hard to estimate for a general
scenario. However, according to figure 13 in [Richards et al., 2004] a
β ∈ [2, 2.5] yields good results. The target velocity vtarget can be set to the
mean-flow velocity of the fluid. Thus for many practical scenarios in visual
effects vtarget = 0 is a good approximation. For σmax = 1 this simply
means that waves will lose all their energy by the time they reach ∂Ωd, i.e.
all energy is dissipated over a distance of L. This is however not optimal
since the goal with a non-reflecting boundary is for no reflected waves to
leave the dampening region Ωd. This means that waves can actually be
allowed to retain a small amount of energy at ∂Ωd as long as all their
energy has dissipated by the time they reach ∂Ωf , i.e. after traversing a
distance of 2L. Finding a function for vtarget that satisfies this condition is
however non-trivial and during this project no literature was encountered
that describe how to address this issue.

5.5.1 Explicit Dampening for the Stable Fluids Method

In order to apply explicit dampening boundaries this thesis proposes the
following method: Before the pressure projection step (equations (2.45a)
and (2.45b)) the explicit dampening condition (5.3) is applied inside the
boundary region. In general the entire velocity vector can be dampened,
however directional dampening may also be applied. For scenarios like
waves moving over an ocean it is for example appropriate to only dampen
the velocity components that are orthogonal to the equilibrium state of the
fluid surface. Another approach is to apply the dampening in the normal
direction of the boundary, a method that is inspired by the behavior of
the PML boundary (see section 5.7). It can also be practical to apply the
explicit dampening condition after the projection step. This will result in a

5The actual function in the paper is σ(x) = σmax
(

1 − x−L
L

)β
, however since it is

also stated that σ(x) is zero at the inner boundary (x = 0) the subtraction must be a
typo.
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Figure 5.7: This figure shows a comparison between the undampened ”pebble
in the pond“ reference simulation and the same simulation using explicit
non-reflecting boundaries with Ωd 10 and 50 grid-points wide. Figure 5.7(a)
shows the kinetic energy of the simulation and 5.7(b) shows the boundary
flux.

boundary where the fluid velocity field is temporarily divergent during the
advection of the fluid surface. This in turn allows the explicit boundary to
absorb mass as well as energy, potentially resulting in improved dampening
performance at the cost of mass-loss. Note that only local mass-loss will
occur since in this scenario the projection will be applied before explicit
dampening during the next iteration of the Stable Fluids algorithm.

5.5.2 Evaluation

The main advantage of the explicit dampening method is that it allows
unconditionally stable animation of free surface fluids with non-reflecting
boundaries using the Stable Fluids approach. As a result fast and robust
fluid animations can be obtained with reduced boundary reflections. How-
ever, as can be seen from the graphs in figure 5.7 and the wave pattern
visualizations in figure 5.8 large dampening regions are required the method
to be effective. Even then the large boundaries causes excessive amounts
of kinetic energy to be removed from the simulation. This necessity to
significantly increasing the effective size of the simulation domain also
makes the method slow and not very memory efficient in practice6. For this
evaluation equation (5.5) was used with β = 2, σmax = 1 and vtarget = 0.

5.6 Implicit Dampening

The idea behind implicit dampening is to prevent wave reflection by includ-
ing an additional velocity dampening term in the Navier-Stokes equations.
Thus the dampening of velocity will be contributed by internal forces in-

6Assuming that low amounts of wave reflection is desired.
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Figure 5.8: This figure shows a comparison between the wave patterns of the
undampened ”pebble in the pond“ reference simulation (top row) and the
same simulation using explicit non-reflecting boundaries with Ωd 10 and 50
grid-points wide (middle and bottom rows respectively). The visualizations
(left to right) correspond to times 1.1, 2.4, 7.2 and 10 seconds into the fluid
animation.
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stead of explicit external modification of the velocity field as is the case
for explicit dampening. This internal force term, typically modeled as σρv
is added to the momentum equation (2.15), resulting in the dampened
Navier-Stokes momentum equation

∂

∂t
(ρv) + v · ∇ (ρv) = −∇p+∇ ·T + fext − σρv (5.6)

where σ is a dampening function, for example equation (5.5). Due to
the implicit nature of this boundary condition no finite value exists for
the maximum dampening σmax that will guarantee that all fluid flow
has stopped at the outer boundary. Instead the only known property is
that larger values for σmax will result in larger forces counteracting fluid
motion in the boundary region. This makes choosing an appropriately large
σmax a non-trivial and problem dependent issue. However, by including the
dampening effect in the Navier-Stokes equations no explicit decision needs to
be made about when or how often the boundary condition should be applied
(as is the case for explicit dampening). Instead this will automatically be
taken care of as part of the solution of the (dampened) Navier-Stokes
equations.

5.6.1 Implicit Dampening for the Stable Fluids Method

Since implicit dampening acts as an additional internal force (or acceleration
depending on the formulation) this effect can be integrated into a Stable
Fluids based free surface fluid animation system quite easily. The operator-
splitting approach allows the implicit dampening term to be solved as a
separate step by integrating the equation

∂

∂t
(ρv) = −σρv (5.7)

for example using the TVD Runge-Kutta time integration scheme. This
will however result in a stability condition where the size of a stable
timestep is proportional to σ and thus the resulting Stable Fluids method
is not unconditionally stable. Stable integration can however be achieved
by solving equation (5.7) through implicit integration. Using first order
backward Euler time integration this results in the following update for the
fluid velocity:

vt+∆t =
1

1 + ∆tσ
vt (5.8)

which will be stable for any ∆t ≥ 0, σ ≥ 0. However the accuracy of this
method will be low if large timesteps ∆t are taken. Indeed comparing
equation (5.8) with equation (5.3) makes it clear that this approach is essen-
tially explicit dampening with a somewhat more convoluted and timestep
dependent dampening function. For the tests and results presented in this
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Figure 5.9: This figure shows a comparison between the undampened ”pebble
in the pond“ reference simulation and the same simulation using implicit
non-reflecting boundaries with Ωd 10 grid-points wide. Figure 5.9(a) shows
the kinetic energy of the simulation and 5.9(b) shows the boundary flux.

thesis equation (5.7) is integrated using explicit methods, thus making the
method somewhat slow but also potentially more accurate.

5.6.2 Evaluation

The total energy and flux of implicit dampening as compared to the un-
dampened ”pebble in the pond“ reference simulation can be seen in figure
5.9. The wave pattern comparisons are presented in figure 5.10. Equation
(5.5) was used as dampening function with β = 2 and σmax = 77. As can
be seen the effectiveness of the implicit dampening condition is, when using
explicit integration, somewhat improved over explicit dampening. Energy
is conserved well in the initial stage of the simulation until waves enter
the boundary regions. At this point the boundary condition removes the
kinetic energy of the waves as they leave the simulation domain, leaving
relatively small reflections returning from the boundaries. However, as can
be seen in figure 5.10 relatively distinct interference patterns still develop.
The cost of the increased effectiveness of the implicit dampening method is
primarily the small time-steps necessary for accurate explicit integration of
the velocity dampening term due to the large σmax necessary when narrow
boundaries are used.

5.7 Wave Absorbing Boundaries - The Perfectly
Matched Layer Approach

As can be seen from the behavior of the relatively simple explicit and
implicit wave dampening boundary conditions presented in sections 5.5
and 5.6, non-reflecting boundaries can be achieved through only slight
modifications to the Stable Fluids algorithm. However both these methods
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Figure 5.10: This figure shows a comparison between the wave patterns of
the undampened ”pebble in the pond“ reference simulation (top row) and
the same simulation using implicit non-reflecting boundaries (bottom row)
with Ωd 10 grid-points wide. The visualizations (left to right) correspond to
times 1.1, 2.4, 7.2 and 10 seconds into the fluid animation.

tend to be slow if low boundary reflections are desired: Explicit dampening
becomes slow since large boundary regions are needed in order to make
the method effective. Implicit dampening can be effective using smaller
boundaries, however this typically requires large values of σmax, which in
turn results in small time-steps in order to achieve an accurate dampening
solution. Using implicit integration for the implicit dampening approach
also shows that this method is essentially equivalent to explicit dampening.

In order to obtain a boundary condition that is more effective than
explicit and implicit dampening a Perfectly Matched Layer approach can
be used. A PML is a theoretical concept representing a perfectly wave
absorbing medium and by constructing boundary regions consisting of this
medium a perfect non-reflecting boundary can theoretically be obtained.
Realizing a PML for a specific problem, like fluid flow described by the
Navier-Stokes equations, is however a non-trivial task.

In this section we will derive a PML boundary condition for incom-
pressible free surface fluid animation. Our derivation is based on previous
work by Hu et al. [2008], showing how to obtain a PML boundary for the
compressible Navier-Stokes equations without the presence of a free surface
or external forces.

5.7.1 Obtaining a PML Boundary Condition for the
Incompressible Navier-Stokes Equations

The core idea behind realizing a PML for the Navier-Stokes equations is
the application of complex coordinate scaling. This coordinate transform
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is typically written as

x→ x+
i

ω

∫ x1

x0

σ(x)dx (5.9)

where ω represents angular frequency and σ(x) is a scaling function deter-
mining the amount of stretching. The variable x0 represents the position of
∂Ωf , x1 is the position of ∂Ωd and i is the imaginary unit7. We will later
see that σ(x) is equivalent to the dampening function previously introduced
in sections 5.5 and 5.6. Basic intuition for the behavior of equation (5.9)
can be obtained by considering its effect on the complex wave component

ei(kx−ωt) (5.10)

If (5.9) is applied to (5.10) this results in

ei(kx−ωt)e
− k

ω

∫ x1
x0

σ(x)dx
(5.11)

As can be seen the second part of equation (5.11) represents exponential
decay, assuming k

w > 0 and σ(x) > 0. Thus exponential dampening can be
achieved for the amplitude of wave components traversing the region Ωd

where σ(x) > 0. Note that if k
w < 0 for σ(x) > 0 equation (5.11) instead

represents an exponential increase of wave component amplitude. This
scenario can occur when a mean-flow is present in the fluid and thus special
care needs to be taken in such a scenario. Typically this involves offsetting
the fluid velocity in order to remove the mean-flow as is described in [Hu
et al., 2008] among others. Although we expect that this method can be
applied to our PML boundaries the focus of Paper III and this chapter is
PML boundaries for fluid flow where a mean-flow is not present and thus
the issue described above will not be considered further.

Based on the transformation (5.9) the set of PML boundary equations
for the incompressible Navier-Stokes equations can be derived. This set
of equations will be the PML equivalent of equation (5.6). In order to
keep the derivation compact the incompressible Navier-Stokes equations
on conservation form, i.e.

∂u

∂t
+
∂f1
∂x

+
∂f2
∂y

+
∂f3
∂z

= aext (5.12)

7The mathematical constant that satisfies i2 ≡ −1
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is used where

f1 =


vx

v2
x + p

ρ − τxx
vxvy − τyx
vxvz − τzx

 , f2 =


vy

vxvy − τxy
v2
y + p

ρ − τyy
vyvz − τzy

 ,

f3 =


vz

vxvz − τxz
vyvz − τyz
v2
z + p

ρ − τzz

u =


1
vx
vy
vz

 ,aext =


0
fx
ρ
fy
ρ
fz
ρ


and

τxx = 2ν ∂vx∂x , τyy = 2ν
∂vy
∂y , τzz = 2ν ∂vz∂z ,

τxy = ν
(
∂vx
∂y +

∂vy
∂x

)
, τxz = ν

(
∂vx
∂z + ∂vz

∂x

)
,

τyz = ν
(
∂vy
∂z + ∂vz

∂y

)
Here aext is the external force vector fext scaled by the constant density
ρ, i.e. external acceleration. The above equations are essentially the
compressible Navier-Stokes equations on conservation form, i.e. equation
(2.19), where the energy equation has been dropped and the stress tensor T
is somewhat simplified due to the fact that ∇ · v = 0 for an incompressible
fluid. Note that if the assumption is made that ν is constant T can be
simplified even further (see section 2.2.1) obtaining the relation

T = ν∇v (5.13)

Equation (5.12) is written on partial differential form and thus it is
convenient to rewrite the integral equation (5.9) as its differential equivalent

∂

∂x
→ 1

1 + iσx

ω

∂

∂x
,

∂

∂y
→ 1

1 + i
σy

ω

∂

∂y
,

∂

∂z
→ 1

1 + iσz

ω

∂

∂z
(5.14)

Here ω represents temporal frequency and σ{x,y,z} is a dampening function
in the x, y and z directions respectively.

We now start our derivation by applying equation (5.14) to (5.12) in
order to obtain

∂u

∂t
+

1

1 + iσx

ω

∂f1
∂x

+
1

1 + i
σy

ω

∂f2
∂y

+
1

1 + iσz

ω

∂f3
∂z

= aext (5.15)

At this point we will make a key assumption. We assume that the solution
u is radiating outwards from Ωf as a superposition of planewaves, i.e.

u(x, t) = Σk,ωwk,ωe
i(k·x−ωt) (5.16)

where ω is the angular frequency, k is the wave vector and wk,ω are the,
assumed to be constant, wave amplitudes. Thus

∂u

∂t
=

∂

∂t
Σk,ωwk,ωe

i(k·x−ωt) = −iωu (5.17)
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The assumption ∂u
∂t = −iωu is typically used when deriving PML bound-

aries for wave-type equations and is also implicitly made by Hu et al. [2008].
A brief discussion of equation (5.17) and its relevance for PML boundaries
of the wave equation can be found in example [Johnson, 2007]. This subject
is also briefly discussed by Hu [2005] as well as Hu [2008]. Under the
assumption (5.17) equation (5.15) can now be written as

−iωu +
1

1 + iσx

ω

∂f1
∂x

+
1

1 + i
σy

ω

∂f2
∂y

+
1

1 + iσz

ω

∂f3
∂z

= aext (5.18)

which essentially constitutes the PML boundary equations. We now wish
to remove the explicit frequency dependence of equation (5.18). For this we
will follow the split-variable method employed by Hu et al. among others.
Thus we will split the variables u and aext into the six8 auxiliary variables
q{x,y,z} and a{x,y,z} such that

qx + qy + qz = u (5.19a)

ax + ay + az = aext (5.19b)

−iωqx +
1

1 + iσx

ω

∂f1
∂x

= ax (5.19c)

−iωqy +
1

1 + i
σy

ω

∂f2
∂y

= ay (5.19d)

−iωqz +
1

1 + iσz

ω

∂f3
∂z

= az (5.19e)

Multiplying equations (5.19c), (5.19d) and (5.19e) with
(
1 + iσx

ω

)
,
(
1 + i

σy

ω

)
and

(
1 + iσz

ω

)
respectively now results in the equations

(−iω + σx) qx +
∂f1
∂x

=
(

1 + i
σx
ω

)
ax (5.20a)

(−iω + σy) qy +
∂f2
∂y

=
(

1 + i
σy
ω

)
ay (5.20b)

(−iω + σz) qz +
∂f3
∂z

=
(

1 + i
σz
ω

)
az (5.20c)

At this point we introduce the auxiliary variables

∂hx
∂t

= ax (5.21a)

∂hy
∂t

= ay (5.21b)

∂hz
∂t

= az (5.21c)

8In the 3D case.

100



Wave Absorbing Boundaries for Free Surface Fluid Animation

and make the assumption that the a{x,y,z} vectors follow the time-propagation
of equation (5.17). As a result the explicit frequency dependence of equa-
tions (5.20a)-(5.20c) can be removed by once again using the assumption
(5.17) for all relevant quantities. As a result we obtain the equations

∂qx
∂t

+ σxqx +
∂f1
∂x

= ax + σxhx (5.22a)

∂qy
∂t

+ σyqy +
∂f2
∂y

= ay + σyhy (5.22b)

∂qz
∂t

+ σzqz +
∂f3
∂z

= az + σzhz (5.22c)

At this point our derivation is almost complete. However the flux vectors of
equation (5.22c) also contains spatial derivatives as part of the components
of the stress tensor. Consequently we need to apply equation (5.14) to
these components. We can do this by introducing the auxiliary variables

ex =
∂v

∂x
(5.23a)

ey =
∂v

∂y
(5.23b)

ez =
∂v

∂z
(5.23c)

and applying the complex coordinate scaling (5.14) to equations (5.23a),
(5.23b) and (5.23c), thus obtaining

(
1 + i

σx
ω

)
ex =

∂v

∂x
(5.24a)(

1 + i
σy
ω

)
ey =

∂v

∂y
(5.24b)(

1 + i
σz
ω

)
ez =

∂v

∂z
(5.24c)

which, if the auxiliary variables

∂rx
∂t

= ex (5.25a)

∂ry
∂t

= ey (5.25b)

∂rz
∂t

= ez (5.25c)
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are introduced can be written as

∂rx
∂t

+ σxrx =
∂v

∂x
(5.26a)

∂ry
∂t

+ σyry =
∂v

∂y
(5.26b)

∂rz
∂t

+ σzrz =
∂v

∂z
(5.26c)

At this point we have finally obtained the governing equations describing
the PML boundary medium for an incompressible fluid under the influence
of essentially arbitrary9 external forces:

u = qx + qy + qz (5.27a)

aext = ax + ay + az (5.27b)

∂qx
∂t

+ σxqx +
∂f1
∂x

= ax + σxhx (5.27c)

∂qy
∂t

+ σyqy +
∂f2
∂y

= ay + σyhy (5.27d)

∂qz
∂t

+ σzqz +
∂f3
∂z

= az + σzhz (5.27e)

∂rx
∂t

+ σxrx =
∂v

∂x
(5.27f)

∂ry
∂t

+ σyry =
∂v

∂y
(5.27g)

∂rz
∂t

+ σzrz =
∂v

∂z
(5.27h)

The above set of equations has obviously added a significant amount of
complexity to the original incompressible Navier-Stokes equations. However,
a number of interesting observations can be made. First of all the directional
dampening functions σx, σy and σz have been introduced. As a result
the PML equations can dampen motion differently in different spatial
directions. Related to this the state vector u has been split into the three
vectors qx, qy and qz. Thus the first component in u, i.e. the constant
density10, has been split into a vector of possibly time-dependent quantities
the sum of which is the traditional density. Likewise each component of the
velocity vector field has been split into three components the sum of which
is the traditional speed in each direction. Based on these observations and
the anisotropy of the PML medium the conclusion can be drawn that the
traditional scalar density has been split into a first order tensor density and
the traditional vector velocity has been split into a velocity tensor. The

9These equations are based on the assumption that the time-propagation of the
external force field adheres to equation (5.17).

10This can be surmised for example by comparing equation (2.19) and (5.12).
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contraction of these tensors (i.e. equation (5.27a)) will then result in the
traditional velocity and density. Likewise the external force vector can also
be interpreted as having been split into a tensor force field.

Equation (5.27b) does not provide any explicit indication of how aext
should be split into ax, ay and az. Indeed looking at the system of equations
(5.27a) - (5.27h) the split seems to be possible to perform arbitrarily as
long as equation (5.27b) is satisfied. Whether or not this is true is as of now
an open question that requires further investigation and is in this thesis
considered to be future work. However, at this point two observations can
be made. First, the PML boundary equations (5.27a) - (5.27h) only needs
to be solved in the boundary region. Since σ{x,y,z} will be zero outside
these boundaries the PML equations revert to the traditional Navier-Stokes
equations where external forces pose no problem. Since most interactions in
a fluid simulation will take part some distance away from the non-reflecting
boundaries only global external forces must be represented in the boundary
region by necessity. The most important global external force is the force
of gravity. This force belongs to the category of conservative forces, i.e.
forces that can be described as the gradient of a scalar field. This property
allows the PML equations to be significantly simplified and also provides a
plausible approach for splitting the external force vector: Assuming that

fext ≡ −∇U (5.28)

for some scalar field U . This behavior is very similar to that of the fluid
pressure field p. Thus the scalar field U can be interpreted as an offset to
the fluid pressure and can thus naturally be included in the flux vectors
of the Navier-Stokes equations. As a result the equations (5.27c) - (5.27e)
simplify to

∂qx
∂t

+ σxqx +
∂ (f1 + Ux)

∂x
= 0 (5.29a)

∂qy
∂t

+ σyqy +
∂ (f2 + Uy)

∂y
= 0 (5.29b)

∂qz
∂t

+ σzqz +
∂ (f3 + Uz)

∂z
= 0 (5.29c)

where

Ux =


0
U
ρ

0
0

 , Uy =


0
0
U
ρ

0

 , Uz =


0
0
0
U
ρ


The resulting PML equations for an incompressible fluid with conservative
external forces, i.e. equations (5.27a), (5.29a) - (5.29c) and (5.27f) - (5.27g)
can now be written in the somewhat simpler and more familiar form

∂u

∂t
+
∂f1
∂x

+
∂f2
∂y

+
∂f3
∂z

+ σxqx + σyqy + σzqz = aext (5.30)
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which can also be written as

∂v

∂t
+ v · ∇v = aext +∇ ·T− ∇p

ρ
−Aσxqx −Aσyqy −Aσzqz (5.31a)

∇ · v = −Bσxqx −Bσyqy −Bσzqz (5.31b)

where

A =

 0 1 0 0
0 0 1 0
0 0 0 1

 , B =
(

1 0 0 0
)

(5.32)

Note that equation (5.31a) is constructed from equation (2.21a) and requires
the assumption of constant viscosity, i.e. equation (5.13). Likewise equation
(5.31b) is obtained from equation (2.21b).

At this point the full potential of the PML boundary becomes clear.
Equation (5.31a) looks very similar to implicit dampening, however velocity
dampening can be applied directionally and is proportional to the compo-
nents of a velocity tensor. Furthermore, even though these are boundaries
for the incompressible Navier-Stokes equations a number of terms has ap-
peared on the right-hand side of equation (5.31b) indicating that the fluid
can behave in a pseudo-compressible manner in the boundary. This is to
be expected since a truly open boundary should allow mass to move in and
out of the fluid domain as waves pass through the boundary. Thus we can
consider our PML based boundary wave absorbing instead of simply wave
dampening as is the case for the explicit and implicit boundaries presented
in sections 5.5 and 5.6.

However, as can be seen the four equations (2.21a) - (2.21b) have be-
come twelve equations for the q fields, nine equations for the r fields and
nine equations for the e fields for a grand total11 of 30 equations. Addition-
ally there is the three equations in (5.27a) relating q{x,y,z} and v. This
makes solving the PML equations a computationally more complex task
than solving the regular incompressible Navier-Stokes equations. However,
as is shown in section 5.7.6 and 5.7.7 these equations can be solved ap-
proximately. This will reduce the number of equations and unknowns to
12, thus significantly reducing the computational complexity and memory
overhead of our PML method. Furthermore, the solver presented in section
5.7.6 is fairly similar12 to the Stable Fluids method, showing that PML
boundaries can be employed without much complexity added to one of the
common solution methods used in computer graphics.

5.7.2 A Dirichlet Boundary Condition for the Velocity Tensor

The PML boundary method introduces a tensor velocity field to the fluid.
Thus a plausible Dirichlet boundary conditions is needed for this velocity

11Assuming conservative forces in the boundary regions.
12Essentially the only difference is explicit self-advection which makes these boundaries

easily usable with the solver presented in section 2.6.
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tensor at solid boundaries. The Dirichlet boundary condition for the velocity
field v at a solid boundary is given by equation (2.25). This simply states
that the fluid velocity v along the boundary surface normal ns should
equal the velocity of the boundary vs along the same normal. A plausible
Dirichlet boundary condition for the velocity tensor T can be found by
extrapolating this condition to the velocity related components of the tensor
field, leading to the equation

nTs T = nTs Ts (5.33)

Here nTs denotes the transposed solid surface normal. Equation (5.33)
requires a tensor velocity field to be estimated for each solid boundary in the
dampening region. However, since interactions generally take place outside
this region, the only remaining boundary is that of the wall containing the
fluid. Since this wall is typically stationary, Ts will in this case become
the zero tensor, making equation (5.33) straight-forward to enforce.

5.7.3 PML Boundaries and the Free Surface

Due to the presence of a free surface an appropriate boundary condition
for the velocity related q{x,y,z} variables is needed at the fluid/air interface.
For this a continuity boundary condition is used, i.e. it is assumed that
the motion of the medium surrounding the fluid is completely governed by
the motion of the fluid itself (see section 2.3.2). Thus the tensor equivalent
of the velocity extension algorithm described in [Osher and Fedkiw, 2002]
among others is applied to the q{x,y,z} variables. This amounts to solving
the equation

∂qi,j
∂τ

+ n · ∇qi,j = 0 (5.34)

for all components qi,j of the vectors q{x,y,z}. In equation (5.34) n is the
fluid surface normal and τ is the fictitious time used to propagate the
solution to a steady state.

5.7.4 The Dampening Function σ

The transition from the regular simulation domain to the PML boundary
region can be achieved in several ways. The simplest approach is to
assume that the dampening function σ is a step function. However, this is
problematic since equations (5.29a) - (5.29c) will lead to terms of the form
∂σxrx
∂x (see equation (5.43)) which makes the choice of a discontinuous σ

function inappropriate. Furthermore a smooth transition is expected to
provide better numerical results since this should reduce the amount of
numerically induced reflection that can occur when the PML equations
are discretized. For explicit and implicit dampening a simple polynomial
transfer function (equation (5.5)) is used. However, the exponential nature
of (5.11) leads to the suspicion that a function more related to exponential
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Figure 5.11: In figure 5.11(a) the ”smooth step“ dampening function is
shown for different values of ε. Figure 5.11(b) shows a comparison between
the different transfer functions described in equation (5.5), (5.35) and (5.36).
For the step functions ε = 1.0 has been used and the polynomial function
uses γ = 2. All functions have been normalized such that

∫ 1

0
σ(x)dx = 0.5.

growth could provide better results. For this reason Paper III investigates
two additional transfer functions. The first is the smooth step function

σ(x) =

 0 x < 0
σmax x > ε(
x
ε − 1

2π sin
(

2πx
ε

))
σmax x ∈ [0, ε]

(5.35)

with the maximum amplitude σmax and width ε. The second function is
the “half step” function

σ(x) =

 0 x < 0
σmax x > ε(
x
ε − 1

π sin
(
πx
ε

))
σmax x ∈ [0, ε]

(5.36)

The shape of function (5.35) for different values of ε and with σmax = 1
can be seen in figure 5.11(a). A comparison between the three types of
transfer functions mentioned in this chapter is shown in figure 5.11(b). An
extensive evaluation of these functions for use with PML boundaries is
provided in section 8.1 in Paper III. The result of this study indicates that
equation (5.35) with ε = 1 provides better results than both equation (5.5)
and (5.36). The differences are however fairly small and our experience
suggests that any transfer function that is reasonably smooth will work
well with our PML boundary.

5.7.5 Estimating Maximum Dampening

Equation (5.11) indicates that the PML boundary condition can theoreti-
cally produce an exponentially decaying solution in the boundary region.
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Thus it can be assumed that the height of an incident surface wave will
be dampened exponentially as it travels through the domain. Hence the
theoretical amount of dampening needed to reduce the amplitude of a
reflected complex wave component by a factor D can be estimated as

1−D = e
− k

ω

∫ x1
x0

σmaxσ(x)dx ⇒ (5.37)

σmax = − ln(1−D)
k
ω

∫ x1

x0
σ(x)dx

,D ∈ [0, 1[ (5.38)

where |x1 − x0| is the width of the relevant boundary zone and D is the
desired dampening given as a fraction. D = 0.9 means that the boundary
should reduce the incoming wave amplitude by 90% before it hits the
outer wall. This scheme requires the calculation of the fraction k

ω , i.e. the
(inverse) phase velocity, which can be non-trivial. However, a number of
assumptions can be made in order to reduce this problem:

In a non-dispersive medium the phase velocity of all components of a
wave packet is the same. Assuming that the fluid is reasonably close to non-
dispersive the assumption can thus be made that ω

k = C for some constant
C that can be experimentally estimated or potentially computed. We can
also take this simplification even further by assuming C = 1 and instead
estimating optimal dampening D through experiments. This method is
obviously rather approximate and may seem unnecessary since the result is
that we now need to experimentally estimate D instead of σmax. However,
this method still allows the amount of wave reflection to be specified in terms
of amplitude reduction instead of a rather unintuitive number. Making the
control of our PML boundaries more intuitive should prove useful when
these boundaries are used for visual effects and fluid animation.

Note that equation (5.38) is true for a single wave component while an
actual wave packet typically includes a distribution of such components.
Thus for equation (5.38) to be accurate it should be related to the fastest
moving wave component or alternatively the wave component that carries
the largest amplitude.

5.7.6 Solving the PML Equations

Basically, solving the PML equations in the dampening region Ωd requires
solving the equations (5.27a) - (5.27h) where the focus in this thesis is
limited to conservative external forces. As can be seen from equation
(5.31a) this set of equations is closely related to the regular incompressible
Navier-Stokes equations. As a result it is reasonable to assume that a
solution algorithm for the incompressible Navier-Stokes equations, such as
the Stable Fluids algorithm, can be adapted to solve the boundary version
of these equations.

A core component of the Stable Fluids approach is the operator splitting
scheme where each term of the Navier-Stokes equations is integrated in
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sequence, thus allowing specialized solution methods to be applied to each
term (see section 2.6.1). Based on this idea we split the PML equations
into four solution steps, each of which relates closely to the Stable Fluids
algorithm:

Dampened Self-Advection This step relates to the self-advection step
(equation (2.42)) in the regular Stable Fluids algorithm. The fluid in
the PML boundary region is however dampened as it moves.

Dampened Velocity Diffusion This step relates to the velocity diffu-
sion (equation (2.43)) of the Stable Fluids method. However, the
PML boundary equations also contains dampening terms related to
the r{x,y,z} auxiliary variables thus affecting the viscous forces of the
fluid.

External Forces For conservative external forces the PML version of this
term it essentially identical to the standard Stable Fluids approach.

Enforcing Incompressibility Equation (5.31b) indicates that the fluid is
potentially divergent in the boundary region. Thus the enforcement of
incompressibility will need to be adapted from the traditional pressure
projection scheme of the Stable Fluids algorithm (i.e. equations
(2.45a) and (2.45b)).

By making use of the operator splitting approach of the Stable Fluids
method the scheme for updating the auxiliary tensor field Q ≡ {qx,qy,qz}
one timestep ∆t can be summarized as

Qt
dampened advection→ Q1

viscosity→ Q2
forces→ Q3

project→ Qt+∆t (5.39)

where Qt is the solution at the beginning of the timestep and Qt+∆t is the
new solution to the PML equations at time t+ ∆t.

Dampened Self-Advection

In the integration scheme proposed by equation (5.39) the intermediate
tensor field Q1 can be obtained from Q2 by accounting for dampening and
velocity driven advection. Since v is related to q{x,y,z} through equation
(5.27a) this can be seen as self-advection as well. At this point it is useful to
treat the velocity related components of the qv

{x,y,z} vectors independently

of the density related components qρ{x,y,z}, i.e. the first component of each

q vector. This split is equivalent to the common way of writing the Navier-
Stokes momentum equations separate from the mass conservation equation
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(see equations (2.21a) and (2.21b)). The resulting equations become

∂qv
x

∂t
+ σxq

v
x +

∂vxv

∂x
= 0 (5.40a)

∂qv
y

∂t
+ σyq

v
y +

∂vyv

∂y
= 0 (5.40b)

∂qv
z

∂t
+ σzq

v
z +

∂vzv

∂z
= 0 (5.40c)

for the velocity and

∂qρx
∂t

+ σxq
ρ
x +

∂vx
∂x

= 0 (5.41a)

∂qρy
∂t

+ σyq
ρ
y +

∂vy
∂y

= 0 (5.41b)

∂qρz
∂t

+ σzq
ρ
z +

∂vz
∂z

= 0 (5.41c)

for the density components. Currently we have not been able to construct
an efficient implicit or semi-Lagrangian13 scheme for integrating equations
(5.40a) - (5.41c). Thus for the scope of this thesis we focus on explicit
integration of these equations. Similarly to implicit dampening equations
(5.40a) - (5.41c) introduce terms proportional to the potentially large
dampening function σ. This can however result in relatively small timesteps
in order to achieve stable explicit integration for large σ. In order to obtain
a Stable-Fluids based fluid animation system with a stability condition
that is not adversely affected by σ (for σ ≥ 0) the following two methods
can be applied:

Splitting and Partial Implicit integration A similar stability prob-
lem to the one encountered here was encountered for implicit damp-
ening (see section 5.6). By using the operator splitting approach the
dampened advection equations above can be split into dampening
equations on the form ∂q

∂t + σq = 0 which can be solved through
implicit integration (see equation (5.8)) and advection type equations
that can be solved through explicit integration. Consequently the
resulting scheme is not adversely affected by large σ values.

Modeling the Dampening Behavior The dampening behavior of equa-
tion (5.40a) - (5.41c) can be modeled and the result can then be
integrated. The resulting scheme will be such that it is not adversely
affected by large σ values. This approach is presented in section 6.1
of Paper III.

Both methods presented above do however require the advective component
of the PML equations to be solved through explicit integration. As a result

13Solution through the Method of Characteristics.
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the final integration scheme will not be unconditionally stable. However, in
Paper III it was found that in practice a CFL condition is often sufficient
for stability when equation (5.40a) - (5.40c) are approximated as pure
advection, i.e. the assumption is made that ∂vxv

∂x = vx
∂v
∂x where vx is

assumed to be constant during each integration step. For specific details
on the modeling based integration approach for the dampened advection
equations see section 6.1 in Paper III.

Velocity Diffusion

Due to the operator splitting of the Stable Fluids method the effect of
viscous stress results in a parabolic type equation (see equation (2.43)).
Implicit time integration of equation (2.43) results in a Poisson equation
which when discretized can be solved efficiently using for example the
Conjugate Gradient method. The same method is however not directly
applicable to the PML equations due to the additional rx,y,z vectors now
present in the viscous stress tensor. The PML equivalent to equation (2.43)
becomes

∂qx
∂t

= ν
∂ ∂v∂x − σxrx

∂x
(5.42a)

∂qy
∂t

= ν
∂ ∂v∂y − σyry

∂y
(5.42b)

∂qz
∂t

= ν
∂ ∂v∂z − σzrz

∂z
(5.42c)

which by using equation (5.27a) can also be written as

∂v

∂t
= ν∇2v − ν

(
∂σxrx
∂x

+
∂σyry
∂y

+
∂σzrz
∂z

)
(5.43)

Equation (5.43) makes it clear that the behavior of equations (5.42a) -
(5.42c) is essentially the original velocity diffusion of the Stable Fluids
method with a number of dampening related correction terms coupled to
the auxiliary variables r{x,y,z}. In order to solve equations (5.42a) - (5.42c)
in a fast and efficient manner we now have two options:

Operator Splitting Use the operator splitting approach to integrate the
r{x,y,z} components of equation (5.43) separately, for example using
explicit integration. Then solve the remaining poisson equation
through implicit integration as is done n the original Stable Fluids
algorithm.

Approximate Dampened Diffusion Make the assumption that the con-
tribution of the dampening related correction terms are small enough
that visually pleasing results can be obtained also when they are
ignored, i.e. assume that r{x,y,z} = 0. This essentially assumes low
viscosity and is the approach taken in Paper III.
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Assuming r{x,y,z} = 0 results in one major advantage over the operator
splitting approach: The omission of these variables reduces the number
of unknowns in the PML equations by 18, greatly decreasing the memory
and computational cost of using PML boundaries. Thus this approximate
approach is the preferred method in this thesis. Note that our PML
boundaries can still be effective also for viscous fluids as demonstrated in
section 8.2 of Paper III.

External Forces

Integrating the effect of external forces14 in the dampening region is straight-
forward. The force integration equations become

∂qx
∂t

= −Ux (5.44a)

∂qy
∂t

= −Uy (5.44b)

∂qz
∂t

= −Uz (5.44c)

which can for example be solved using simple first order forward Euler inte-
gration. For non-conservative external forces the corresponding equations
become

∂qx
∂t

= ax + σx
∂ax
∂t

(5.45a)

∂qy
∂t

= ay + σy
∂ay
∂t

(5.45b)

∂qz
∂t

= az + σz
∂az
∂t

(5.45c)

which are a bit more complicated. However, since a{x,y,z} can be assumed
to be independent of q{x,y,z} simple forward Euler integration can be used
here as well. Note that small time-steps or higher order methods may still
be necessary to accurately capture the time-dependency of a{x,y,z}.

Enforcing Incompressibility

Similarly to the original Stable-Fluids algorithm the successive integration
of dampened advection, velocity diffusion and external forces typically
result in a velocity field that is not mass conserving. For incompressible
flows, mass conservation becomes equivalent to local and global volume
conservation which requires that the divergence of the fluid velocity field is
locally zero everywhere in the fluid domain. The Stable Fluids algorithm

14To be accurate we are integrating external accelerations, however in the incompress-
ible case external forces and external acceleration are trivially related by scaling with
the constant fluid density ρ.
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solves this problem by projecting the potentially divergent velocity field
onto its divergence free part by means of the Helmholtz-Hodge decompo-
sition. As can be seen in equation (5.31b) the PML boundary is however
not necessarily divergence free. The PML equations describe a situation
where mass can be absorbed and reintroduced through the density related
components of the q vectors. However, the additional terms in equation
(5.31b) has the appearance of source and sink terms. Consequently we
treat these terms as sources and sinks during projection, thus projecting v
onto a potentially divergent solution in the boundary region.

Using first order time discretization this projection can be realized by
solving the equation

∆t

ρ
∇2p = ∇ · v + σxBqx + σyBqy + σzBqz (5.46)

in order to obtain the field p that can be interpreted as pressure. The
diagonal, i.e. pressure related components of velocity tensor field can then
be modified through

∂qx
∂t

= −Px
1

ρ

∂p

∂x
(5.47)

∂qy
∂t

= −Py
1

ρ

∂p

∂y
(5.48)

∂qz
∂t

= −Pz
1

ρ

∂p

∂z
(5.49)

where

Px =


0
1
0
0

 , Py =


0
0
1
0

 , Pz =


0
0
0
1

 (5.50)

5.7.7 Evaluation

The PML based non-reflecting boundary condition described in this section
is significantly more complex than both the explicit and implicit dampening
described in sections 5.5 and 5.6. However, the directional and pseudo-
compressible nature of the PML boundary allows for significantly improved
performance in preventing boundary reflections of surface waves. In figure
5.12 the kinetic energy and flux graphs are shown for the ”pebble in the
pond“ test simulation (see section 5.4). Notice the almost completely
undisturbed decaying oscillation in figure 5.12(b) indicating that virtually
no boundary reflections are present that breaks the symmetry of the flow.
In figure 5.13 surface offset visualizations are presented comparing the
different non-reflecting boundaries presented in this thesis. Here an almost
completely undisturbed ring-like wave pattern is exhibited when the PML
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Figure 5.12: This figure shows a comparison between the undampened
”pebble in the pond“ reference simulation and the same simulation using
PML non-reflecting boundaries with Ωd 10 grid-points wide and using the
smooth step (equation (5.35)) transfer function with σmax = 77. The
dampened advection model described in section 5.7.6 is also used. Figure
5.12(a) shows the kinetic energy of the simulation, 5.12(b) shows the total
boundary flux.

boundaries are used. This is very close to the expected behavior if the
simulation was indeed part of a much larger fluid domain.

Speedboat

The ”speedboat“ scenario is a simulation of a fast boat-like object traversing
the simulation domain. For this scenario the level set boundaries presented
in section 5.3.2 have been used in order to construct a bottle-shaped PML
boundary region with two small openings allowing the boat to pass in and
out of the domain. An illustration of this boundary is presented in figure
5.14. Figure 5.15 shows frames from a rendering of this animation and figure
5.16 shows the surface offset visualizations comparing the result with an
undampened reference simulation. In figure 5.15 the PML boundary region
has been removed from the simulation using Constructive Solid Geometry
(CSG) operations which can easily be applied to level set geometry (see for
example the work by Museth et al. [2002]).

Crazy Boat

The ”crazy boat“ simulation is intended to show that complex fluid in-
teractions are possible when using PML boundaries. In this scenario a
boat moves around in a lake making tight turns in a flower-like pattern.
A rendering of this scenario is shown in figure 5.17 and the surface offset
visualizations are presented in figure 5.18.
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Figure 5.13: This figure shows a comparison between different non-reflecting
boundaries presented in this thesis. The depicted simulations are presented
in the following order, top to bottom: The undampened reference simulation
(top row), explicit dampening, implicit dampening and PML non-reflecting
boundaries (bottom row) with Ωd 10 grid-points wide for all simulations.
The visualizations (left to right) correspond to times 1.1, 2.4, 7.2 and 10
seconds into the fluid animation.

Figure 5.14: Illustration of the non-trivial PML boundary shape used for
the “speedboat” scenario.
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Figure 5.15: Rendering of three frames from the ”speedboat” reference
simulation. The top row shows the undampened reference simulation and
the bottom row shows the same animation using PML boundaries.

Memory Requirements and Computational Cost

Before discussing the memory and computational cost of our PML bound-
aries we should establish a baseline by estimating the cost for achieving
similar results without the use of these boundaries. Non-reflecting bound-
aries using the Navier-Stokes equations without any modifications can be
realized as follows: Create a buffer region Ωd around the simulation of a
width such that no wave that crosses ∂Ωf has time to traverse Ωd, reflect
off of ∂Ωd and return through ∂Ωf before the end of the simulation. The
necessary width of Ωd is obviously problem dependent and thus we will use
a specific scenario, the “Pebble in the Pond” scenario as an example:

The first wave of the ”Pebble in the Pond“ simulation reaches the edge
of the simulation domain after approximately 2 seconds. Thus the full 12
second animation would require a domain that is 3.5 times15 as wide. This
in turn increases the fluid volume in this scenario by 12.25 times resulting
in a minimum16 1125% increase in memory footprint and simulation time.

The explicit and implicit boundaries are more efficient than the above
”brute force“ approach, however the results in sections 8.1.5 and 8.1.6 of
Paper III indicate that they require both more memory and computation
time than our PML boundaries given that high quality17 results are desired.

15The ring-like wave covers half the width of the domain in all directions in approxi-
mately 2 seconds. Thus to avoid visible reflections it must reach ∂Ωd after more than
(12-2)/2 = 5 seconds.

16Assuming that all computations scale linearly with volume. This is however typically
not true since the Conjugate Gradient method requires more iterations to converge to a
desired precision as the number of unknowns increase. As a result the computational
cost increases faster than linear with increased fluid volume.

17I.e. low amounts of boundary reflection.
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Figure 5.16: Surface offset visualization of the “Speedboat” simulation. The
first three images (top row) show the reference simulation after 0.8, 2.5 and
7.8 seconds respectively. The three images on the second row show the same
simulation with a PML wave absorbing layer present.
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Figure 5.17: Rendering of three frames from the ”crazy boat” reference
simulation. The top row shows the undampened reference simulation and
the bottom row shows the same animation using PML boundaries.

Figure 5.18: Surface offset visualization of the “crazy boat” simulation. The
first three images (top row) shows the reference simulation after 1.4, 5.8 and
11.8 seconds respectively. The three images on the second row shows the
same simulation with a PML wave absorbing layer present.
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The memory requirement of the full set of PML equations as derived in
section 5.7.1 is fairly high when compared to the regular incompressible
Navier-Stokes equations. The number of equations and unknowns increase
from four to 30 indicating a 650% increase in memory required to store the
related variables. This number is even higher if non-conservative external
forces are present. However, if the viscosity-related dampening is omitted
as is done in our Stable-Fluids based solution algorithm the number of
equations and unknowns decrease by 18, leaving a 200% estimated increase
in memory usage. However, the full PML equations are only needed in the
actual boundary regions which due to the effectiveness of these boundaries
are typically small. For the ”pebble in the pond“ experiment presented
in section 5.7.7 a boundary width of 6% of the width of the simulation
domain was sufficient18. This boundary correspond to 23% of the total
fluid volume and thus the PML boundary will results in an approximatly
45% increase in memory usage19 for this scenario when compared to the
same domain without any dampening.

Our solution algorithm for the PML equations is very similar to the
Stable-Fluids approach. Thus the computational cost of our method per
iteration of the solution algorithm scales approximately with the number
of additional variables when compared to the undampened Stable-Fluids
method. The theoretical increase in computation time compared to the
undampened Navier-Stokes equations is thus 200%, although if the PML
equations are only solved in the boundary region the performance penalty
will be lower than this. A comparison of the relative performance of the
explicit, implicit and PML boundaries can be found in table I in Paper III.

5.8 PML Boundaries on MAC Grids

The work presented in Paper III is primarily focused on solving the PML
boundary equations on regular computational grids with velocity vectors
stored at the center of each grid-cell. However, PML boundaries can readily
be applied to MAC grids using the solution algorithm presented in section
5.7.6 as well as section 6 of Paper III. We suggest the following method for
splitting the PML q{x,y,z} vectors onto a MAC grid:

The first row of qx, qy and qz correspond to density components. These
values are thus reasonable to store at cell-centers as a three-element vector.
The second row of qx, qy and qz correspond to velocity components in
the Cartesian x -direction. These values will thus be stored together as a
three-element vector on x faces of each grid-cell. Equivalently the third
and fourth row of the q{x,y,z} vectors can be collected into three-element
vectors stored on the y and z faces respectively.

18Note that in general the optimal boundary width for a given scenario is problem
dependent and is typically coupled to both incident wave amplitude and velocity.

19Provided that the auxilliary variables are only stored in Ωd.
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Using this construction finite difference computations can be performed
on the staggered velocity tensor in an equivalent manner to what is used
for the velocity components of a regular velocity MAC grid. Note that
the three components stored on the faces of each grid-cell can be added
together through equation (5.27a) to recreate the x, y and z components
of the regular velocity vector.

5.9 Summary

The main goal of the work presented in Paper III and this chapter was
to investigate the possibility of creating non-reflective boundaries in order
to make a local free surface fluid simulation behave as if surrounded by a
larger open fluid domain. This approach will then allow potentially large
amounts of memory and computation time to be saved by reducing the
simulation domain required to compute accurate fluid animations in a local
region of a larger fluid. To this end we have constructed and presented
three types of non-reflective boundaries. The first two, explicit and implicit
dampening, are simple to implement and the resulting boundary equations
can be solved in an unconditionally stable manner using a slightly modified
Stable-Fluids algorithm. However these methods typically require large
dampening regions to be added to the simulation domain in order to remove
most of the amplitude from reflected waves. This makes explicit and implicit
dampening fairly slow and memory demanding in practice.

In order to provide higher efficiency as well as more physically motivated
dampening we have developed a PML based wave absorbing boundary
condition. Our PML boundary can drastically reduce boundary wave
reflections also with fairly small boundary regions. The method is however
significantly more complex than explicit and implicit dampening.

In order to solve the PML equations in a fast and efficient manner we
have presented a solution method based on the Stable-Fluids algorithm.
Our PML solver is however only conditionally stable although the stability
condition can be made independent of the parameters of the boundaries.

119





Chapter 6

Conclusions

The overall aim of this thesis was to improve and extend the available toolset
for Eulerian free surface fluid animation and level set based surface tracking
with a particular focus on memory efficient methods. For this purpose the
memory efficient fluid animation system presented in section 2.6 was first
constructed. This system was then further refined by reducing the memory
requirements of the level set and PLS surface tracking methods through
compression as described in Paper I. A further reduction of memory usage
was enabled through the out-of-core streaming approach also presented in
Paper I.

At this point it was clear that PLS surface tracking, even when using
compression, is a very memory demanding method. In order to provide
enhanced level set surface tracking without resorting to the PLS method the
dual-resolution approach of Paper II was developed. The resulting scheme
provides enhanced surface tracking compared to the level set method using
up to 94% less memory than the PLS method.

At this point focus was put on reducing the memory requirements
of detailed ocean simulations by reducing the actual simulation space.
An investigation was started into appropriate boundary conditions for
allowing the local simulation of a larger open fluid domain. This project
resulted in three different non-reflecting boundary conditions for use with
incompressible free surface fluid animation. The most effective of these
boundary conditions was also the focus of Paper III.

Below follows a more in-depth discussion on the main findings, future
work and potential impact of each of the primary projects of this thesis.

6.1 The Out-Of-Core and Compression Framework
(Paper I)

6.1.1 Main Findings

The main goal of this project was to attempt to reduce the memory foot-
print of free surface fluid animations using the PLS method by means of
compression and out-of-core streaming. Focus was primarily put on the
memory demanding PLS method since it was found to use close to an
order of magnitude more data than the rest of our already compact fluid
animation system.
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Compressed Fluid Animations

Using compression for fluid animation was found to be a computationally
expensive process best suited for situations where primary memory is a
very limiting factor. The exception is however our compression of the PLS
particles. Using a quantization based approach we were able to reduce
the memory requirement for these particles by 70% at a 5% performance
penelty.

Out-of-Core Fluid Animations

Out-of-core streaming is a viable approach for free surface fluid animation
on DT and DV grids. Our results indicate that both level set and PLS
computations can be performed with less than a factor two increase in
simulation time when streaming data from a standard consumer grade
hard disk drive. This suggests that close to in-core performance should
be possible when using modern SSDs in RAID configuration. A notable
exception is however the data intensive Conjugate Gradient method that is
not well suited for out-of-core computing. Out-of-core streaming of PLS
particles can also be combined with our fast particle compression method,
effectively resulting in a more than 200% increase in data throughput.

6.1.2 Future Work

When focusing on low memory footprints for this project we have conse-
quently put less emphasis on another important factor in fluid animation:
computational speed. Although our framework allows essentially arbitrary
resolution for level set geometry computations on high resolution geometry
is time-consuming. Consequently parallel computing on compressed and
out-of-core level set geometry is an interesting possibility. For this purpose
SSDs may prove highly useful.

Also we have chosen not to compress the fluid velocity fields in our
system for performance reasons. However, recent work on fast floating-
point compression methods, such as the method presented by Burtscher
and Ratanaworabhan [2007], seems highly appropriate for use with our
framework. Such methods can be used to compress fluid velocity and scalar
fields and also potentially replace our compression method for the level
set distance field. Furthermore, if fast enough, this type of compression
can potentially increase the effective data throughput for out-of-core fluid
computations, thus increasing overall performance.

Although the work presented in this thesis focuses on uniformly sampled
Eulerian grids the possibility of combining our out-of-core and compression
schemes with non-uniform sampling is also interesting. The resulting system
would allow highly compact data to be adaptively distributed where it is
needed the most, thus increasing memory efficiency even further.
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6.1.3 Potential Impact

We see a number of areas in which we expect our out-of-core and compression
framework to prove useful:

High Resolution PLS Surface Tracking The fast compression and out-
of-core streaming of PLS data allows for a significant reduction in
the memory footprint for fluid animations inducing a small penalty
to performance. Futhermore the particle compression scheme is fairly
simple to implement on DT-Grids and we expect that this is also the
case on other sparse grids like octrees and DB grids. Consequently
we expect our compression method to be a useful and widely adopted
addition to the PLS method.

Extreme Resolution Level Sets Using our out-of-core and compression
framework level set geometry of essentially aribtrary resolution can
be represented. This allows a level of detail often only associated with
explicit meshes. Geometric deformations, such as advection and CSG
operations, can still be performed on this high resolution geometry
at a small to moderate performance penalty. Consequently we expect
our framework to be highly useful for high-detail modeling of large
and/or complex scenes of level set geometry, scenes that can then be
used in for example fluid animations.

Fast Out-of-Core Computing on DT-Grids The arrival of fast and
relatively cheap secondary storage devices like Solid State Drives
(SSDs) currently makes cheap high-performance out-of-core comput-
ing on DT-Grids a very real possibility. Judging by the performance
we were able to obtain using a single hard disk drive we expect that
a RAID of SSDs should allow our framework to maintain in-core
performance for many scenarios. Consequently our out-of-core and
compression framework is probably more attractive now than ever
before.

6.2 The Dual Resolution Surface Tracking Method
(Paper II)

6.2.1 Main Findings

The main goal with this project was to develop a memory efficient Eulerian
alternative to the PLS method using level sets at two levels of resolution.
Similarly to previous work in this field we discovered that a level set based
dual resolution interface tracking method will have problems with alias-
ing artifacts caused by downsampling the high resolution geometry. Our
approach to resolving this issue was to design two geometrically adaptive
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filters (the SAM and SP-SAM filters) which are applied before the down-
sampling is performed. We found that our filters allow plausible animation
to be computed for the high resolution geometry while behaving in a more
physically accurate manner than the simpler Liquid Biased filter [Kim
et al., 2009], avoiding boundary penetration and sampling related topology
changes.

By using high order accurate advection schemes we were also able to
reach surface tracking results subjectively similar to the PLS method using
up to 94% less memory. Arguably our results were even better than the
PLS is several scenarios. However, our Eulerian approach is still unable
to match the high advection accuracy of particles. Our method was also
found to be more computationally expensive than the PLS approach. In
our tests a 14%-120% performance penalty was measured depending on
the ratio between the fluid volume and the area of the fluid surface.

6.2.2 Future Work

This project has in our experience worked quite well as an alternative to,
and often even a replacement for, the PLS method and we have used it
extensively. However, we still see several areas where our method can be
developed further:

Due to the downsampling process the fluid solver is only able to “see”
a rather approximate version of the high resolution geometry. However, by
accurately estimating the actual fraction of a low resolution grid-cell that
is occupied by the high resolution surface we expect that a more accurate
coupling can be achieved. For this purpose a fluid animation system based
on volume fractions [Batty et al., 2007; Bridson, 2008] may prove useful.

Similarly the trilinear interpolation used when upsampling the solution
to the Navier-Stokes equations may introduce advection artefacts. Thus
it is possible that more advanced, possibly physics based1, interpolation
can provide more accurate animation of the high resolution surface. Here
volume fractions can potentially also prove useful.

Finally the linear interpolation along a stencil used to estimate surface
thickness in our method can be made more accurate. For example a ray
can be traced along the surface normal of the geometry and ray/level
set intersections can be computed based on trilinear (instead of linear)
interpolation in each voxel2.

6.2.3 Potential Impact

The SAM Filter The adaptive SAM filter is a logical next step from the
robust but simple LB filter. The SAM filter is also fairly simple to

1For example by modeling the behavior of the fluid on a subvoxel level.
2In this context a voxel is a grid cell with grid points in each corner.
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implement and thus we expect it to replace the LB filter for use with
dual resolution implicit surface tracking.

The SP-SAM Filter The SP-SAM filter is essentially able to provide
user-control over the presence of fluid sheets in fluid animations and
as such should be a highly useful tool for many visual effects oriented
scenarios. For example we expect the SP-SAM filter to be useful for
Eulerian animation of splashes, waterfalls and similar phenomena,
especially if combined with particle based methods for the animation
of droplets.

Our Dual-Resolution Surface Tracking Method We consider our method
to be an effective alternative to the PLS method, however we also sus-
pect that it will provide a convenient, robust and reliable replacement
for PLSs in many Eulerian fluid animation scenarios.

Fluid Animation Previews The SAM filter allows the Navier-Stokes
equations to be solved at a lower resolution than what is used for
the surface tracking algorithm. Thus we see the possibility of our
method being useful for computing fast previews of high resolution
free surface fluid animations.

6.3 The Non-Reflecting Boundaries (Paper III)

6.3.1 Main Findings

The primary aim of the non-reflecting boundary project was to implicitly
reduce both the memory footprint and the computational cost by allowing
for accurate local simulations of a larger free surface fluid.

We found that this approach was indeed viable by deploying non-
reflecting boundaries in buffer regions surrounding the local fluid domain.
Although this was found to be possible using relatively simple boundary
equations the simple methods required large boundary regions to be effective.
As a result it was found that simple non-reflecting boundaries in practice
could be both computationally expensive and memory demanding.

For this reason we investigated the possibility to use more advanced
boundaries based on the PML approach. These boundaries were found to
be significantly better at preventing wave reflections than simpler methods
when using narrow boundary regions. We were also able to solve the
relatively complicated PML boundary equations in a conditionally stable
manner using a modified Stable Fluids solver. Although this solution
algorithm can be improved our approach demonstrates that this type of
boundary is viable for use with free surface fluid animations.
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6.3.2 Future Work

We see potential for further development of the explicit dampening method.
In its current form this approach dampens all wave motion by the time the
wave has reached the outer boundary. However, by calculating an appropri-
ate target velocity function at the outer boundary it should theoretically be
possible to ensure that most of the wave amplitude has been remove when
the wave returns to the inner boundary instead of when it hits the outer
boundary. Thus the wave can effectively be dampened over a distance of
two boundary widths instead of one, potentially doubling the efficiency of
explicit boundaries.

Regarding the solution algorithm for the PML equations we have made
approximations both concerning the dampened viscous forces and the (non-
conservative) external forces in the boundary domain. Both of these areas
warrant further investigation. We expect that accurate wave absorption of
viscous flow will be slower and less memory efficient due to the additional
18 equations introduced. However, the resulting method should also prove
significantly more effective for high viscosity flow. Regarding external
forces the derivation in this thesis provides a theoretical foundation for non-
conservative forces in the boundary domain. However, these force equations
have not yet been extensively tested and this remains an area for future
study. Finally our current solution algorithm has a tendency to produce a
small residual flux into or out of the boundary region suggesting that the
integration of the density components of the boundary can be improved.
Here the known quantity that the sum of the density components is the
constant density should be useful in detecting and potentially correcting
errors.

Both the implicit and PML boundaries require the estimation of the
maximum dampenig σmax. This estimation can be improved by estimating
the phase velocity and amplitude of the components of an incident wave
packet. This can potentially be achieved through a Fourier transform
computed on a sliding window of appropriate size following the inner
boundary. Another alternative is to project the incident wave onto a
subspace of precomputed wave packets of known amplitude and frequency
distributions. If this type of information can be obtained it can then
potentially be used for adaptive PML boundaries where the width of the
boundary domain is adjusted based in the wave components that pass
through the inner boundary. A further development of this idea is to also
make use of non-uniform sampling. Assuming that the largest amplitudes
of the incident wave packets are found at the lower frequencies larger
sampling distances can be used further into the boundary. This since high
frequency wave components will have been effectively extinguished at this
point. Using the ideas presented in section 2.5.6 this approach may be
possible while still using finite difference schemes.

Our non-reflecting boundaries can potentially be applied to both the
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2D and 3D components of a hybrid ocean simulation system. This can
potentially allow great control of the behavior of the boundary regions
overlapping the 2D and 3D simulation, in turn creating more realistic and
more versatile 2D/3D fluid animation systems.

Our non-reflecting boundaries essentially ”hides“ the physical wall at
the outer boundary from the fluid in the interior domain. Consequently the
fluid behaves as if the outer boundary is far away. This property should be
useful for modeling the behavior of deep water while animating fluids in
a fairly shallow domain. By placing a non-reflecting boundary along the
bottom of the simulation domain we expect that it is possible to make the
fluid behave as if the floor of the simulation is far away.

In computational aeroacoustics forced convection can be used in non-
reflecting boundaries in order to counteract waves moving towards the inner
boundary (see for example [Richards et al., 2004]). This approach may be
interesting to apply to the boundaries presented in this thesis as well.

Finally, the current formulation of our PML equations is written in the
split variable formulation. We expect however that they can be rewritten
in an unsplit formulation as well, thus avoiding the potential issues with
splitting the external force vector into an external force tensor. Furthermore
the unsplit formulation could reduce the need for auxiliary variables in the
boundary region thus providing higher memory efficiency. However, the
resulting equations are expected to be complex and may thus be difficult
to solve.

6.3.3 Potential Impact

We expect that our non-reflective boundaries will have a significant im-
pact on the field of incompressible free surface fluid animation. Several
researchers and visual effects studios has at the point of writing this the-
sis expressed an interest in our results and our methods. Below follows
a number of specific areas where we expect our boundaries to make an
impact:

Awareness of Non-Reflective Boundaries We expect our work to raise
the awareness in the computer graphics community of the existence
of non-reflective boundaries and the PML method. As such we expect
our work to lead the way on future developments concerning such
boundaries for use with free surface fluid animation.

Improved Local Ocean Animation Using our boundaries accurate lo-
cal simulations of ocean surfaces can be performed in a physically
plausible manner. Our method allows complex interactions with solid
objects on a local patch of ocean without the need to worry about
unphysical wave reflection from the edges of the simulation domain.

Improved 2D/3D Fluid Coupling We expect that our method will al-
low greater control of boundary regions when coupling 2D and 3D
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fluids. Non-reflective boundaries of the type presented in this chapter,
including PMLs, are relatively easy to implement3 for simplified fluid
models, making it possible to use this type of boundaries both for
the 2D and 3D parts of a hybrid ocean simulation systems.

6.4 Concluding Remarks

Looking towards the future it is hard to say what impact this thesis and its
methods will have. All of our presented methods have proven very useful
in our own work. Both our out-of-core and compression framework as
well as our dual-resolution surface tracking method has also been received
with interest by the computer graphics community. Furthermore several
researchers and visual effects studios has at the point of writing this thesis
expressed interest in our non-reflective boundaries. However, the field
of computer graphics is still in rapid development and methods that are
considered useful today may well be surpassed and forgotten when faced
with the methods of tomorrow. Thus in the end all that can be said is this:

Each method presented in this thesis is a specific tool for a specific task.
As with all tools there are tasks for which these tools are appropriate and
tasks for which they are not. However, in scenarios where computational
resources are abundant while fast memory is limited the methods presented
in this thesis should present an attractive alternative now and well into the
future.

3See [Richards et al., 2004] for an example of a PML for the linearized Euler equation
and [Johnson, 2007] for the wave equation. We have also as part of our research
experimented with PMLs for the shallow water equations.
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A. Söderström and K. Museth. A Spatially Adaptive Morphological Filter
for Dual-Resolution Interface Tracking of Fluids. pages 5–8, Norrköping,
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This article presents a generic framework for the representation and deformation of level set surfaces at extreme resolutions. The framework is composed of
two modules that each utilize optimized and application specific algorithms: 1) A fast out-of-core data management scheme that allows for resolutions of the
deforming geometry limited only by the available disk space as opposed to memory, and 2) compact and fast compression strategies that reduce both offline
storage requirements and online memory footprints during simulation. Out-of-core and compression techniques have been applied to a wide range of computer
graphics problems in recent years, but this article is the first to apply it in the context of level set and fluid simulations. Our framework is generic and flexible in
the sense that the two modules can transparently be integrated, separately or in any combination, into existing level set and fluid simulation software based on
recently proposed narrow band data structures like the DT-Grid of Nielsen and Museth [2006] and the H-RLE of Houston et al. [2006]. The framework can be
applied to narrow band signed distances, fluid velocities, scalar fields, particle properties as well as standard graphics attributes like colors, texture coordinates,
normals, displacements etc. In fact, our framework is applicable to a large body of computer graphics problems that involve sequential or random access to
very large co-dimension one (level set) and zero (e.g. fluid) data sets. We demonstrate this with several applications, including fluid simulations interacting
with large boundaries (≈ 15003), surface deformations (≈ 20483), the solution of partial differential equations on large surfaces (≈ 40963) and mesh-to-level
set scan conversions of resolutions up to ≈ 350003 (7 billion voxels in the narrow band). Our out-of-core framework is shown to be several times faster than
current state-of-the-art level set data structures relying on OS paging. In particular we show sustained throughput (grid points/sec) for gigabyte sized level
sets as high as 65% of state-of-the-art throughput for in-core simulations. We also demonstrate that our compression techniques out-perform state-of-the-art
compression algorithms for narrow bands.
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1. INTRODUCTION

Implicit modeling has been around almost since the dawn of com-
puter graphics. Such models represent geometry as iso-surfaces of
some volumetric scalar function. The fact that the geometry is de-
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fined by functions embedded in a higher-dimensional space accounts
for many of the attractive properties of implicit geometry. Implicit
geometry can easily change topology (merge or bifurcate) and sur-
face properties are readily derived from the embedding functions.
However, for many years implicit geometry was considered inferior
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to explicit representations like parametric NURBS and in particular
multiresolution subdivision meshes. While some might argue this
is still the case, the so-called level set method [Osher and Sethian
1988] has proven very successful for modeling and animation with
implicit and dynamic geometry. Graphics related examples that
use level sets include fluid animations [Foster and Fedkiw 2001;
Enright et al. 2002], geometric modeling [Museth et al. 2002; 2005],
fire [Nguyen et al. 2002], shape reconstruction [Zhao et al. 2001],
and metamorphosis [Breen and Whitaker 2001].

The level set method, originating from interface studies in applied
mathematics [Osher and Sethian 1988], provides a mathematical
toolbox that allows for direct control of surface properties and de-
formations. Although not required by the level set method, surfaces
are typically represented implicitly by their sampled signed distance
field, φ, and deformations are imposed by solving a time-dependent
partial differential equation (PDE) by means of finite difference (FD)
schemes [Osher and Fedkiw 2002; Sethian 1999]. To obtain a com-
putational complexity that scales with the area of the surface, as op-
posed to the volume of its embedding, several narrow band schemes
have been proposed [Adalsteinsson and Sethian 1995; Whitaker
1998; Peng et al. 1999]. These schemes exploit the fact that the zero
level set of φ uniquely defines the surface and hence the PDE only
needs to be solved in a narrow band around φ = 0. While these meth-
ods decrease the computational complexity, memory still scales with
the volume of the embedding. In recent years a number of improved
data structures have addressed this issue and dramatically reduced
the memory footprints of level sets, hereby allowing for the repre-
sentation of geometry at higher resolutions. This includes the use of
tree structures [Strain 1999; Min 2004; Losasso et al. 2004; 2005],
blocked grids [Bridson 2003], blocked grids on the GPU [Lefohn
et al. 2003], dynamic tubular grids (DT-Grid) [Nielsen and Museth
2004b, 2004a, 2006] as well as run-length encoding applied along a
single dimension [Houston et al. 2004] and hierarchically (H-RLE)
[Houston et al. 2006].

Despite the introduction of these data structures, current level set
representations still have their limitations. A significant issue con-
tinues to be the restriction on model resolution when compared to
state-of-the-art explicit representations. While it is not unusual to
encounter out-of-core meshes today with several hundred millions
of triangles,1 the same level of detail is yet to be demonstrated with
level set representations. Recent advances in level set data structures
have indeed increased the potential resolution of level set surfaces,
but they do not employ compression of the numerical values inside
the narrow band2 and they only work in-core. Consequently, cur-
rent level set methods are effectively limited by the available main
memory. Given the fact that level set and fluid simulations typically
require additional storage for auxiliary fields (e.g., particles, scalars,
velocities and pressure), this in turn imposes significant limitations
on the practical resolutions of deformable models. These facts have
motivated the work presented in this paper.

We have developed a framework that allows for representations
and deformations of level set surfaces, fluid velocities, and ad-
ditional fields at extreme resolutions. Our general approach is to
employ new application-specific out-of-core prefetching and page-
replacement schemes combined with new compression algorithms.
The out-of-core component allows us to utilize the available disk
space by streaming level sets to and from disk during simulation.

1The St. Matthew [Levoy et al. 2000] model for example has more than 186
million vertices and takes up more than 6GB of storage
2Note that though H-RLE is based on run-length encoding it does not com-
press inside the narrow band

Fig. 1. Fountain fluid animation using our out-of-core framework. See
section 9.3 for details.

In addition the compression component effectively reduces both
offline storage requirements and online memory footprints during
simulation. Reducing offline storage requirements is important in
level set and fluid simulations since they typically produce large
amounts of (temporal) data needed for postprocessing like direct
ray tracing, higher order mesh extraction, motion blur, simulation
restarts, and so on. While out-of-core and compression techniques
are certainly not new in computer graphics, to the best of our knowl-
edge we are the first to employ them for level set deformations and
fluid animations.

Out-of-core algorithms are generally motivated by the fact that
hard disks are several orders of magnitude cheaper and larger than
main memory [Toledo 1999], thus pushing the limits of feasible
computations on desktop computers. This trend continues despite
the introduction of 64-bit operating systems allowing for larger ad-
dress spaces, mainly due to the high cost of main memory. For
example, using our framework we have performed out-of-core scan
conversions of huge meshes on a desktop computer with 1 GB of
memory that would require close to 150 GB of main memory if run
in-core. Finally, for example, when algorithms are CPU bound, the
performance of carefully designed out-of-core implementations can
be close to in-core counterparts.

We have chosen to build our out-of-core and compression frame-
work on a custom implementation of the narrow band DT-Grid data
structure by Nielsen and Museth [2006]. This data structure has the
advantage that for surfaces, both the computational complexity and
storage requirements scale linearly with the size of the interface as
opposed to the volume of the embedding. Furthermore, DT-Grid
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can readily be extended to accommodate volumetric attributes for
fluid simulations in which case the scaling is limited to actual fluid
voxels as opposed to the usual bounding-box. The data structure is
particularly designed for sequential stencil access into the data struc-
ture. When streaming these data structures to and from disk this
becomes an important feature. Finally, DT-Grid separates
topology and numerical values, and more significantly has been
demonstrated to out-perform both octrees and the H-RLE [Houston
et al. 2006].

The out-of-core component of our framework is generic in the
sense that it can easily be integrated with existing level set model-
ing and simulation software based on for example DT-Grid, H-RLE,
or normal full grid representations. However, the sparse representa-
tions are preferable since they limit the amount of data that must be
processed. Consequently, existing level set simulation code is not
required to be rewritten in order to use our framework. Our com-
pression schemes are optimized for the DT-Grid representation, but
they can readily be modified to work on other narrow-band data
structures like the H-RLE. The framework is flexible since the out-
of-core and compression components can be integrated separately
or in combination. In addition, the out-of-core framework can be ap-
plied to narrow band signed distances, fluid velocities, scalar fields,
matrices, particle properties as well as standard graphics attributes
like colors, texture coordinates, normals, displacements, and so on.
No specialized hardware is required, but our framework does of
course benefit from fast disks or disk arrays.

Our framework allows us to both represent and deform level set
surfaces with resolutions and narrow band voxel counts higher than
ever before documented. We will also demonstrate that our out-of-
core framework is several times faster than current state-of-the-art
data structures relying on OS paging and prefetching for models
that do not fit in main memory. Naturally, our framework does
not perform as fast as state-of-the art data structures for deforma-
tions that fit in memory. However, we obtain a performance that
is as high as 65% of peak in-core performance. Remarkably, this
65% throughput (measured in processed grid points per second) is
sustained even for models of several gigabytes that do not fit in
memory. In addition, we show that our compression techniques out-
perform related state-of-the-art compression algorithms for com-
pressing partial volume grids, that is, narrow bands of volumetric
data.

We emphasize that while several of the techniques presented in
this paper are probably applicable for large-scale scientific comput-
ing, this is not the main focus of our work. Instead we are targeting
computer graphics applications—more specifically high-resolution
level set and fluid simulations—on standard desktop computers. All
the examples in this paper were produced on desktop machines with
1 or 2 GB of RAM. In spite of this we note that the grid sizes we are
able to achieve on desktop machines are high even when compared
to many super-computing simulations. For example, Akcelik et al.
[2003] employed an unstructured grid with 4 billion cells to sim-
ulate earthquakes on 3000 AlphaServer processors. In comparison
our largest Lucy statue scan conversion contains 7 billion grid points
in the narrow band.

To demonstrate the versatility and significance of our novel frame-
work we include several graphics applications. This includes high-
resolution fluid simulations interacting with large boundaries, high-
resolution surface deformations such as shape metamorphosis and
the solution of partial differential equations on 2-manifolds. Also,
to produce high resolution input to our out-of-core and compressed
simulations we have developed a new mesh to level set scan con-
verter that is limited only by the available disk space with regard to
both the size of the input mesh and the output level set. An explicit

list of contributions and an outline of this paper is given in the next
section.

2. CONTRIBUTIONS AND OUTLINE

Our main contribution is the development of a generic and flexible
framework for the representation and deformation of level set sur-
faces and auxiliary data out-of-core. Specifically, this framework
offers the following technical features:

—Near optimal page-replacement and fast prefetching algorithms
designed for sequential access with finite difference stencils used
during simulation. Our algorithms outperform state-of-the-art
level set data structures relying on OS paging and prefetching.

—Fast and compact compression schemes for narrow band level
sets that work both online and offline.

—Fast out-of-core particle level set data structures and compression
of particle data.

We also claim the following contributions based on novel appli-
cations of our framework:

—Partially out-of-core fluid animations. Using our framework we
represent boundaries, surface velocities as well as the particle
level set based fluid surface out-of-core, allowing us to simulate
fluids interacting with boundaries at extreme resolutions.

—Out-of-core data structures and algorithms for linear algebra.
—Out-of-core simulations of PDEs embedded on large 2-manifolds.

In particular we solve the wave equation on surfaces with more
than hundred million voxels.

—Out-of-core polygonal mesh to level set scan conversion. Our
method is only limited by the available disk space with respect to
the size of the input mesh and the output level set. For instance
we generate level sets with up to 7 billion voxels in the narrow
band.

The rest of this article is organized as follows: Section 3 de-
scribes related work in the areas of compression and out-of-core
algorithms. Next, Section 4 introduces the basic terminology and
structure of our framework. Sections 5 and 6 describe the out-of-
core and compression components of the framework in detail, and
Section 7 proposes an out-of-core particle level set method utilizing
compressed particles. Subsequently Section 8 justifies our claims
and demonstrates the efficiency of our framework. Finally, Section
9 demonstrates several applications of our framework, and Section
10 concludes the paper and proposes some new directions for future
work.

3. PREVIOUS WORK

Our framework is based on two techniques that are well known in
the field of computer science: compression and out-of-core methods.
As such there is a large body of related work and for the sake of
clarity we shall review this work as two separate topics. However,
we stress that our work stands apart from this previous work in
several ways. Most importantly we are the first to design and apply
these techniques to level set methods. Consequently, most of the
work described here is not directly related to ours.

3.1 Compression Methods

This paper deals with narrow bands of volumetric data. Mesh com-
pression methods on the other hand (see Kälberer et al. [2005] and
references therein compress only the surface itself and possibly the
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normals. Even though it is indeed feasible to compute differential
properties from meshes [Desbrun et al. 1999], this is generally not
an optimal storage format for implicit surfaces like level sets. The
reason is primarily that the map between the implicit level set and
the explicit mesh is not guaranteed to be bijective. Consequently,
important information is lost by converting to the mesh represen-
tation using Lorenson and Cline [1982]; Kobbelt et al. [2001]; Ju
et al. [2002], and this information is not recoverable by a subsequent
mesh to level set scan conversion. Primarily this regards higher order
differential properties. Methods with high compression ratios have
also been proposed for iso-surface meshes of volumetric scalar fields
[Taubin 2002; Lee et al. 2003; Eckstein et al. 2006]. However, again
information is lost for our purposes, and furthermore these methods
work only in-core and consider all grid points in the bounding box,
not just in a narrow band. Converting a narrow-band volume grid to
a clamped dense volume grid is straightforward and makes it possi-
ble to employ existing volume compression methods [Nguyen and
Saupe 2001; Ibarria et al. 2003]. However, for large dense grids this
approach is far from optimal in terms of compression performance,
memory and time usage. Note that the method for compressing sur-
faces represented as signed distance fields by Laney et al. [2002]
also operates on the entire volume. In particular the method em-
ploys a wavelet compression of the signed distance field and applies
an aggressive thresholding scheme that sets wavelet coefficients to
zero if their support does not include the zero crossing. Thus, this
method may actually discard information very close to the interface
hence preventing higher order accurate content.

The work on compression most related to ours is the method
for compressing unstructured hexahedral volume meshes by
Isenburg and Alliez [2002] and the work on volumetric en-
coding for streaming iso-surface extraction by Mascarenhas
et al. [2004]. Isenburg and Alliez consider in-core compression that
separately compresses topology and geometry. Mascarenhas et al.
later extended the method of Isenburg and Alliez to also compress
scalar grid values and additionally proposed an out-of-core decoder.
The method is applied to structured uniform grids and used in the
context of streaming iso-surface extraction. More specifically, the
grid is partitioned into partial volume grids in such a way that a
bound on the ratio between the number of grid cells loaded and the
number of grid cells intersecting any iso-surface is guaranteed. This
approach is not suitable for online, or batched, simulations. In partic-
ular, it is not feasible to employ Mascarenhas et al. [2004] to online
compressed simulations, since a stencil of neighboring grid points,
used for finite difference computations, must be available. Never-
theless, in the results section we compare our compression method
to Isenburg and Alliez [2002] and Mascarenhas et al. [2004] as an
offline compression method for reducing storage requirements of
the produced data.

3.2 Out-of-Core Methods

The field of out-of-core methods, also referred to as “external mem-
ory algorithms,” is large and actually dates back as far as the fifties—
not long after the emerge of digital computers. Out-of-core tech-
niques are applicable in a wide range of problems where data in-
tensive algorithms are ubiquitous. This includes image repositories,
digital libraries, relational and spatial databases, computational ge-
ometry, simulation, linear algebra, and computer graphics. For a
recent survey of the entire field, see Vitter [2001]. For the interested
reader we refer to Toledo [1999] for a specific survey in linear alge-
bra and simulation, and Silva et al. [2002] for a survey that focuses
on computer graphics.

In computer graphics, out-of-core methods have been applied
to a wide range of problems including iso-surface extraction
[Mascarenhas et al. 2004; Yang and Chiueh 2006], compres-
sion of meshes [Isenburg and Gumhold 2003] and scalar fields
[Ibarria et al. 2003], streaming compression of triangle meshes
[Isenburg et al. 2005], stream processing of points [Pajarola 2005],
mesh editing and simplification [Cignoni et al. 2003], and visualiza-
tion [Cox and Ellsworth 1997; Gobbetti and Marton 2005; Cignoni
et al. 2003].

Various approaches have been proposed for improving the access
efficiency to out-of-core multidimensional grids during computation
or for optimizing online range-queries in areas such as scientific
computing, computational fluid dynamics, computational geome-
try and visualization. This includes blocking techniques [Seamons
and Winslett 1996], reblocking, and permutation of dimensions
[Krishnamoorthy et al. 2004], as well as the exploitation of the prop-
erties of modern disks [Schlosser et al. 2005]. In computer graphics,
improved indexing schemes for full three dimensional grids were
proposed by Pascucci and Frank [2001] in the context of planar
subset visualization. The above techniques all deal with full grids
whereas we consider topologically complex narrow bands of grid
data. Furthermore, our method does not require the layout of data
on disk to be changed.

We are not the first to apply out-of-core techniques for online sim-
ulation. Pioneering work was done by Salmon and Warren [1997]
for N-body simulation in astrophysics. Their work was based on
trees and applied reordered traversals and a Least-Recently-Used
page-replacement policy for efficiency. More recently, an out-of-
core algorithm for Eulerian grid based cosmological simulation was
proposed by Trac and Pen [2006]. Global information is computed
on a low resolution grid that fits entirely in memory, whereas local
information is computed on an out-of-core high resolution grid tiled
into individual blocks that fit into memory. The individual blocks
are loaded and simulated in parallel for a number of time steps and
then written back to disk. These previous methods are, however, not
directly applicable to simulations on narrow band data structures of
level sets.

There is also a large body of work on general purpose page-
replacement and prefetching strategies developed for operating sys-
tems, scientific applications, data bases, web servers, etc. General
purpose algorithms for page-replacement must meet many require-
ments including simplicity, good performance and adaptivity to
changing and mixed access patterns. In contrast, the our proposed
techniques are application-specific and hence designed to work
close-to-optimal for particular problems. For an introduction to stan-
dard page-replacement techniques like Least Recently Used (LRU),
Most Recently Used (MRU) and Least Frequently Used (LFU)
see the excellent book by Tanenbaum [1992]. For these classical
techniques it is simple to derive examples where the given page-
replacement policy will not perform optimally for our application.
This is also the case for several more advanced schemes like LRU-K
[O’Neil et al. 1993], LFRU [Lee et al. 1999], 2-Queue [Johnson and
Shasha 1994], LIRS [Jiang and Zhang 2002], Multi-Queue [Zhou
et al. 2004], and FBR [Robinson and Devarakonda 1990]. This will
be motivated and explained in more detail in Section 5.

Another category of recent general purpose page-replacement
strategies exploits the regularity of the access patterns for a given
application. Based on the results of an access analysis, a specific
page-replacement algorithm is chosen. Work in this category in-
cludes the sequential and loop access pattern detection method,
UBM, by Kim et al. [2000], application/file-level characterization
of access patterns by Choi et al. [2000], Early Eviction LRU by
Smaragdakis et al. [1999], SEQ by Glass and Cao [1997], ARC
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Fig. 2. The generic framework. The colored boxes represent components that exclusively form part of the compression framework.

by Megiddo and Modha [2003], and CAR by Bansal and Modha
[2004]. However, the task of automatic access pattern detection is
difficult, and page-replacement decisions may actually hurt perfor-
mance when the estimate is incorrect [Brown 2005]. Furthermore, it
takes some time for these prediction methods to actually start work-
ing, as an analysis is required before the appropriate strategy can be
initiated.

Similarly to page-replacement techniques, a lot of effort has been
put into developing general purpose prefetching methods. Consult
Brown [2005] for a recent overview. Patterson et al. [1995], for ex-
ample, describe a general purpose resource management system that
balances hinted3 and unhinted caching with hinted prefetching using
cost-benefit analysis. There are several reasons why this framework
is not feasible for our application. For example, the access patterns
of our level set and fluid applications are not easily specified as hints
in their system. In addition, explicit timings for disk access and disk
driver times are required for the cost-benefit analysis. Brown [2005]
focuses on a fully automatic system for prefetching by combining
automatically generated compiler-inserted hints with a runtime layer
and extensions to the operating system.

In contrast to all the work mentioned above, we focus on one
particular application (level sets) for which the general structure
of the access patterns is known in advance. Hence we can exploit
this to develop a close-to-optimal strategy that is easy to implement
and lightweight, so as to incur minimal performance overhead by
avoiding costly online analysis.

Other examples of application-aware caches include the out-of-
core mesh of Isenburg and Gumhold [2003], the work on application
controlled demand paging for out-of-core visualization by Cox and
Ellsworth [1997], and the octant caching on the etree by Lopez
et al. [2004].

Finally, in-core scan conversion algorithms for converting trian-
gular meshes to signed distance fields have been in use for quite
a while [Mauch 2003]. However, to the best of our knowledge, no
previous attempts have been made at out-of-core scan conversion
algorithms. The work that comes closest to ours is the algorithm
for generating out-of-core octrees on desktop machines by Tu et al.
[2004].

4. OUT-OF-CORE LEVEL SET FRAMEWORK

An overview of our generic framework is illustrated in Figure 2,
and we will briefly describe the components from left to right: The
Model is represented as a level set sampled on a Grid. The Slice

3Hinted caching and prefetching accepts hints or directives from the user
that specify the nature of future requests, for example, sequential access and
so on.

Cache allows for fast implementations of both sequential and ran-
dom access to grid points in a local stencil. The Slice Cache stores
a number of 2D slices of the 3D Grid topology, values, or both
as illustrated with the bunny example. As the simulation or com-
pression progresses through the grid, these slices are modified and
replaced by the framework. If sufficient memory is available, the
Slice Cache is stored in main memory to increase performance, oth-
erwise it can be stored partially on the disk using the out-of-core
framework. The staggered rectangular boxes shown on the right il-
lustrate the fact that our framework separately stores the topology
and numerical values of the grid as well as any auxiliary fields. This
adds efficiency and flexibility to the framework: For example, since
topology typically requires less storage than the values, in some
cases topology can be kept in-core and only the numerical values
stored out-of-core. The separation of topology, values, and auxil-
iary fields also enables the Component Codecs to take advantage
of application specific knowledge to obtain good compression of
each of the separate components. The Slice Cache and the Com-
ponent Codecs together make up the compression component of
the framework. A Storage Handler next takes care of storing the
separate grid components either in memory or on disk. Finally, an
application specific Storage Cache, between the Disk and the Stor-
age Handler, implements our out-of-core scheme. Its function is to
cache and stream pages of grid values and topology to and from
disk. We emphasize again that the components for compression and
out-of-core data management can be combined arbitrarily (or omit-
ted) in our framework. Finally we note that our framework does not
make any assumptions on the amount of main memory available:
Level sets of any size can be processed as long as sufficient disk
space is available.

4.1 Terminology

For the sake of completion we shall briefly summarize the termi-
nology used throughout this paper, largely borrowing from Nielsen
and Museth [2006]. The DT-Grid data structure is inspired by the
compressed row storage format used for compact storage of sparse
matrices. The DT-Grid stores the topology and values of the narrow
band grid points in a compact form convenient for fast manipula-
tion and access during for example level set and fluid simulations.
In order to compactly represent the topology of the narrow band, a
3D DT-Grid consists of 1D, 2D, and 3D grid components as shown
in Figure 3(a). The 3D grid component consists of the grid points
in the narrow band, the 2D grid component is the projection of
the narrow band onto the XY-plane, and the 1D grid component is
the projection of the 2D grid onto the X-axis. Each grid compo-
nent has three constituents: value, coord, and acc. As depicted in
Figure 3(b), the value1D and value2D constituents link the 1D, 2D,
and 3D grid components together by storing indices that point to the
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(a)  (b)

Fig. 3. a) Illustration of the 1D, 2D and 3D components of a DT-Grid
representation of the Stanford bunny at 643 resolution. b) The 1D and 2D
components contain pointers to columns in respectively 2D and 3D, and
the 3D DT-Grid component stores the actual distance values of the level set
function.

first coordinate in a column in the coord constituent of the 2D and 3D
grids respectively. The value3D constituent stores the actual values
of the level set function in the narrow band.4 The coord constituent
in the nD grid component stores the nth coordinate of the first and
last grid point in each topologically connected component of grid
points in a column of the nD grid component. These are colored
green in Figure 3. The last component, acc, links the coord compo-
nent of an nD grid constituent to its value component by storing an
index pointing to the value component for the first grid point in each
connected component. It is a redundant construct provided merely
to speed up random access. In this article we refer to the value3D
constituent as the values and the remaining constituents as the topol-
ogy. All grid points are stored in (x, y, z) lexicographic order, and
navigation through the narrow band is provided by iterators that se-
quentially visit each grid point in this order. As shown in Nielsen
and Museth [2006], sequential access in lexicographic order allows
for a wide range of algorithmic constructions and optimizations.
Finally, to deform a level set and solve simulation PDEs using fi-
nite difference, fast access to neighboring grid points is paramount.
This is conveniently facilitated by employing stencils of iterators
that in turn allow for sequential stencil access with linear time
complexity.

To describe the I/O performance of the algorithms presented in
this paper we adopt the terminology of the Parallel Disk Model
introduced by Vitter and Shriver [1994]. In particular, we denote
the problem size by N , the internal memory size by M , and the
block transfer size by B—all in units of data items. For this work
we assume desktop machines with a single CPU (P = 1) and a
single logical disk drive (D = 1).

5. OUT-OF-CORE DATA MANAGEMENT

The Storage Cache component in Figure 2 utilizes two different out-
of-core data management schemes. For random access we employ
the standard LRU page replacement algorithm since it is acknowl-
edged as being the best general choice in many cases (Compare

4Note that in the case where the DT-Grid stores volumetric fields such as
velocities and pressure, the value3D constituent contains vectors or pressure
scalars.

most operating systems). However, for sequential stencil access we
have developed a new and near-optimal page-replacement policy as
well as a new prefetching strategy. In combination these schemes
reduce the number of disk blocks loaded during sequential stencil
access. We focus mainly on sequential streaming since a majority of
level set algorithms can be formulated in terms of sequential access
operations exclusively. This is true for all the examples presented in
this paper, with the only exception being ray tracing that inherently
requires random access.

As illustrated in Figure 4, a sequential stencil access pattern in a
narrow band data structure does not necessarily imply a sequential
memory or disk access pattern when data is laid out in contiguous
lexicographic order in memory or on disk. This characteristic be-
comes increasingly pronounced both in the case of larger level sets
where the 2D slices become larger and in the case of stencils that
include more grid points and hence span more 2D slices. Only data
in the primary encoding direction5 maps to contiguous locations on
disk or in memory. To address this problem we need to develop new
page-replacement and prefetching schemes.

Even without prefetching and page-replacement strategies, the
time complexity of a sequential stencil access pattern on the DT-
Grid is I/O-optimal. This is due to the fact that it requires only
a linear, O( N

B ), amount of I/O operations to do stencil-iteration,
which equals the lower bound for a sequential scan with respect to
asymptotic O-notation [Vitter 2001]. Sequential stencil access in
the worst case essentially corresponds to S sequential and simul-
taneous scans over the data, where S is the number of grid points
in the stencil. Likewise dilation and rebuilding of the narrow band
[Nielsen and Museth 2006] is also linear in the number of I/O oper-
ations. However, to increase performance in practice it is important
to minimize the actual number of loaded disk blocks. A straight-
forward I/O implementation will in the worst case result in loading
S N

B disk blocks. A lower bound is N
B disk blocks since we need

to access all grid points. Hence in practice S is a limiting constant
of proportionality. For a high order FD scheme like WENO [Liu
et al. 1994], a stencil with support for second-order accurate cur-
vature computations has S = 31, whereas for first-order upwind
computations, S = 7. As we will demonstrate in Section 8.1, our
page-replacement and prefetching techniques do in practice lower
the number of passes6 such that it comes closer to the lower bound.
This is the case even for large stencils such as WENO.

The optimal page replacement strategy [Tanenbaum 1992] for a
demand-paged system (i.e., no prefetching) is simple: If a page must
be evicted from the cache, it always picks the page that will be used
furthest in the future. This strategy is of course impossible to imple-
ment in practice except for processes where the demand-sequence
of pages is known in advance. Furthermore, since sequential sten-
cil access into the (x, y, z) lexicographic storage order of the data
structure differs from sequential access into the underlying blocks,
or pages, of data on disk, the replacement issue is nontrivial. As
argued previously, existing general purpose page-replacement tech-
niques are not well suited for this access pattern. Consider for ex-
ample the LRU replacement strategy. In some situations LRU will
perform quite well for stencil computations. However in contrast
to the replacement strategy we propose in this paper, LRU will in
other cases perform far from optimally, which may degrade its over-
all performance: Figure 4 shows a 2D grid, a stencil consisting of
five iterators, and the corresponding positions on the paged disk.

5For (x, y, z) lexicographic order this is the z direction.
6Measured as the ratio of the number of loaded disk blocks to the total
number of disk blocks with data.
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Fig. 4. Outline of a stencil consisting of five grid points (0-4) as well as a cache slice and the corresponding paged memory/disk layout. In this example all
grid points are occupied with data and each page is two grid points long. The pages in memory are outlined in white and the others in black. c denotes a page
clean page that has not yet been written to, and d is a dirty page that has been written to.

We assume that each iterator in the stencil contains the id of the
page it currently points to. Additionally, each iterator is denoted a
reader and/or writer depending on the type of access it provides.
Assume that page five is the least recently used page. When iterator
four moves forward, it generates a page fault (i.e., the page does not
exist in memory) as page eight is not in memory. As a result page
five is evicted to make room for page eight. Next consider that iter-
ator one moves forward into page five which was just evicted. This
generates a new page fault and page five is loaded again. Similar
to the LRU strategy it is possible to construct examples where all
other existing non-analysis-based page-replacement strategies, that
we are aware of, fail. On the other hand the analysis based algo-
rithms face other problems such as the fact that they need to detect
a certain access pattern before they start working properly. In Sec-
tion 8.1 we benchmark the LRU strategy in the context of stencil
computations and compare to our methods.

Given that our framework is application specific, we exploit
knowledge about the domain to obtain a replacement strategy that
comes close to the optimal. Our strategy is verified in Section 8.1.
Our page-replacement and prefetching strategy accommodates the
following three essential design criteria:

—The number of disk I/O and seek operations is heuristically min-
imized. In particular seeking is expensive on modern hard drives.

—The disk is kept busy doing I/O at all times.

—CPU-cycles are not wasted by copying pages in memory or wait-
ing for disk I/O to complete.

The Storage Cache, that implements the page-replacement and
prefetching strategies, only depends on two parameters: The num-
ber of pages and the page size. In section 8.1 we provide some
benchmarks indicating how these parameters affect performance
and the page-hit-ratio.

5.1 Page-Replacement

Since the out-of-core framework stores and streams the grid values
and topology in lexicographic order, the neighboring stencil iterators
may be physically far apart as explained earlier and illustrated in
Figure 4. The fundamental observation, however, is that during each
increment of the stencil, the iterators in the stencil in most cases
move forward at identical speeds. This property can only be violated
at the boundaries of the narrow band where some iterators may move
more grid points than others in order to be correctly positioned
relative to the center stencil grid point.

Given this observation, the optimal page replacement strategy
(which is invoked if the maximal number of pages allowed already
reside in memory) is first to check if the page in memory with the

lowest page-id does not have an iterator pointing to it. In that case we
evict and return this page, and if the page is dirty it is first written to
disk. In Figure 4, for example, page three can safely be evicted as it
will not be used again in the future since all iterators move forward.
If the first page in memory does indeed contain an iterator, the best
strategy is instead to evict the page in memory that is furthest away
from any of the iterators in the forward direction. This is the case
since the optimal strategy is to evict the page in memory that will
be used furthest in the future.

In Section 8.1 we verify that the above strategy is close to optimal
by comparing it to the optimal strategy that we computed in an offline
pass from logged sequences of page requests.

5.2 Prefetching

Prefetching is performed by a separate high-priority I/O thread con-
tained in the Storage Cache. Using a separate thread to some extent
hides I/O latency since this thread will wait for the I/O operations
to complete.

The I/O thread iteratively performs the following steps in prior-
itized order, and as soon as a step is satisfied, continues from the
beginning. The strategy is to prefetch pages into memory and evict
pages that are no longer in use. The thread performs at most one
read and one write operation per iteration. The individual steps are:

(1) Prefetching. The I/O thread first checks if all pages that will
be accessed by the stencil iterator are already in-core. In par-
ticular this is the case if all pages ahead of the iterators in the
stencil are in-core. If this is the case, no prefetching needs to be
done. In addition the prefetching of a page should occur only
if it does not result in the eviction of a page that is closer in
the forward direction to any iterator in the stencil. This is in
accordance with our replacement strategy. To determine which
page to prefetch we use a variation of the elevator algorithm
Tanenbaum [1992]. In our context the elevator algorithm main-
tains a position, which coincides with the position of an iterator
in the stencil, and prefetches the nearest page in the forward di-
rection that is not currently in-core. The variation of the elevator
algorithm we employ always moves in the forward direction to
the next iterator position and wraps around to continue from the
beginning when the end of the data is reached. As illustrated
in Tanenbaum [1992] in the context of disk arm movements,
this strategy heuristically results in fewer disk seek operations
and ensures that no page requests are left unserviced for long
periods of time. Note that if all pages between two iterator
positions are already in-core, for example, positions 1 and 3
in Figure 4, no pages need to be prefetched in this interval.
In this case our elevator algorithm will move more than one
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(a)  

(b)

Fig. 5. a) The values of the value1D constituent as a histogram. b) The
difference between consecutive value1D values as a histogram.

iterator position forward in order to locate the next page to be
prefetched.

(2) Write-Back. If no page was prefetched, the I/O thread will
attempt to write the dirty pages to disk that will not be written
to again during the sequential stencil access. This is done to
avoid first writing and evicting another page before prefetching
a page in front of an iterator in step 1 above. Write-Back is
accomplished by first checking to see if there exist any dirty
pages in the cache. If this is the case, the I/O thread locates
the first dirty page in the cache. If no write iterators point to
the dirty page, it is written to disk. In some situations it is
advantageous to limit Write-Back such that it is only invoked
if the number of pages in the cache is above some threshold.
This can ensure for example that if a file fits entirely in-core it
will be kept in memory immediately ready for future access,
and disk resources can hence be utilized for other purposes.

(3) Idle mode. If no read or write operations were performed, the
I/O thread sleeps until an iterator enters a new page.

The given strategy outperformed a prefetching strategy that made
its prefetching decision based on which iterator was closest to a page
not residing in memory (in the forward direction) and in addition
serviced page faults immediately. We believe that this result is due
to an increase in the number of disk seek operations for the latter
approach. In practice we use a dynamically expanding hierarchical
page table to store the pages. We also employ direct I/O to prevent
intermediate buffering by the OS. Hence we more effectively exploit
direct memory access (DMA) and save CPU cycles and memory-
bus bandwidth for numerical computations. We finally note that the
Storage Cache is not dependent on any hardware or OS specific
details, except that the page size is typically a multiple of the disk
block size. Nor do we manually align data to fit into cache lines or
similar optimizations.

6. COMPRESSION ALGORITHMS

The compression framework can be applied both online during sim-
ulation and offline as a tool for efficient application specific storage
of simulation data amenable to further processing in a production
pipeline. Using the proposed compression framework it is possible
to compress large level set grids out-of-core with a low memory foot-
print. The Component Codecs we propose in this paper are based on
prediction-based statistical encoding methods and separately com-
press the topology and values of the grid. The term prediction-based
refers to the fact that the current symbol is predicted by previously
observed symbols and it is in fact the difference between the true
symbol, and the prediction that is encoded. Statistical compression

(a)  (b)

Fig. 6. a) The values of the value2D constituent of the 2D grid component
as a histogram. b) The difference between two consecutive value2D values
as a histogram.

methods assign probabilities to each possible symbol and in the en-
coding process symbols with higher probability are encoded using
fewer bits. The average bit-length of a compressed symbol is ex-
pressed by the so-called entropy of the probability distribution. See
Salomon [2007] for an introduction to and overview of statistical
compression methods. In practice we use the fast arithmetic coder
described by Moffat et al. [1998] combined with optimized adaptive
probability tables. Adaptive probability tables assign probabilities
to symbols based on the frequency with which they are observed in
the previously processed stream of symbols [Salomon 2007]. While
the adaptive statistical encoding methods are ideal for sequential
access, random access is typically not feasible into a statistically
encoded stream of data. This is because the encoding of a single
element depends on all elements encountered before that. To rem-
edy this somewhat, synchronization points could be inserted into
the stream of data. Naturally this comes at the cost of decreasing
compression efficiency. As discussed previously we use sequential
algorithms and focus here solely on online as well as offline com-
pression using sequential access.

Next we describe how to compress the topology and the signed
distance field values of the grid. The topology is compressed loss-
less, whereas the values can be compressed in either a lossless or a
lossy fashion. Note that the signed distance field is the most typical
level set embedding, and that the topology component codecs pre-
sented in this section are specific for the DT-Grid. However, very
similar codecs can be applied to other sparse representations such
as the H-RLE [Houston et al. 2006].

6.1 Compressing the Topology

The value1D constituent of the topology consists of monotonically
increasing indices (Figure 5(a)) that point into the coord constituent
of the 2D grid component. The difference between two such consec-
utive values (Figure 5(b)) is twice the number of connected compo-
nents in a column in the 2D grid component, see the 2D grid com-
ponent in Figure 7(a). Due to the large spatial coherency in a level
set narrow band, this quantity does not usually vary much. To com-
press it, we encode this difference, that is, the number of connected
components per column, using a second order adaptive probability
model [Salomon 2007]. The value2D component has characteris-
tics similar to the value1D component as shown in Figure 6(a), and
the semantics of the difference between two consecutive values in
(x, y) lexicographic order is the same, see Figure 6(b). Hence this
constituent is also compressed using a second order adaptive prob-
ability model.
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(a)  (b)

Fig. 7. a) The 2D grid component of the 643 Stanford bunny DT-Grid.
The y-coordinates of the coord2D constituent are shown in green. b) A
close-up shows actual y-coordinate (red-brown) predicted by three previous
y-coordinates (blue).

The coord1D (x-coordinates) constituent of the topology is en-
coded using a single differential encoding and a zeroth-order adap-
tive probability model [Salomon 2007]. Typically the coord1D com-
ponent constitutes an insignificant percentage of the aggregate space
usage since it consists only of the end points of the connected com-
ponents obtained by projecting the level set narrow band onto the
X-axis. For example, only two x-coordinates are needed to store
the Stanford bunny, since it projects to a single connected compo-
nent on the X-axis. As a reference see Figure 3, where these two x
coordinates are marked in green in the 1D component.

The coord2D (y-coordinates) constituent of the topology consists
of the y-coordinates that trace out the boundary curves in the XY
plane of the projection of the level set narrow band. This is illus-
trated with green in Figure 7(a). Again due to the large amount of
coherency in the narrow band, these curves are fairly smooth. Hence
it is feasible to employ a predictor that estimates a given y-coordinate
from the y-coordinates in the (at most) three previous columns in the
XY plane. Figure 7(b) illustrates how the y-coordinates in three pre-
vious columns, shown in blue, are used to predict the y-coordinate
in the next column, shown in red-brown. In particular we use as
predictor the Lagrange form of the unique interpolating polynomial
[Kincaid and Cheney 1991] that passes through the y-coordinates in
the previous columns. Our tests show that higher order interpolants
tend to degrade the quality of the prediction.

Since the topology of these boundary curves is not explicitly given
in the coord2D constituent, the curves become harder to predict. Re-
call that the coord2D constituent only lists the y-coordinates in lex-
icographic order. Hence to locate the y-coordinates in the previous
columns that will form part of the prediction, we utilize the known
information of which connected component we are compressing.7

We then predict from the y-coordinates of connected components
with identical ids in previous columns. Note that we cannot simply
use the actual true y-coordinate as a means of determining the y-
coordinates in the previous columns since it will not be available
during decompression. The above selection criterion means that the
prediction will degrade along columns where the number of con-
nected components change, but in practice we have not found this
to be a problem.

The coord3D constituent consists of the z-coordinates of the grid
points that trace out the boundary surfaces of the level set narrow
band. These are shown in green in Figure 8(a). Surpassed only by
the storage requirements of the signed distance field values in the

7In particular its connected component id, starting from zero and counted in
lexicographic order within a column.

(a)  

(b)

(c)

Fig. 8. a) The 3D grid component of the 643 Stanford bunny DT-Grid. The
z-coordinates of the coord3D constituent are shown in green. b) A close-
up shows actual z-coordinate (red-brown) predicted by three immediately
adjacent z-coordinates (blue). c) Situation in b) shown from above.

grid, the coord3D (z-coordinates) constituent of the topology usu-
ally requires the most space. To compress a given z-coordinate,
shown in red-brown in Figure 8(b), the z-components of the three
immediate neighbors, shown in blue, are used to predict the given
z-coordinate as lying in the same plane, see Figure 8(c). We predict
z(D) as z(A) + ∇z |A · ( 1

1

) = z(B) + z(C) − z(A) (using a back-
ward one-sided first order accurate finite difference approximation
to the gradient). Given the permutation symmetry of this expression
with respect to z(B) and z(C) we compress the prediction using a
context-based adaptive probability model [Taubin 2002]) with the
integer value z(B) + z(C) − 2z(A) as context. In particular the con-
text is used to select a probability model, and the goal is to cluster
similar predictions in the same model, hereby decreasing the en-
tropy and consequently increasing the compression performance.
The intuition behind our context is that it measures the deviation
of both z(B) and z(C) from z(A). The smaller the deviation, the
smaller the residuals tend to be. Special care has to be taken when
some grid points are not available for our predictor. Furthermore,
we distinguish between and use a different context in the following
three cases: 1) If no grid points exist at all, we use 0 as the predic-
tion. 2) If one exists we use the z-coordinate of that grid point as the
prediction. 3) If two exist we use the average of their z-coordinates
as the prediction. All in all, this compression strategy turned out
to outperform alternatives like differential encoding, 1D Lagrange
polynomial interpolation, and 2D Shepard interpolation.

Finally, we recall that the acc constituent of grid components
is actually redundant. It is merely used to improve random access
into DT-Grid. Hence we can simply exclude the acc constituents
in compressed form and rebuild them during decompression. This
essentially corresponds to exploiting the Kolmogorov complexity
[Li and Vitanyi 1997] for the compression of acc.

6.2 Compressing the Values

The values in the narrow band are by far the most memory-
consuming part of the data (typically at least 80%). For level sets, we
assume the values are numerical approximations to signed distances,
which has been shown to be convenient both during simulation as
well as for other applications such as ray tracing. To compress the
narrow band of signed distance values we propose a predictor based
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Fig. 9. The values are compressed using a combination of the 3D Lorenzo
predictor, the 2D parallelogram predictor and multi-dimensional differential
encoding.

on a combination of the following three techniques: a new mul-
tidimensional differential predictor, the 3D Lorenzo predictor of
Ibarria et al. [2003], and the 2D parallelogram predictor of Touma
and Gotsman [1998].8 Since we are compressing narrow bands as
opposed to dense volumes, it is tempting to utilize clamped values
outside the narrow band (as is usually done in level set computa-
tions) to form predictions; however, this will result in a degradation
of compression performance. Instead we propose to use different
predictors depending on the local topology of the narrow band. We
have benchmarked various predictors modified to accommodate the
topology of a narrow band, including the Lorenzo predictor [Ibarria
et al. 2003] (with and without probability contexts), the distance
field compression (DFC) method by M.W. Jones [2004] as well as
several other custom codecs. Note also that the DFC method and
the Lorenzo predictor perform comparably to wavelets. According
to our experiments, the codec we propose here gives the best com-
pression performance and at the same time remains fast.

Our multidimensional differential prediction is motivated by the
fact that the axial acceleration in a signed distance field is very small
and that axial differential prediction applied twice is a measure of
acceleration. In fact the acceleration in the normal direction of a per-
fect signed distance field is identically zero, except at medial axes.
However, in practice several circumstances make a prediction based
on the acceleration in the normal direction problematic. First of all,
the signed distance fields used in the context of level set simulations
are not entirely accurate as they are computed by approximate nu-
merical schemes. Secondly, it can be shown (using first order FD)
that the acceleration in the normal direction is a third-degree poly-
nomial in the value of the current grid point. During decompression
one would have to compute the roots of this polynomial in order to
determine the decompressed value. This is time-consuming, and in
addition to compressing the residuals themselves, one would also
have to compress a two-bit code indicating which of the solutions
to the third degree polynomial was the right residual. This informa-
tion is required during decompression when the actual value is not
available. Tests show that in practice our combined predictor in fact
leads to better and faster compression than if compression is applied
to the acceleration in the normal direction.

The intuition behind our approach is for the predictor to utilize as
many of the previously processed locally connected grid points as
possible (see Figure 9). In other words we always apply the predic-

8Note also that the Lorenzo predictor is a generalization of the parallelogram
predictor

tor which uses the largest number of already processed grid points.
In our experience this results in the best compression performance
and explains the prioritized order of predictors given below. Con-
sider now Figure 9, depicting eleven locally connected grid points.
Assume that we wish to compress the value of the red grid point at
position (x, y, z) and that the blue and green grid points that exist
have already been processed. Our predictor takes the following steps
to compute a residual which is then compressed using an arithmetic
coder:

(1) If all the blue grid points exist in the narrow band, we predict
the value at the red grid point using the 3D Lorenzo predictor
by computing the following residual: v(x,y,z) − (v(x−1,y−1,z−1) −
v(x−1,y−1,z) − v(x−1,y,z−1) + v(x−1,y,z) + v(x,y−1,z) − v(x,y−1,z−1) +
v(x,y,z−1)).

(2) If some of the blue grid points do not exist in the narrow
band, we determine if it is possible to apply the parallelogram
predictor. This can be done if the red grid point is part of a
face (four connected grid points in the same plane) where all
grid points have already been processed. As can be seen from
Figure 9 there are three such possible faces. Say that all the grid
points in the face parallel to the XZ plane, v(x−1,y,z), v(x,y,z−1)

and v(x−1,y,z−1), exist. The value at the red grid point is then
predicted using the parallelogram predictor and the residual is
computed as v(x,y,z) − (v(x−1,y,z) + v(x,y,z−1) − v(x−1,y,z−1)). The
procedure for the remaining faces is the same. Each face is
examined in turn, and the first face where the above conditions
apply is used to compute the residual.

(3) If it is not possible to find a face as described above, we switch
to using axial second-order differential prediction, which, as
previously mentioned, is a measure of acceleration. We ex-
amine each coordinate direction in turn and the first direction
where two previous grid points exist (a blue and a green) is used
to compute the residual. Say that the two previous grid points in
the X direction, v(x−1,y,z) and v(x−2,y,z), exist. Then we compute
the residual at the red grid point as v(x,y,z)−2v(x−1,y,z)+v(x−2,y,z).

(4) If it is not possible to apply axial second-order differential pre-
diction we apply first-order differential prediction if the pre-
vious grid point in one of the coordinate directions exist. For
example, if the previous grid point in the X direction exists, we
compute the residual as v(x,y,z) − v(x−1,y,z). Again we use the
first coordinate direction that applies to compute the residual.

(5) Finally, if none of the above conditions apply, we simply encode
the value itself.

How often each of the individual predictions above is utilized de-
pends on the narrow band topology. Internally in the narrow band,
(1) is always applied since all neighbors are available. The others
are used on the boundary of the narrow band depending on the lo-
cal configuration of previously processed neighbors. Note that in
predictions (2), (3), and (4) we do not necessarily use the face or co-
ordinate direction that results in the best prediction; instead we just
pick the first one that applies. The reason is that this procedure can be
done independently in both the encoder and the decoder. The alter-
native is to examine all possibilities, choose the best, and also encode
a two-bit code indicating which of the possibilities was chosen. In
our experience this overhead dominates the gain obtained by select-
ing the best prediction. We do, however, use a different probability
context in each of the steps used to compute this predicted value.
Employing contexts improves compression performance mainly for
larger level sets. For smaller level sets the use of several contexts
does not usually improve compression performance since we typ-
ically use relatively many bits (14 and above) in the quantization
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step. This means that the entropy in the individual adaptive contexts
may be dominated by the probabilities allocated for unused sym-
bols. Also note that when using relatively many bits, higher-order
probability models are not feasible in practice due to the amount of
memory usage they incur. This is contrary to text compression that
uses fewer bits and where higher order models are frequently used.

Whereas the topology is compressed lossless, the values are typ-
ically compressed in a lossy fashion by employing uniform quan-
tization within the range of the narrow band9 to obtain better com-
pression ratios. In doing so it is important that the quantization does
not introduce noticeable distortion and that the truncation error in-
troduced by the order of the numerical simulation methods is not
affected by the quantization rate. In practice an exact analysis of this
is difficult and highly problem dependent. For this reason we have
so far simply used the heuristic of 14 bits or more, which has not
resulted in visual artifacts in our simulations. If quantization is not
desirable, the method for lossless encoding of floating point values
by Isenburg et al. [2004] can be applied.

An additional compression strategy would be to only encode a
subset of the narrow band and then recompute the rest from the
definition of the level set as a distance function when decoding.
This amounts to encoding as many layers around the zero-crossing
as is needed to solve the Eikonal equation to a desired accuracy.
The truncated narrow band will obviously lead to a more efficient
subsequent compression. In our case we do typically not use narrow
bands wider than required for the numerical accuracy, so we have
not used this strategy in practice. However, it may be applicable
in situations where the narrow band is relatively wide, such as for
example, the morph targets demonstrated in Houston et al. [2006].

7. OUT-OF-CORE AND COMPRESSED PARTICLE
LEVEL SETS

When using level sets for free surface fluids it is common to correct
the interface with advected Lagrangian tracker particles. This Parti-
cle Level Set (PLS) method [Enright et al. 2002], greatly helps the
level set preserve mass due to the built-in numerical dissipation (i.e.,
smoothing) in most Eulerian (i.e., grid-based) advection schemes.
Since this undesired numerical dissipation is most pronounced in
regions of the surface with high curvature (i.e., features), PLS con-
siderably preserves fined surface details. Furthermore, PLS can be
extended to create natural phenomena like splashes and foam see
([Foster and Fedkiw 2001; Takahashi et al. 2003; Geiger et al. 2006])
that are typically very hard to obtain with Eulerian fluid solvers.
However, PLS comes at a significant price; the storage of the parti-
cles introduces a large memory overhead compared to the level set
representation itself, especially when employing sparse grids like
DT-Grid and H-RLE. In this section we will discuss two techniques
that dramatically reduce the memory footprint of PLS; quantization
and out-of-core streaming. Note that the PLS method has certain
constraints, such as only being applicable under passive surface ad-
vection [Enright et al. 2002], and that newer methods overcoming
these constraints have recently been proposed [Bargteil et al. 2006;
Hieber and Koumoutsakos 2005]. However, the PLS method can, in
contrast to the newer methods, easily be integrated with an existing
Eulerian level set implementation, and improves the quality of fluid
animations, which is a passive surface advection problem.

9During simulation with compressed values, the quantization range is ex-
panded to ensure that advected values fit within the quantization range. Nar-
row band level set methods need to limit the maximal movement between
time steps anyway to ensure that the zero-crossing is captured correctly.

The source of the memory overhead associated with PLS is
that many particles are needed to effectively correct the implicit
interface. Enright et al. [2002] recommend using 64 particles per
3D grid cell close to the zero level set. If we assume that each parti-
cle stores 17 bytes of data10 we need 1088 bytes to store the particles
of each grid cell. This should be compared to the 4 bytes needed to
store the signed distance floating point value of the level set func-
tion in the same grid cell. If the level set is stored using a sparse
narrow band data structure, such as the DT-Grid or the H-RLE, the
particles can use close to two orders of magnitude more memory
than the level set itself. For instance, consider the fluid animation
in figure 1 which is represented by a DT-Grid PLS containing 7.6M
voxels. Storing this level set requires only 32 MB whereas the 172M
particles associated with the interface requires an additional 2.8 GB.

Our primary approach to reducing the memory footprint of the
PLS is lossy compression by means of quantization. We choose to
use quantization since it is fast, flexible and relatively simple to
implement. We consistently choose the level of quantization such
that no visual artifacts are introduced.11 Note that because the parti-
cle distribution is uniformly random around the interface, statistical
encoders are not very effective.

7.1 Particle Quantization

The particle radii is limited to [−0.5dx, 0.5dx], where dx denotes
the uniform grid spacing in world coordinates. Enright et al. [2002]
suggest using [0.1dx, 0.5dx] as the range of allowed radii, but since
we will use the sign of the radius to represent whether a particle is
inside or outside the interface, we shall employ the wider symmetric
interval. Our approach is more compact since we simply use one
bit in the sign of the radius as opposed to 8 bits for a boolean. The
interval of possible values for the coordinates is only limited by the
size of the simulation domain.

To facilitate better compression and out-of-core performance we
switch from world coordinates to a local particle-in-cell frame of
reference. This means that the position of the particle in the begin-
ning of each iteration is bounded to the local coordinate interval
[0, 1] of the grid cell. Currently we assume that the level set advec-
tion adheres to the CFL condition [Osher and Fedkiw 2002; Sethian
1999], meaning that the surface is restricted to move at most one
grid cell in any direction during each iteration. Due to this, the same
restriction is imposed on the particles. Consequently the interval
of possible values for the local particle coordinates is [−1, 2]. The
local interval for the particle radii is simply [−0.5, 0.5]. Thus, the
values of the particle radii and positions are bounded and indepen-
dent of the size and resolution of the grid. Another essential feature
of this local frame of reference approach is that it allows us to store
bins of particles in the same (lexicographic) order as the DT-Grid.
This in turn facilitates fast sequential access, which is critical for an
efficient out-of-core implementation. Finally, the use of local coor-
dinates significantly improves the precision for a given level of the
quantization. Assume that we want to quantize particles stored in a
regular, dense grid of the size 100 × 100 × 100 grid cells. Using
10 bits to quantize each component of the particle world coordinates
we achieve a precision of ±0.5 · 100/210 ≈ ±0.049. If we instead
used the local coordinate approach described earlier, we achieve a
precision of ±0.5 · 1/210 ≈ ±0.00049. In our implementation we
quantize particles using 40 bits. 9 bits for the radius, 10 bits for each

103 4-byte floats for the 3D position of the particle center, one 4-byte float
for the radius and one additional byte to store boolean information such as
whether the particle has escaped the level set or not.
11This is generally verified through numerical experiments.
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Fig. 10. Outline of the particle/bin data structure. Each grid cell contains
a particle bin that in turn points to a range of particles in the particle array.

coordinate and the remaining bit to store Boolean information, such
as whether the particle has escaped from the level set. If more pre-
cision is desired, we suggest increasing the size of the particle one
byte at the time by adding 2 additional bits to the radius and the 3
coordinate components. However, we found that the 40-bit quanti-
zation produced simulations with a visual appearance that was very
close to that of the unquantized PLS. Using this relatively simple
quantization scheme we are able to reduce the size of a particle
from 17 to 5 bytes, a reduction by a factor of 3.4. Since we rely on
topology data already provided by the grid, we achieve a precision
of ±0.5 · (2 − −1)/1024 · dx ≈ ±0.0015 · dx for the coordinates
and ±0.5/512 · dx ≈ ±0.00098 · dx for the radius. Note that in
spite of the quantization our particle representation is still first order
accurate.

Our implementation of the particle/bin data hierarchy employs
one 4-byte integer pointer12 and a 1-byte character to each grid
cell in the narrow band. The integer points into an array containing
all particles and the additional byte is used to store the number of
particles present in the grid cell. This pair of values can be seen as
a particle bin that can store up to 256 particles.

Storing the PLS representing the fluid in Figure 1 using the quan-
tization scheme outlined above requires only 890 MB. 32 MB to
store the 7.6M grid cells using a DT-Grid, 36 MB to store the parti-
cle bins and 821 MB to store the 172M particles. This is a reduction
of data by a factor 3.2 compared to the 2.8 GB needed to store the
uncompressed PLS.

7.2 Out-of-Core Particle Level Sets

Though the quantization scheme described above significantly re-
duces the memory footprint of the PLS we are still limited by the
amount of available in-core memory. To allow for PLS of extreme
resolution we employ the out-of-core framework described in Sec-
tions 4 and 5. We note that the technique described in this section
can be used without quantization. However, since the PLS method
is I/O intensive this typically leads to poor out-of-core performance.
When quantization is employed the I/O throughput13 increases by
more then a factor of three.

For the out-of-core implementation we use the particle/bin data
structure described in the previous section. We also store particles,
particle bins, and the velocities used to advect the particles in sequen-
tial order. This storage order is readily obtained by initially iterating
trough the grid in sequential order and adding data associated with

12This allows us to address 4.3 billion particles. The size of the pointer can
of course be increased if more particles are needed.
13The amount of particles that can be read/written to disk per time unit.

every grid cells when that cell is encountered. The challenge is to
keep this sequential order when the level set and the particles are
advected. Since the values for the velocities and particle bins are
directly associated with grid points, they will always be accessed
sequentially as long as the grid is accessed sequentially. The parti-
cles on the other hand are more tricky. When they move between
grid cells the sequential storage order of the particle array will be
broken. Assume that all the particles have been advected but not yet
moved to their new grid cells, that is, that all particles have local
coordinates in the range of [−1, 2]. We can now move the particles
to their target cells while keeping the sequential access order by the
following algorithm:

(1) Initialization. Allocate two new out-of-core arrays; a particle
array and a particle bin array both of the same size as the ones
currently used. Fill the particle bin array with empty particle
bins; that is, all bins contain a null pointer into the particle
array and zero particles. Finally create an out-of-core array of
unsigned bytes. This array will keep track of how many par-
ticles end up in each grid cell after they have been moved.
Initialize each counter with the current number of particles in
each cell.

(2) Preprocessing. Iterate through the grid sequentially and look
at each particle. If the particle coordinates indicate that it is
still in its current grid cell; do nothing. Otherwise add 1 to the
particle counter corresponding to the neighboring grid cell into
which the particle is moving and subtract 1 from the particle
counter for the current grid cell. Do not move the particles to
their new cells yet. If a particle intends to moves into a grid
cell that does not have an allocated particle bin, that is, a bin
with a null index pointer, mark this bin to be added by, for
example, setting the pointer to a large value. Particle bins in
cells neighboring the current one can be reached by using a
stencil-iterator containing 27 stencil points. One stencil point
for the current cell and one for each of the 26 neighbors a
particle can potentially move into.

(3) Particle bin creation. Initialize an index counter starting at zero.
Sequentially iterate through the grid again. For each particle bin
that does not have a null pointer (this includes the ones flagged
in the previous step) do the following: Read the number of
particles that will exist in the bin after advection from the array
of particle counters. Set the index pointer for the new particle
bin corresponding to the current grid cell to the value of the
index counter. Increase the index counter by the number of
particles that will be present in the cell after advection. This
will set the index pointer for each of the new particle bins to
the correct position in the new particle array leaving room for
the number of particles that will be present in that bin after the
particles have been moved to their new cells.

(4) Particle relocation. Iterate through the grid one last time. For
each particle in a populated cell determine which of the 27
possible cells the particle is moving into. Using the stencil, read
the particle bin associated with this cell from the new array of
particle bins. Write the particle into the previously allocated
new particle array at the index position indexstart + num p
where indexstart is given by the target particle bin and num p
is the number of particles currently present in that bin.

(5) Cleanup. Delete the old particle array and the old particle bins.

This algorithm associates a new particle bin with each grid cell
and writes a new particle array that stores all particles in such a
way that they will be accessed sequentially when iterating through
the grid in sequential order. Since we use one byte to describe the
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number of particles in each particle bin it is possible that more than
the allowed 255 particles will enter the bin. If this happens we simply
throw away the excess particles.

After advecting all particles the density of particles in each grid
cell may have changed drastically—some cells may contain far more
than the desired density of 64 particles and some may be completely
empty. The PLS method requires us to enforce the density constraint
once in a while by adding particles to underpopulated cells and delet-
ing excess particles from crowded cells. Maintaining the sequential
storage order of the particles during this step can be done using the
following simple algorithm:

(1) Initialization. Create a new, empty out-of-core particle array.
Also create a counter and initialize it to zero.

(2) Density enforcement. Iterate through the grid in sequential or-
der and read all particles present in the current grid cell. If the
cell has too few particles, seed new ones, if it has too many,
remove the overhead. After this, add all the particles in the
current cell to the end of the new particle array. Set the index
pointer for the particle bin corresponding to the grid cell to the
value of the counter and set the number of particles in that bin
to the number of particles added. Finally increment the counter
by the number of particles added.

(3) Cleanup: Delete the old particle array.

The two algorithms we have outlined ensure a sequential stor-
age order of the particles when the particle density in a grid cell
changes and when particles move between grid cells. Without them
the particle array will fragment and reading/writing of particles will
soon require a large amount of random access operations on the hard
disk. The PLS method contains more then just advecting particles
and enforcing a specific particle density, but the remaining steps are
identical to their in-core counterparts. Performance benchmarks for
the quantized and out-of-core PLS are available in Section 9.2. We
have also used our out-of-core framework, including our compact
PLS, in free surface fluid simulations. Section 9.3 reports results
from these simulations, as well as a brief description of the em-
ployed method.

8. BENCHMARKS AND RESULTS

In this section we evaluate the performance of our out-of-core and
compression framework. In particular, we demonstrate that the level
set framework can sustain a throughput that is 65% of the peak per-
formance of state-of-the-art in-core simulations—even for models
of sizes in the order of several GB.

8.1 Benchmarks

As emphasized previously, the out-of-core and compression compo-
nents can be combined arbitrarily which gives distinctive properties
to the resulting framework. For instance, keeping both topology and
values in-core gives the best performance, streaming values to disk
and keeping topology in-core gives the second-best performance
whereas streaming values to disk and compressing topology in-core
usually gives the third-best performance. The two parameters of
the out-of-core framework, the page size and the number of pages
in the cache, as well as the number of quantization bits used in the
compression also affect performance. Typically relatively few pages
and large page sizes give the best results. Depending on the size of
the problem at hand and the computing resources available, the user
can choose an appropriate combination of framework components
for his particular setting. In this section we report the performance re-
sulting from combining the different components of the framework

and elaborate on how to choose the parameters of the cache. We
also verify the near-optimality of our page-replacement policy for
stencil iteration. All the benchmark tests presented in Section 8 are
run on the same 32-bit Windows XP Pro PC with a 2.41GHz AMD
CPU, 1GB of main memory and a Western Digital Raptor disk.

8.1.1 Page Replacement and Prefetching. Table I lists the
hit ratio (number of page hits to the number of total page re-
quests) of LRU page-replacement without prefetching (demand-
paging only), our page-replacement algorithm without prefetch-
ing (demand-paging only), the optimal page-replacement policy
for a demand-paging algorithm [Tanenbaum 1992] and our page-
replacement algorithm with prefetching enabled. Clearly a hit ratio
of one is an upper bound. It is not possible to apply the optimal
demand-paging strategy online since it requires knowledge of future
requests, but by logging the page demands during stencil iteration
one can compute the optimal strategy offline in order to do com-
parisons. The reader should note that the optimal demand-paging
strategy is only optimal amongst the demand-paged algorithms, that
is, where prefetching is not included. This explains why it is possi-
ble for our combined page-replacement and prefetching algorithm
to achieve better hit ratios than the optimal demand-paged algo-
rithm in Table I. The test case is a single sequential stencil iteration
over an out-of-core DT-Grid of the Stanford Bunny in resolution
10003 using a WENO finite difference stencil with 19 grid points.
Initially the cache contained no pages. As can be seen from Table I,
our page-replacement policy without prefetching comes very close
to the optimal and performs better than the LRU strategy. When
combining with our prefetching strategy, the hit ratio is close to one
for larger page sizes. Hence we conclude that our page-replacement
algorithm comes close to optimal and that our prefetching algorithm
heightens performance, bringing it near the optimal hit-ratio of one.
Note that Table I lists relatively small page sizes. This is primarily to
show how the hit ratio increases with page size, and that our replace-
ment strategy works well even in the presence of relatively small
page sizes. In order to increase the throughput, however, larger page
sizes must typically be used (see the following). This is particularly
important for larger level sets. In such cases the hit ratio usually
remains close to one, even for gigabyte-sized level set models.

To measure the I/O bandwidth performance we also logged the
total number of pages read, R, and compared this to the number of
pages occupied by the level set model, P . Optimally Q = R

P = 1;
that is, each page is loaded exactly once. For the tests above having
a page size above 4K, Q is below 2 and in most cases close to 1.
In this case the stencil contained S = 19 grid points, hence the
improvement over the worst case ratio of 19 is significant (recall the
discussion in Section 5).

The choice of parameters for the out-of-core framework, page
size, and number of pages, can affect performance quite dramati-
cally, as illustrated in the graph in Figure 11. The optimal param-
eters depend on the problem at hand: the size and topology of the
level sets involved, the number of grid points in the stencil, and the
underlying hardware. One can run benchmark tests to tune these
parameters for a particular example, but this is typically not very
practical. While we leave it for future work to determine exactly
how the optimal parameters depend on hardware as well as charac-
teristics of the simulation, we have found that a page size of 4MB
and a total of 32 pages in the cache performs quite well over a
wide range of level set sizes and stencils. The graph in Figure 11
shows an elaborate benchmark test where the number of pages and
page size is varied for sequential stencil iteration over the Stanford
Bunny in resolution 80003. In this particular case a page size of
8MB and a total of 32 pages performs best, but a page size of 4MB
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Table I.
Comparison of the Page-Hit-Ratios of Our Page-Replacement Policy with Prefetching Disabled (Our

Demand), Our Page-Replacement Policy with Prefetching Enabled (Our Prefetch), LRU Page-Replacement
Without Prefetching (LRU Demand) and the Optimal Page-Replacement Policy for a Demand-Paged

Replacement Policy Computed Offline (Opt Demand) from a Logged Sequence of Demand Requests. See the
Text Below for an Exact Explanation of These Terms. The Results Eere Generated by a Single Sequential

Stencil Iteration Over the Stanford Bunny in Resolution 10003 Using a WENO Finite Difference Stencil with
S = 19 Grid Points, and the Cache Contained no Pages at the Beginning

32 pages 64 pages 128 pages

LRU Opt LRU Opt LRU Opt
Page-size (KB) Demand Demand Demand Demand Demand Demand

0.5 0.631377 0.645004 0.631647 0.660637 0.631802 0.691117
1.0 0.631651 0.660015 0.631805 0.690580 0.640359 0.748979
2.0 0.631810 0.689569 0.640360 0.748286 0.642968 0.857327
4.0 0.640384 0.746922 0.643010 0.856420 0.888819 0.943889

Our Our Our Our Our Our
Demand Prefetch Demand Prefetch Demand Prefetch

0.5 0.642074 0.945229 0.657989 0.946476 0.688768 0.946760
1.0 0.654621 0.946133 0.685807 0.946775 0.745399 0.947049
2.0 0.679419 0.947686 0.740625 0.948007 0.853331 0.954492
4.0 0.730505 0.989303 0.848156 0.990706 0.943635 0.959498
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Fig. 11. The throughput (processed gridpoints/second) as a function of
page size (in MB) for various numbers of pages in the cache. The results
were generated by sequential iteration over the Stanford Bunny in resolution
80003 with a finite difference stencil of seven grid points. The maximal
memory usage of the cache was in this case restricted to 512 MB.

and a total of 32 pages also performs quite well. The latter config-
uration is the one we used for all benchmarks presented in the next
section.

Note also that we use direct I/O (i.e., DMA) to bypass OS caching
and prefetching. In our experience this gives an average speedup
of approximately 10%. If on the other hand we leave out our own
prefetching algorithm and rely solely on OS prefetching through the
use of higher level I/O system calls, the performance is roughly half
of the performance obtained when we utilize our own prefetching
algorithm.

8.1.2 Online Out-of-Core and Compression Framework. As a
prelude to the performance evaluation of our flexible framework we
define the following variations:

—OOC DT-Grid I: Values uncompressed out-of-core, topology un-
compressed in-core.

—OOC DT-Grid II: Values uncompressed out-of-core, topology un-
compressed out-of-core.

—OOC CDT-Grid I: Values uncompressed out-of-core, topology
compressed in-core.

—OOC CDT-Grid II: Values compressed out-of-core, topology
compressed out-of-core.

—CDT-Grid I: Values compressed in-core, topology compressed
in-core.

The performance of these data structures is evaluated by compar-
ing the throughputs measured in processed grid points per second.
We use three test cases: 1) The read throughput of sequential iteration
with a seven grid point finite difference stencil. 2) The combined
read and write throughput with the same stencil iteration. 3) The
practical throughput of an actual level set simulation, in this case an
erosion.

Table II lists the average throughputs of several tests with the
framework variations defined above as well as a custom implementa-
tion of the original in-core DT-Grid which is state of the art [Houston
et al. 2006]. For simulations that fit in-core, our framework intro-
duces an overhead due to the additional software layer (see Figure 2).
In particular, when storing topology and values uncompressed in-
core, simulations perform at about 76% of the performance of the
original DT-Grid. Hence the framework overhead is approximately
24%. This also means that a throughput of 76% is an approximate
upper bound for the peak performance of our framework. How-
ever, due to fluctuations in overall system performance this may
vary slightly. For read and read/write iterations, the upper bounds
on performance were estimated to be approximately 72% and 76%
respectively. A performance of an out-of-core data structure close
to these upper bounds indicates that the method is CPU or memory
limited, otherwise it is I/O limited.

Table II indicates that the throughput of both read and read/write
iterations for our framework does not depend on the number of vox-
els in the narrow band of the level set. This property is not shared
by the original in-core DT-Grid for which the performance drops
significantly around a resolution of 40003 which is when the limit of
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Table II.
Throughput Rates (gridpoints/second) for Stencil Iteration Through the Entire Narrow Band of the Stanford Bunny with Reads Only,

Stencil Iteration Through the Entire Narrow Band with Reads and Writes, and for a Level Set Simulation (erosion). The Numbers Given in
Parenthesis are the Percentages of the State-of-the-Art In-Core DT-Grid Performance with Respect to the Given Test (read-iteration,

read/write-iteration or simulation). For Each Instance of the Stanford Bunny, its Resolution (res), the Number of Grid Points in the Narrow
Band (#GP), the Uncompressed DT-Grid Size (size) and the Uncompressed DT-Grid Size Where an Additional N-Tube Which is Required
for Simulation has been Added to the Level Set (simsize) is Reported. A 14 Bit Quantization was Used for the Compressed Values. For the
Data Structures Compressing the Values Only Read-Iteration was Considered Since During Compression it is not Possible to Both Read and
Write to the Same Stream of Data. Furthermore Some of the Tests are not Possible Due to Virtual Memory Constraints. In These Cases the

Result is Denoted NP = Not Possible
Reading Reading&Writing Simulation Reading Reading&Writing Simulation

Grid GP/Sec GP/Sec GP/Sec GP/Sec GP/Sec GP/Sec

Res=10003, #GP=1.4e7, size=71MB, simsize=84MB Res=20003, #GP=5.7e7, size=289MB, simsize=341MB
DT-Grid 1.1e7 (100%) 9.9e6 (100%) 1.2e6 (100%) 1.1e7 (100%) 9.8e6 (99%) 1.2e6 (100%)
OOC DT-Grid I 7.1e6 (65%) 7.4e6 (75%) 9.4e5 (78%) 7.5e6 (68%) 7.4e6 (75%) 7.7e5 (64%)
OOC DT-Grid II 6.8e6 (60%) 6.5e6 (66%) 9.0e5 (75%) 7.7e6 (70%) 7.4e6 (75%) 6.9e5 (58%)
OOC CDT-Grid I 5.2e6 (47%) 5.1e6 (52%) 6.6e5 (55%) 5.3e6 (48%) 5.2e6 (53%) 6.5e5 (54%)

CDT-Grid I 1.2e6 (11%) NP 8.6e4 (7%) 1.2e6 (11%) NP 8.6e4 (7%)
OOC CDT-Grid II 1.2e6 (11%) NP 9.9e4 (8%) 1.2e6 (11%) NP 1.0e6 (8%)

Res = 25003, #GP = 8.9e7, size = 454MB, simsize = 578MB Res = 30003, #GP = 1.3e8, size = 655MB, simsize = 771MB
DT-Grid 1.1e7 (100%) 9.9e6 (100%) 2.2e5 (18%) 1.1e7 (100%) 9.8e6 (99%) NP
OOC DT-Grid I 7.4e6 (67%) 7.4e6 (75%) 7.9e5 (66%) 7.6e6 (69%) 7.5e6 (76%) 7.9e5 (66%)
OOC DT-Grid II 7.8e6 (71%) 7.1e6 (72%) 6.9e5 (57%) 7.9e6 (72%) 7.8e6 (79%) 6.8e5 (57%)
OOC CDT-Grid I 5.3e6 (48%) 5.2e6 (53%) 6.6e5 (55%) 5.3e6 (48%) 5.2e6 (53%) 6.5e5 (54%)

CDT-Grid I 1.2e6 (11%) NP 8.6e4 (7%) 1.2e6 (11%) NP 8.6e4 (7%)
OOC CDT-Grid II 1.2e6 (11%) NP 8.6e4 (7%) 1.2e6 (11%) NP 8.6e4 (7%)

Res = 40003, #GP = 2.3e8, size = 1.2GB, simsize = 1.4GB Res = 50003, #GP = 3.6e8, size = 1.8GB, simsize = 2.1GB
DT-Grid 3.3e6 (30%) 1.5e6 (15%) NP 2.1e6 (19%) 1.3e6 (13%) NP
OOC DT-Grid I 7.6e6 (69%) 7.5e6 (76%) 7.9e5 (66%) 7.7e6 (70%) 7.5e6 (76%) 7.9e5 (66%)
OOC DT-Grid II 8.1e6 (74%) 7.2e6 (73%) 6.8e5 (57%) 8.2e6 (75%) 6.7e6 (68%) 6.6e5 (55%)
OOC CDT-Grid I 5.3e6 (48%) 5.2e6 (53%) 6.6e5 (55%) 5.4e6 (49%) 5.3e6 (54%) 6.6e5 (55%)

CDT-Grid I 1.2e6 (11%) NP 9.3e4 (8%) 1.2e6 (11%) NP 9.2e4 (8%)
OOC CDT-Grid II 1.2e6 (11%) NP 9.4e4 (8%) 1.2e6 (11%) NP 9.4e4 (8%)

Res = 60003, #GP = 5.2e8, size = 2.6GB, simsize = 3.1GB Res = 80003, #GP = 9.2e8, size = 4.7GB, simsize = 5.5GB
DT-Grid NP NP NP NP NP NP
OOC DT-Grid I 7.7e6 (70%) 7.5e6 (76%) 7.9e5 (66%) 7.6e6 (69%) 7.5e6 (76 %) 6.7e5 (56%)
OOC DT-Grid II 8.3e6 (75%) 6.7e6 (68%) 6.5e5 (54%) 8.3e6 (75%) 6.7e6 (68%) 6.1e5 (51%)
OOC CDT-Grid I 5.3e6 (48%) 5.2e6 (53%) 6.6e5 (55%) 5.3e6 (48%) 5.3e6 (54%) 6.4e5 (53%)

CDT-Grid I 1.2e6 (11%) NP 8.8e4 (7%) 1.2e6 (11%) NP NP
OOC CDT-Grid II 1.2e6 (11%) NP 9.3e4 (8%) 1.2e6 (11%) NP 9.2e4 (8%)

physical memory is exceeded. At resolutions of 60003 and above it is
not even possible to initialize the original DT-Grid data structure due
to lack of virtual memory. The performance of iterations with OOC
DT-Grid I and OOC DT-Grid II are, although fluctuating, very close
to the approximate upper bound, suggesting that stencil iterations
are close to CPU and/or memory bound, in contrast to I/O bound.
For the OOC CDT-Grid I, which compresses the topology in-core
and streams the values uncompressed to disk, the performance is
just above 50%. Since compression is relatively CPU intensive, this
data structure does not perform as well for iterations as the other
out-of-core data structures. The performance is worst for the OOC
CDT-Grid II and the CDT-Grid I that both compress the values and
the topology. Recall that the values are the most memory consum-
ing part of the level set. Since statistical coding is relatively CPU
intensive, this is to be expected. In our experience even very light
weight compression schemes for the values are out-performed by
their out-of-core counterparts. This is because the numerical com-
putations hide the I/O latency, whereas an arithmetic coder will

compete for CPU time with the computationally demanding level
set or fluid computations. This overall behavior is also supported by
the throughputs of the level set simulations, although there are some
differences. Again the performance of the original DT-Grid starts to
degrade quite early due to lack of physical memory. At a resolution
of 25003 the throughput has dropped to a mere 18%. In contrast the
performance of OOC DT-Grid I is more than 3.5 times faster. For
simulations where all pages fit in-core, the performance of OOC
DT-Grid I, streaming only values to disk, is very close to its approx-
imate upper bound. However, when not all of the pages fit in-core,
the framework becomes I/O limited and the performance drops to
approximately 65%. This performance remains constant even for
simulations involving file sizes of several gigabytes. At resolutions
of 80003 the performance starts to degrade for OOC DT-Grid I since
it stores the topology uncompressed in-core. Note that even though
the topology takes up only a relatively small part of the total size
of a DT-Grid, the high resolution of our level sets imply that topol-
ogy combined with buffering for the out-of-core component can
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start to fill up the available memory. For both OOC DT-Grid II and
OOC CDT-Grid I the performance is roughly the same and cen-
tered around 55% throughout the tests. The performance of OOC
DT-Grid II seems to degrade a little for very large level sets. In fact,
given enough memory OOC CDT-Grid I performs superior since it
compresses the topology in-core and only stores values out-of-core.

Clearly no variation of our framework performs as well as pure
in-core simulations using state-of-the-art data structures. However
we stress that our out-of-core framework generally delivers more
than 50% of this in-core peak performance—even for very high res-
olution simulations requiring up to 5.5GB of storage for a single
level set. The only exceptions are framework variations employing
value compression. The value codecs are relatively CPU intensive
and quantize the numerical distances to obtain good compression
ratios. Given a maximum allowed distortion this is convenient for
static models or level sets corresponding to particular frames in an
animation. However for online simulations care must be taken in
order to avoid the compression error to accumulate as discussed in
Section 6.2. We therefore advocate utilizing the out-of-core frame-
work possibly in combination with compression of the topology
for online simulations and a combined compression and out-of-core
framework for reduced offline storage and transfer of data needed
later in a production pipeline.

8.1.3 Offline Compression. Next we compare our compres-
sion framework to the compression scheme for hexahedral vol-
ume meshes by Isenburg and Alliez [2002] and associated scalar
values by Mascarenhas et al. [2004]. Unfortunately we are not
able to make a direct comparison to the benchmarks reported in
Mascarenhas et al. [2004]. First, only one of the data sets used in
the paper seems to be publicly available. Secondly, the tests are run
on hardware that we do not have access to, and finally only the
cell counts are reported. Fortunately, source code for the encoder
of Isenburg and Alliez is available online. It was then straightfor-
ward to extend this source code with the scalar value compression
method introduced in Mascarenhas et al. [2004]. It should be noted
that none of these compression techniques work out-of-core and
actually use a significant amount of memory (this is also noted in
Isenburg [2004], chapter 6). Consequently we are limited to evaluat-
ing relatively small grids sizes compared to what is used elsewhere
in this paper. Table III lists the compression times and compressed
sizes of several models. In these tests we used a 14-bit quantization
for the values. The times listed include only the time spent on com-
pression. This is due to the fact that the two methods we compare
use different data structures and the setup and load time of these
differ greatly. In particular the load time of the data structure by
Isenburg is significantly longer than the time for loading a DT-Grid
into memory. From Table III it can be seen that on average our
method is about 10 times faster and compresses 14% better.

Finally, Tables IV and V summarize performance of our compres-
sion framework applied to level set models with original sizes in the
order of several gigabytes. Since all models are available from the
public Stanford Scanning Repository, we hope these tables might es-
tablish benchmarks for future evaluations of level set compressions.
The timings include streaming to and from disk, and again a 14-bit
quantization was applied to the distance values. For these models
our compression method produces between 76% and 93% compres-
sion when compared to an uncompressed DT-Grid representation.
When compared to an uncompressed full grid representation, our
method consistently gives more than 99% compression for all these
examples. Note that the latter percentage is the one that should
be used when comparing our method to a volumetric method that
compresses the entire clamped signed distance field volume. From

Table III.
Comparison Between the Performance of Our
Compression Framework and the Methods of

Isenburg et al. and Mascarenhas et al. . Narrow Band
Width γ = 5. Tests Run on an 2.41GHz AMD with

1GB of Memory
Our Method Isenburg/Mascarenhas
Comp Comp Comp Comp
Time Size Time Size

Bunny, 89 × 88 × 71, 0.703 MB, 153818 grid points
0.188 s 0.160 MB 1.92 s 0.187 MB
Buddha, 128 × 58 × 57 , 0.778 MB, 173005 grid points
0.218 s 0.189 MB 2.19 s 0.217 MB
Statuette, 88 × 55 × 49, 0.303 MB, 66942 grid points
0.094 s 0.0789 MB 0.844 s 0.0872 MB

Table IV we can furthermore see the very low memory footprint of
the Slice Cache and probability tables associated with the arithmetic
coder. These two components are the main consumers of memory
in our offline compressor, since our prefetcher only utilized a single
32KB buffer for each component (6 in total). Hence for the largest
model compressed in the examples presented here, the overall mem-
ory usage is approximately 13MB. Notice also how efficiently our
method compresses the topology of the grid. This is evident from
Table V where the percentages of compression for the individual
components are listed. The only component that is not efficiently
compressed is coord1D which the DT-Grid in many cases already
represents using very few bytes due to its hierarchical index com-
pression (recall Figure 3).

Using the Metro tool [Cignoni et al. 1996] it is possible to mea-
sure the distortion between two meshes as the Hausdorff distance
normalized to the length of the bounding box diagonal. In our case
we can measure the distortion between meshes extracted from the
decompressed (includes quantization artifacts) and the original nar-
row band distance volumes. In general the distortion decreases as
the resolution increases. This is simply due to the fact that quan-
tization is applied in the narrow band whose (Euclidean) width is
decreasing as the grid resolution increases. In Tables IV and V the
distortion measured on the bunny in lowest resolution was 8.7−5,
which is the same order of magnitude as the distortions reported in
Lee et al. [2003]. We were not able to measure the distortion on the
higher resolution distance fields due to the large amount of triangles
generated by the extraction, but as we have argued, the distortion
decreases as the resolution is increased. However, in the future we
plan to implement a Metro tool equivalent that operates directly
on the level set. Using the framework described in this article the
Hausdorff distance can be evaluated simply by streaming the narrow
band distance fields through memory.

9. APPLICATIONS

In addition to the benchmarks presented in the previous section we
now present several applications of our out-of-core and compression
framework. This includes: 1) Shape modeling and deformations,
2) particle level sets, 3) out-of-core and compressed fluid simula-
tions, 4) out-of-core mesh-to-level-set scan conversion, 5) out-of-
core linear algebra and, 6) out-of-core solutions of Partial Differ-
ential Equations (PDEs) embedded on high resolution surfaces. In
this section the machine specifications are listed along with the de-
scription of each particular application.
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Table IV.
Compression Statistics for Various Level Set Models. Narrow Band Width, γ = 3. Quantization of Values to 14 Bits Per Grid Point.
Most of the Captions Should be Self-Explanatory Except Grid Point Count Which is the Number of Grid Points in the Narrow Band,

% Compress/DT-Grid Which is the Percentage of Compression Measured Against the Uncompressed DT-Grid Representation, %
Compress/FullGrid Which is the Percentage of Compression Measured Against an Uncompressed Full-Volume Grid Containing the
Narrow Band (this illustrates the efficiency of our framework seen as a full-volume compressor applied to a clamped signed distance

field), and Finally Max Mem Which is Reported for the Slice-Cache and the Probability Tables (Prob-Table) in MB
Compress Decompress Orig Comp Bits Per % % Max Mem
Wall Time Wall Time Size Size Grid Point Grid Point Compress/ Compress/ Slice-Cache/

Model (secs) (secs) (MB) (MB) Compressed Count DT-Grid Full-Grid Prob-Table

Lucy
487 × 281 × 833 4.61 4.42 17.8 4.43 9.10 4.09e6 75 99 0.31 / 1.5
1987 × 1142 × 3409 78.8 73.7 303 68.4 8.24 6.96e7 77 99 1.3 / 5.8
3987 × 2290 × 6844 313 301 1226 254 7.59 2.81e8 79 99 2.7 / 15
David
1186 × 487 × 283 7.27 7.05 28.6 6.46 8.29 6.54e6 77 99 0.37 / 2.0
4864 × 1987 × 1149 122 117 489 93.2 7.01 1.12e8 81 99 1.6 / 9.6
9768 × 3987 × 2304 487 469 1975 303 5.63 4.51e8 85 99 3.3 / 23
Bunny
491 × 487 × 381 3.73 3.63 15.8 2.91 7.18 3.41e6 82 99 0.20 / 0.82
1991 × 1974 × 1544 59.0 60.0 264 26.6 3.92 5.69e7 90 99 0.95 / 1.7
3991 × 3956 × 3094 237 239 1064 85 3.10 2.29e8 92 99 2.1 / 3.1
Buddha
1195 × 494 × 493 13.7 12.9 55.5 11.1 7.65 1.21e7 80 99 0.55 / 1.2
4848 × 1996 × 1993 213 210 919 116 4.86 2.01e8 87 99 2.4 / 3.7
9718 × 3998 × 3993 888 873 3695 370 3.84 8.08e8 90 99 5.0 / 8.0

Table V.
Compression Statistics for Various Level Set Models. Narrow Band Width, γ = 3. Quantization of Values to 14 Bits Per Grid Point. The

Table Lists the Bits Per Grid Point (BPGP) for the Original and Compressed Topology and Values Respectively. Additionally the
Percentage of Compression (% Comp) is Listed for Each Individual Component of the Topology as Well as the Values. The Number in

Parenthesis is the Percentage that this Particular Component Takes up of the Entire Uncompressed DT-Grid
Orig Comp Orig Comp % % % % % % %

Topology Topology Values Values Comp Comp Comp Comp Comp Comp Comp
Model BPGP BPGP BPGP BPGP coord1D coord2D coord3D val1D val2D val3D acc

Lucy
487 × 281 × 833 4.50 0.405 32 8.69 0 (0.0) 85 (0.0) 80 (5.4) 98 (0.0) 97 (1.4) 73 (88) 100 (5.5)
1987 × 1142 × 3409 4.57 0.256 32 7.34 0 (0.0) 89 (0.0) 88 (5.6) 99 (0.0) 99 (1.3) 77 (88) 100 (5.6)
3987 × 2290 × 6844 4.57 0.288 32 7.95 0 (0.0) 88 (0.0) 86 (5.6) 99 (0.0) 98 (1.3) 75 (88) 100 (5.6)
David
1186 × 487 × 283 4.67 0.376 32 7.91 0 (0.0) 84 (0.0) 83 (5.7) 99 (0.0) 97 (1.4) 75 (87) 100 (5.7)
4864 × 1987 × 1149 4.74 0.270 32 6.74 0 (0.0) 87 (0.0) 88 (5.8) 99 (0.0) 99 (1.4) 79 (87) 100 (5.8)
9768 × 3987 × 2304 4.74 0.232 32 5.40 0 (0.0) 87 (0.0) 89 (5.8) 99 (0.0) 99 (1.4) 83 (87) 100 (5.8)
Bunny
491 × 487 × 381 7.00 0.254 32 6.92 0 (0.0) 85 (0.0) 91 (7.2) 98 (0.0) 99 (3.6) 78 (82) 100 (7.2)
1991 × 1974 × 1544 6.94 0.223 32 3.69 0 (0.0) 88 (0.0) 92 (7.2) 99 (0.0) 99 (3.5) 88 (82) 100 (7.2)
3991 × 3956 × 3094 6.94 0.213 32 2.89 0 (0.0) 89 (0.0) 92 (7.2) 99 (0.0) 99 (3.5) 91 (82) 100 (7.2)
Buddha
1195 × 494 × 493 6.38 0.265 32 7.38 0 (0.0) 79 (0.0) 90 (6.8) 96 (0.0) 99 (3.0) 77 (83) 100 (6.8)
4848 × 1996 × 1993 6.36 0.215 32 4.65 0 (0.0) 84 (0.0) 92 (6.8) 98 (0.0) 99 (2.9) 88 (83) 100 (6.8)
9718 × 3998 × 3993 6.35 0.203 32 3.64 0 (0.0) 86 (0.0) 92 (6.8) 99 (0.0) 99 (2.9) 89 (83) 100 (6.8)
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Fig. 12. Level set morph between a 20483 bunny (304MB) and a highly detailed level set CSG bunny (1.62GB) modeled as an out-of-core CSG intersection
of the 20483 bunny (304MB) with a tiling of 203 smaller bunnies each at resolution 1283 (7.47GB). Reported sizes are in uncompressed DT-Grid format. Peak
storage requirements for the morph are close to 5GB.

Table VI.
Benchmark Numbers From the “Enright test”. The Table Provides the Number of

Grid Cells in the Narrow Band of the DT-Grid, the Number of Particles Used by the
Particle Level Set and the Memory Footprint of the Simulation with and without

Quantization. The Numbers Given in this Table are Calculated at the First Iteration
of the Simulation

8003 10243 15003 40963

Number of Grid cells 2.35M 3.85M 8.26M 61.6M
Number of Particles 34.6M 56.7M 122M 910M
Simulation Memory Footprint 1.22 GB 2.20 GB 4.4 GB 32.1 GB
Simulation Memory Footprint (quantized) 428 MB 772 MB 1.55 GB 11.3 GB

9.1 Shape Modeling and Deformations

The rightmost image in Figure 12 shows a highly detailed level set
model of a bunny (1.62GB) modeled as an out-of-core Constructive-
Solid-Geometry (CSG) intersection between a level set bunny at
resolution 20483 (304MB) and a 203 tiling of similar smaller level
set bunnies each at resolution 1283. The total size of the tiling of
level set bunnies is 7.47GB. The sizes are in uncompressed DT-Grid
format. Figure 12 depicts three frames from a shape metamorphosis
between the CSG bunny and the bunny at resolution 20483. The
simulation was run in 32bit Windows XP Pro on a 2.41GHz AMD
machine with 1GB of physical memory and a Western Digital Rap-
tor disk. The peak space requirements for this simulation are close
to 5GB in uncompressed DT-Grid format. The simulation was run
out-of-core at approximately 65% of the peak in-core DT-Grid per-
formance. Note that for large simulations like this, OS paging is not
even possible due to OS memory limits for a single application.14

The uncompressed storage-requirements for the entire simulation
were 342 GB. Using the compression method described in this pa-
per we compressed it to 83.6 GB (258 GB saved in total) without
introducing noticeable distortion. The grids were subsequently ren-
dered directly using a ray tracer with ray leaping of the level set.

14In 32-bit Windows XP Pro this is limited to 3 GB.

9.2 Out-of-Core and Compressed Particle Level Sets

To benchmark our out-of-core and compressed particle level set we
use the test from [Enright et al. 2002] where a sphere with radius
0.15 is placed in a unit computational domain at (0.35, 0.35, 0.35)
and advected in the following periodic and divergence free velocity
field [LeVeque 1996]

u (x, y, z) = 2sin2 (πx) sin (2πy) sin (2π z) cos (π t/T )
v (x, y, z) = −sin (2πx) sin2 (πy) sin (2π z) cos (π t/T )
w (x, y, z) = −sin (2πx) sin (2πy) sin2 (π z) cos (π t/T ) ,

(1)

where T is set to 3. In Table VI we list information about the size
of the particle level set used to represent the sphere. Table VII sum-
marizes the results when the simulation is run on a 2.4 GHz AMD
CPU with 2 GB of paired DDR400 memory and a 300GB Maxtor
SATA disk. The numbers provided are the average time per iteration
divided by the number of grid cells15 used by the simulation. This
gives a good measurement of the performance of the particle level
set since all our particle level set operations scale with the number
of grid cells in the narrow band. Table VII clearly shows that the

15The number of grid cells is measured in millions.
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Table VII.
Benchmark Numbers Showing Average Iteration

Time Divided by the Number of Grid Cells
(measured in millions) for Different Resolutions of

the “Enright test”. Each Value is Based on an
Average of the First 7 Iterations of the Solver. (Q)
Means that Our Quantized Particle Level Set was

Used. In-Core Tests were Not Possible (NP) Due to
Hardware Limitations for the 40963 Simulation and

Only Possible Using Quantization for the 15003

Simulation
8003 10243 15003 40963

In-Core 23.1 238 NP NP
Out-Of-Core 67.4 74.1 99.3 113
In-Core (Q) 24.1 24.3 25.4 NP
Out-Of-Core (Q) 24.4 26.0 26.4 39.4

in-core performance decreases drastically when the simulation runs
out of memory and is forced to rely on OS page-swapping. Even
though the 10243 simulation uses only slightly more than the avail-
able 2GB of memory, the performance has decreased significantly
compared to the one at 8003. This is most likely because the OS can-
not predict which memory pages will be accessed next and therefore
inadvertently swaps out data that is soon needed again. Note also
that for all benchmark resolutions the performance of the quantized
out-of-core particle level set is close to that of the in-core. Part of
this is caused by the in-core caching of data, but at large resolutions,
like 40963, this effect is naturally less significant.

9.3 Fluid Simulations

To showcase the capabilities of our out-of-core and compression
framework we have use it for large-scale fluid animations. Our fluid
solver is based on the Stable Fluid method of [Stam 1999] solved on
staggered volumetric DT-Grids similar to Houston et al. [2006]. Our
out-of-core and compressed particle level set is used to represent the
fluid interface and the out-of-core level set framework is used for
solid boundaries and surface velocities.

We present two fluid simulations of a fountain, the first with the
solid boundary level set sampled at a resolution of 471 × 495 × 471
voxels and the second at the resolution 931 × 1007 × 931 voxels.
These will be referred to as respectively the Fountain and Large
Fountain simulations. Both of these simulations were performed on
a 2.4 GHz AMD CPU with 2GB of memory and 300GB Maxtor
SATA disk. Figures 1 and 13 show snapshots from the Fountain
simulation and Figure 14 shows a snapshots from the Large Fountain
simulation. The effective simulation domain needed to enclose the
Fountain simulation is 471 × 1078 × 471 voxels. For the Large
Fountain 931 × 1567 × 931 voxels are needed.

9.4 Out-of-Core Scan Conversion

Based on Sean Mauch’s thesis work [2003], Houston et al. [2006]
developed an efficient mesh to level set scan converter. Specifically
it converts a closed oriented 2-manifold polygonal meshes into a
narrow band signed distance field representation using O(F + D)
time and memory, where F and D denote respectively the number
of faces in the mesh and the number of grid points in the narrow
band. However, this algorithm only works in-core, and consequently
resolutions of the input mesh and output level sets are limited by
the available memory. In fact for most models used in this paper
resolutions either exceed the virtual memory limits or result in OS

page swapping. To address this problem we have developed an out-
of-core extension to the method of Mauch [2003]. This extension
allows us to scan convert manifold mesh models into level sets of
unprecedented resolution. The only limitation on the sizes of input
meshes and output level sets is the available disk space. As can be
surmised from Table IX our out-of-core scan converter outperforms
in-core equivalents when model resolutions exceed the available
memory. Note also that the running times of the in-core scan con-
verter increases rapidly when the memory limit is approached. When
scan converting the bunny at 30003, the out-of-core scan converter is
roughly four times faster than the in-core scan converter. To the best
of our knowledge this is the first demonstration of a scan converter
that works fully out-of-core.

Our out-of-core algorithm begins by sorting the input mesh to
create a list of faces each represented by the vertex coordinates.
This list of faces is next used to partition the mesh into a number of
submeshes. Each submesh is then scan converted in-core using the
method of Mauch [2003], and the generated grid points are streamed
to disk. When all sub-meshes have been scan converted, the collec-
tion of generated grid points are sorted into (x, y, z) lexicographic
order using an external sort. The lexicographic order is required for
the construction of an out-of-core DT-Grid which constitutes the
final step. More specifically our algorithm performs the following
steps:

(1) The input mesh file is assumed to be a simple indexed triangle
set such as ply or obj. As a prelude to the mesh partitioning we
dereference all the vertex indices of the faces and create a list
of faces, l f , where each face is represented by the coordinates
of its three vertices. Doing this naively using random access
will in the worst case result in O(F) I/O operations, where F
is the number of faces, since each index may reference a vertex
currently on disk. Instead we can create the list of faces by
applying a number of external sorts similar to Chiang and Silva
[1997]. This can be done in O

(
F
B logM/B

F
B

)
I/O operations,

where F is the number of faces, M is the memory size and
B is the number of faces per disk block. The time complexity
is O(F log F). Briefly described, the dereferencing works as
follows: First we sort the list of faces according to the first
vertex index of each face. Next we simultaneously scan through
the sorted list of faces and the list of vertex positions and replace
the first vertex id of each face with its actual vertex coordinate.
This step is subsequently repeated for the second and third
index of each face respectively. The result is the list of faces,
l f , represented by their coordinates required for partitioning
the mesh.

(2) Next the mesh is partitioned into P × Q × R submeshes. P , Q,
and R depend on the amount of available memory, and in gen-
eral they are simply determined heuristically. The (p, q, r )′th
submesh consists of all the faces intersected by the (p, q, r )′th
subvolume resulting from dividing the bounding box of the
mesh into P × Q × R equally sized axis-aligned and nonover-
lapping subvolumes. To do the actual partitioning, a single scan
through the list of faces determines for each face which subvol-
umes it intersects. During this scan, data is streamed into a file,
f , containing 7-tuples consisting of the three vertex indices,
the coordinates of the three vertices, and the subvolume id that
this face maps into. Assuming that at most a constant number of
subvolumes intersect each face, the partitioning step requires
O( F

B ) I/O operations and has a time complexity of O(F).
(3) To apply the method of [Mauch 2003], all of the submeshes are

first converted into individual indexed face sets. This is done
by a single external sort and a subsequent scan through the
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Table VIII.
Scan Conversion Statistics for the Out-of-Core 2-Manifold Scan Converter. The Statistics are Divided Into Three

Categories: Timings, Storage Requirements and the Narrow Band Grid-Point Count. The Timings Include the Mesh
Load and Partitioning Time (Mesh L&P), Actual Scan Conversion Time (Scan Conv), Lexicographic Sort Time (Lexi

Sort) and DT-Grid Construction Time (DTGrid Const). The Storage Requirements Include the Original Mesh (Mesh I),
the Intermediate Sub-Mesh Structure (Mesh II), the Index-Value Container (IVC) Storing 4-Tuples of Grid Point

Indices and Corresponding Values (see step 5 below), and the Final (uncompressed) DT-Grid (DT-Grid). The
Explanations of the Steps Involved in the Timings and the Representations for Which Storage Sizes are Given can be

Found Below. The Narrow Band Width γ = 3. All Models are Courtesy of the Stanford Scanning Repository
Time [min:sec] Size [MB]

Mesh Scan Lexi DTGrid Mesh Mesh Grid-point

Model L&P Conv Sort Const Tot I II IVC DTGrid Count ×109

Lucy, #faces = 28055742, #vertices = 14027872
35000 × 20000 × 11500 70:50 278:24 839:40 198:21 1387:15 482 591 108060 36070 7.08
David, #faces = 7227031, #vertices = 3614098
29500 × 12000 × 7000 12:58 146:06 465:51 108:12 733:09 124.1 159.0 62325 20991 4.08
Bunny, #faces = 70064, #vertices = 35034
12000 × 12000 × 9500 0:07 179:29 272:04 54:37 506:17 1.203 3.652 31619 10307 2.07
Buddha, #faces = 1087716, #vertices = 543652
24500 × 10000 × 10000 1:40 318:01 617:30 143:14 1080:30 18.67 32 77340 27910 5.07

Table IX.
Comparison of Timings (measured in seconds) Between the In-Core and the

Out-of-Core Scan Converters for Scan Converting the Stanford Bunny in Increasing
Resolution with a Narrow Band Width of γ = 3. The Size in MB of the Uncompressed

DT-Grid is Given Below the Resolution. Using the In-Core Scan Converter it is Not
Possible (NP) to Scan Convert the Stanford Bunny in Resolution 40003 Because the

Overall Memory Usage of Mesh, Level Set and Intermediate Data Structures Exceed the
Virtual Memory Limits. The DT-Grid Construction is Time Not Included Since the
In-Core Scan Converter is Not Capable of Generating the DT-Grid for Resolutions

Equal to and Above 30003 Due to Virtual Memory Limits
2503 5003 10003 20003 30003 40003

Method 4.005 MB 16.97 MB 69.80 MB 283.1 MB 655.2 MB 1718 MB

In-Core 4.375 7.453 24.72 153.9 4227 NP
Out-Of-Core 10.20 21.25 67.61 423.1 1096 2049

sorted tuples in f . First the 7-tuples in f are sorted according
to their subvolume id. Next a scan through f generates an in-
dexed mesh representation for each sub-mesh. Since f is sorted
according to sub-volume id, the generation of a new sub mesh
commences as soon as a new sub volume-id is encountered.
Internally for each sub mesh, local vertex and face indices are
created with the use of a map data structure mapping from
global to local indices. The individual indexed sub meshes
are progressively streamed to disk. Again this step requires
O

(
F
B logM/B

F
B

)
I/O operations and has a time complexity of

O(F log F).
(4) Next the in-core scan converter of [Mauch 2003] is separately

applied on each sub mesh. The coordinates of the narrow band
grid points and associated signed distance values generated for
each sub mesh are streamed to disk as 4-tuples {x, y, z, φx,y,z}.
This is done in a way similar to Houston et al. [2006] which
ensures an O(F + D) time usage of the entire algorithm, where
D is the number of defined grid points in the narrow band. The
peak memory consumptions of the algorithm corresponds to
the size of the largest sub mesh plus the size of a single sub
volume. In terms of I/O operations the complexity of this step
is O( F+D

B ).

(5) Finally the 4-tuples generated above are sorted into (x, y, z)
order using a single external sort and the out-of-core level set
is constructed by sequentially inserting grid points into the lex-
icographic data structure of a DT-Grid. Due to the external sort
of grid points, this step requires O

(
D
B logM/B

D
B

)
I/O operations

and has a time complexity of O(D log D).

Note that steps (3) and (4) can be performed simultaneously such
that a submesh is scan converted as soon as it is generated. In this
way, it is not necessary to stream the submeshes to disk.

For large grids, the external sorting in Step 5 is usually the most
time-consuming due to the large number of narrow band grid points
generated. For the models in Table VIII, the number of grid points are
on the order of billions. Hence it is important to sort the grid points
using only a single pass over the file as opposed to three passes. In
our experience this gives a factor of 2.5 improvement in the time
spent on sorting. In practice the size of the sub volumes can just
be set to a heuristically determined size. For the scan conversions
presented in this paper we use a fixed subvolume of size 2563. Our
method uses a fairly large amount of intermediate disk space, but
storage requirements are still linear in the number of mesh faces and
narrow band grid points. The disk requirements can be reduced by

ACM Transactions on Graphics, Vol. 26, No. 4, Article 16, Publication date: October 2007.



Out-of-Core and Compressed Level Set Methods • 16:21

Fig. 13. Fluid simulation with an effective bounding box of 471 × 1078 ×
471. The scene contains a total of 43.1M voxels and 573M particles.

means of compression and a more compact sorting like Matias et al.
[2000]. This will however increase running times.

Table VIII lists several high resolution level set models and scan
conversion times. All scan conversions were done on an AMD
2.41GHz machine with 1GB of main memory and a Western Digi-
tal WD4000YR hard disk. The highest resolution model is the Lucy
which was scan converted into a 35000 × 20000 × 11500 narrow
band level set containing 7.08 billion grid points in the narrow band.
To the best of our knowledge this resolution is about an order of mag-
nitude larger than previously demonstrated in each dimension. We
realize that some of the models in Table VIII are over sampled in
terms of triangle to voxel resolution and the high resolutions are
meant merely to illustrate the power of the out-of-core framework.

9.5 Out-of-Core Linear Algebra

Systems of linear equations are often encountered in computer
graphics applications. Examples include solving the Poisson equa-
tion in the pressure projection step of the stable fluids method Stam
[1999] as well as integrations in time or space employing implicit
techniques like backward Euler or Crank-Nicholson. Typically these
systems of linear equations are sparse and positive definite which
means they can conveniently be solved using techniques like the
conjugate gradient (CG) method [Hestenes and Stiefel 1952]. This
iterative algorithm, and several others like Gauss-Seidel, works by
successively performing matrix vector operations until some con-
vergence criteria are satisfied.

Fig. 14. Fluid simulation with an effective bounding box of 931 × 1567 ×
931. The scene contains a total of 61.7M voxels and 332M particles.

Given the fact that our framework facilitates level set models of
sizes that far exceed the available memory it is therefore important to
have access to an out-of-core linear algebra library. To achieve this
we have augmented our out-of-core framework with a matrix vector
library supporting standard linear algebra operations. Specifically
we only consider algebraic operations that can be formulated using
sequential stencil access patterns to the elements of the matrices and
vectors. This is to avoid inefficient random access in the underlying
out-of-core data structure on disk. Fortunately, as in the case of
level set operations, most matrix vector operations are inherently
sequential.

Our implementation is based on the same out-of-core array that
stores scalar distance values in the level set framework. It maps
currently accessed parts of an array to in-core pages and streams
the remaining data to disk. It has been extended with out-of-core
vector and matrix classes that supports basic operations like +, −, ∗,
norms and dot-products. Our linear algebra library also supports the
following sparse storage formats: Coordinate storage, compressed
row storage, and diagonal banded storage.

We have made an extra effort to optimize a special sparse septa-
diagonal matrix class since it is used extensively in the application
discussed in the next section. We make the following constraint for
this matrix class: Each of the column indices of the seven nonzero
elements on each row is increasing between two consecutive rows.
This constraint is naturally fulfilled by matrices derived from the dis-
cretization of linear operators on structured lexicographic grids like
dense grids or sparse DT-Grids. It is important since it implies that
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the spacial coherency of a differential operator is preserved during
discretization. This in turn means we can utilize the stencil iterators
derived for cache-efficient access during level set operations.

Specifically the sparse septa-diagonal matrix is optimized to use
less storage than a corresponding compressed row storage format,
and in addition calculate matrix vector multiplications (Ax = b)
while looping over the x vector and the matrix A only once. This
is feasible by using stencil access into x. To see this consider row
ri of the multiplication Ax. The seven nonzero elements of A are
multiplied with corresponding elements of x and the sum is formed.
Next, to compute row ri+1 of Ax the column index of each of the el-
ements in the row is incremented by at least one. The corresponding
indices into x follow the same incremental access pattern. By em-
ploying a stencil of iterators in x we can perform the multiplication
with a single stencil pass. The upper bound for a 7-point sequential
stencil iteration is 7 passes. Using the out-of-core framework this
number comes close to optimal in practice. Similar behaviors were
discussed in section 5 and 8.1. We finally note that similar optimized
matrix vector multiplication schemes can readily be derived as long
as the matrix satisfies the simple constraint mentioned above.

To evaluate the performance of our out-of-core matrix vector li-
brary we have used a conjugate gradient reference implementation,
SparseLib and IML++ [Dongarra et al. 1994], and benchmarked
our sparse septa-diagonal matrix against the compressed sparse row
matrix bundled with IML++. The physics behind the system of
linear equations used in this benchmark is discussed in the next sec-
tion. For now it suffices to say that the matrices are septa-diagonal
and the systems are solved to the same precision.16 The results are
shown in Table X and clearly demonstrate the performance of the
out-of-core matrix vector library. For reasonable in-core sizes the
SparseLib classes naturally perform better, whereas the out-of-core
counterpart is 50% slower. However, as the size of the system of
equations increases beyond the available main memory the advan-
tage of the out-of-core library is evident. Whereas the in-core solver
suffers from considerable slowdown the throughput rate of the out-
of-core solver is almost unaffected. Additionally, the out-of-core
solver is not hampered by main memory address space limitations:
We show simulations that would need to allocate approximately
9 GB of memory. Simulations of this size are not possible to run
with algorithms that rely on 32-bit OS paging such as the Krylov-
subspace method by Toledo [1995]. We conclude that with our out-
of-core linear algebra library it is possible to solve very large sparse
linear systems at roughly a sixth of the peak in-core speed. At this
point, however, most of the matrix vector operations are I/O bound
and a combination of a specialized method such as Toledo’s and our
high performance matrix vector library could prove fruitful but is
left for future work.

9.6 Solving PDEs on Large Implicit Surfaces

As an out-of-core application of our framework we demonstrate how
we can solve PDEs directly on large level set surfaces. Specifically
we solve the wave-equation embedded on a surface which can be
expressed as [Xu and Zhao 2003]

∂2 f
∂t2

= ∇2
s f = ∇2 f − ∂2 f

∂n2
− κ

∂ f
∂n

(2)

where ∇2
s f is the surface Laplacian of some quantity f (e.g., pres-

sure) embedded on a level set surface, φ, κ = ∇ · ∇n is the mean
curvature of φ and ∂/∂n denotes the directional derivative along the

16Note however that the amortized throughputs listed in Table X are inde-
pendent of the precision.

Table X.
Benchmarking the Solution of Equation Systems Using the

Conjugate Gradient (CG) Algorithm with Different Data
Structures. Performance is Measured as Throughput Grid Points
Per Second. Specifically the Amortized Throughput Over a Full
Solution: Number of CG Iterations Times Number of Unknowns

Divided by Time in Seconds. Memory Footprint Denotes the
Theoretical In-Core System and Includes an Uncompressed

DT-Grid. Timings were Performed on a Macintosh G5 2.5GHz
with 2GB Main Memory and a Western Digital WD1600JD Hard

Drive
Model Memory Unknowns O OC MV Sparselib

Sphere 1003 4MB 40K 107K 1.5M
Bunny 2563 70MB 840K 970K 2.2M
Tog logo 10243 520MB 6.1M 1.3M 2.2M
Bunny 10243 2GB 28M 360K 150K
Tog logo 40963 9GB 110M 320K N/A

surface normal n = ∇φ/|∇φ|. This second order time-dependent
partial differential equation describes the propagation of a wave
embedded on a level set surface. To eliminate the last two terms
in Equation (2) we simultaneously solve the transport equation
∂ f/∂t = S(φ)∂ f/∂n till steady state, so that ∂ f/∂n = 0. S(φ)
is simply a sign function of φ that guarantees that information prop-
agates in the correct direction, i.e., away from the surface. For in-
creased performance we employ an implicit Crank-Nicholson time
discretization scheme that is unconditionally stable. To avoid ex-
cessive storage usage the simulated scalar fields can be compressed
with any of our codecs. For this type of scalar field we have found
the Lorenzo predictor to perform best. It can compress 14-bit quan-
tized data down to 3 bits per grid point value without visual artifacts.
Examples of the wave equation propagating on complex geometry is
shown in Figures 15, 16, and 17. Note that the former visualizes the
scalar field f as actual 3D displacements of the geometry, whereas
the latter two uses a simple color map of f .

10. CONCLUDING REMARKS

We have presented a novel level set framework that for the first time
allows representation and deformation of extreme resolution mod-
els, the only limitation being the amount of available disk space. Our
applications include fluid animations, shape modeling and transfor-
mations, scan conversion, and the solution of the wave equation on
large surfaces. The framework is based on two key components:
out-of-core data management and compression. The main contri-
butions of the out-of-core component is an application-specific and
near optimal paging policy as well as a fast prefetching algorithm.
The compression component contributes with codecs optimized for
level set distance values, topology as well as associated scalar fields
and particles. The performance of level set simulations in our out-
of-core component combined with compression of topology was
shown to be 50%–65% of the peak performance of the original in-
core DT-Grid which in turn has been shown to outperform other
state-of-the-art level set data structures [Houston et al. 2006]. The
performance of the out-of-core component is preserved for sim-
ulations at resolutions that far exceed physical memory. In con-
trast the performance of the normal in-core DT-Grid was shown
to dramatically decrease until the OS virtual memory limit pre-
vented the simulation from running. Benchmarks indicate that our
application-specific compression scheme is better and faster than
a related volumetric band compression method. It should be noted
that our framework is intended for very large level set simulations,
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Fig. 15. The wave equation simulated on detailed 3D text. Distribution of pressure is visualized both through the displaced surface and surface properties.
Resolution of model 512 × 250 × 200.

Fig. 16. The wave equation on highly detailed manifold. Resolution of model 1024 × 250 × 50. Distribution of pressure is visualized by color coded surface
properties.

Fig. 17. Evolution of the wave equation on 10243 Stanford Bunny model. Distribution of pressure is visualized by color coded surface properties.
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given the fact that it obviously cannot outperform pure in-core sim-
ulations given sufficient memory. The out-of-core and compression
approach taken in this paper is not the only means for increasing
the resolution of level set and fluid simulations. In particular par-
allelization techniques utilizing several computational nodes have
recently been demonstrated [Irving et al. 2006; Geiger et al. 2006].
This effectively increases the total amount of memory available for
simulation. We stress that our techniques should not be seen as an
alternative to these parallelization methods, in fact combining them
is a promising direction for future work. In addition we intend to in-
vestigate out-of-core, compression and parallelization techniques in
the context of adaptive level set methods where the grid cell size can
vary along the interface hence potentially increasing performance
even further [Milne 1995; Sussman et al. 1999; Tang et al. 2003].

Our framework is primarily optimized for the sequential data
access patterns encountered in level set simulations. Nevertheless,
almost all of the applications included in this paper completely avoid
random access. The only exception is ray-tracing, for which we are
currently exploring improved prefetching strategies. We also note
that simultaneous access to multiple out-of-core data structures will
generally reduce performance due to the latency of disk seeks. We
are currently investigating this by exploring strategies for automat-
ically assigning resources when several out-of-core data structures
are in play simultaneously. Our work addresses some of the ma-
jor memory bottlenecks in fluid animations, namely particle level
sets for the fluid interface, large boundaries and surface velocities.
The out-of-core particle level set method as described in this paper
is limited to particles moving at most one grid cell per iteration.
Extending it to semi-Lagrangian advection techniques is straight-
forward as long as the maximum distance traveled by a particle is
limited to a few grid cells. This is the case when utilizing narrow
bands. However, we note that it will require iteration with larger
stencils and require more bits to represent the quantized particles
with the same precision. Hence we leave an investigation of the
performance of such a method for future work. Furthermore, our
particle level sets do not employ any strategies for adaptive particle
seeding. Though such strategies can easily be used in conjunction
with our compressed and out-of-core particle level sets, we leave
this for future work. It should be stressed that this article does not
focus on streaming and compression of the volumetric fluid velocity
and pressure fields. These volumetric fields are already represented
on DT-Grid data structures and hence immediately amenable for
streaming and compression in our framework. However, due to the
larger scope of this project we plan to report on this in a future paper.

In closing, we strongly believe our framework to have a signif-
icant impact in several key areas in computer graphics, including
but not limited to, high-resolution fluid simulations and geometric
modeling.
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Abstract
We present a novel surface-tracking technique for free-surface fluid animations. Unlike the semi-implicit Par-
ticle Level Set method (PLS) our interface-tracking approach is purely implicit and hence avoids some of the
well-known issues like surface noise and inflated memory footprints. Where PLS augments the interface with
Lagrangian tracker-particles, we instead employ a higher resolution level set represented as a DT-Grid. The syn-
chronization of our dual-resolution level sets is facilitated by a novel Spatially Adaptive Morphological (SAM)
filter that attempts to preserve fine details while still avoiding spurious topology changes and boundary violations.
We demonstrate that our approach can achieve comparative results to the PLS, but with a fraction of the memory
footprint. We also show how our technique can be used to effectively enhance thin interface sheets at the cost of
volume gain.

Categories and Subject Descriptors (according to ACM
CCS): Computer Graphics [I.3.5]: Computational Geometry
and Object Modeling—Computer Graphics [I.3.7]: Three-
Dimensional Graphics and Realism—

1. Introduction

Interface tracking lies at the very heart of any free-surface
fluid animation. Some methods, notably SPH [MCG03]
and FLIP [ZB05], use particles (i.e. explicit geometry), to
track the deforming fluid/air interface. These Lagrangian ap-
proaches have the advantage that it is relatively easy to ac-
curately advect the particles in the fluid field. A major dis-
advantage is however that it can be very complicated to re-
construct the actual fluid/air interface from the tracker par-
ticles. Consequently implicit representations like level sets,
that can readily change topology, have become very popular
for fluid animations over the past decade. However, the ad-
vection of level sets can introduce numerical dissipation due
to limited grid resolution which in turn can lead to mass-loss
and erosion of surface details. To address this problem the
semi-implicit Particle Level Set (PLS) method [EFFM02]
was proposed. It effectively combines Lagrangian tracker
particles with an Eulerian level set and greatly reduces the
mass-loss associated with pure level sets. However, PLS is
know to introduce a large memory overhead due to the use
of typically 64 particles per voxel, can be surprisingly hard
to implement (i.e. minor variations in the parameters of the
particle-correction step of the PLS algorithm can introduce
dramatic changes) and has a tendency to introduce surface
noise.

Figure 1: Water flooding into a corridor. The water surface to the
left is tracked using a regular level set, the surface to the right uses
our dual resolution surface tracking method.

To redeem these issues we propose the use of a dual
resolution level set representation. This purely implicit ap-
proach effectively replaces the tracker particles by another
higher-resolution level set which in turn is represented by
the very compact narrow-band level set data-structure DT-
Grid [NM06]. This allows us to achieve comparable results
to the PLS, while dramatically reducing the memory foot-
print. Additionally the fact that our method is purely im-
plicit makes it relatively robust and easy to implement. The
key component of this dual-resolution level set approach is a
Spatially Adaptive Morphology (SAM) filter that effectively
establishes the relation between the two level sets at differ-
ent resolution. An example of the additional level of detail
that can be obtained with our method is shown in figure 1.
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2. Contributions

The contributions of this paper are twofold. Firstly we
present a spatially adaptive morphological (SAM) filter for
dual-resolution level set tracking of free surfaces in fluid an-
imations. Secondly we present a sheet preserving extension
of this filter (SP-SAM) that effectively prevents thin sheets
of fluid from dissipating due to limited sampling resolution.
Our work can be considered a purely implicit alternative to
the semi-explicit particle level set method.

3. The Spatially Adaptive Morphological Filter

At the core of our interface tracking algorithm is a dual-
resolution level set representation: Let φh denote the level set
representation of the fluid-air interface on a high-resolution
grid, and φl a filtered (i.e. down-sampled) version of φh on a
lower-resolution grid where the actual Navier-Stokes equa-
tion is solved for the velocity field vl . Let α denote the sam-
pling rate of φh divided by φl . The challenge is now to derive
φl from φh in a way that is feature-preserving and yet does
not violate boundary conditions and introduce unnecessary
topology changes. Once φl is defined we can compute vl
which in turn can be up-sampled to vh using simple inter-
polation. This finally allow us to advect φh through the level
set equation

∂φh
∂t

= vh ·∇φh (1)

Throughout this paper we will assume that φh and φl are
signed Euclidean distance fields with positive distances de-
fined on the outside of the interface and negative inside.

Let us start by noting that simply defining φl from a naive
down-sampling of φh can cause severe aliasing problems.
Although we are not explicitly rendering φl a poorly defined
low-resolution interface can cause problems when solving
the Navier-Stokes equations for vl which in turn will af-
fect φh through Eq. 1. The Eulerian fluid solver will only
be “aware” of the fluid region enclosed by φl and may thus
fail to take into account regions of fluid that can be repre-
sented by φh but not by φl . This problem has recently been
studied in [KSK09] by means of a so-called “liquid-biased
filter". This filter simply consists of a uniform dilation of
φh by 0.5∆xl , i.e. half the width of a low resolution voxel,
thus resulting in a φl where the thinnest possible feature
is still greater than one such voxel. As a result all features
in φh will be present in φl . However, the global nature of
the liquid biased filter can cause several problems. First of
all, if φh is in contact with a solid surface we may create
a φl that penetrates this surface by as much as 0.5∆xl po-
tentially causing boundary problems. Furthermore, this dila-
tion may cause topology changes in φl that are not present in
φh. This includes premature merging (e.g. colliding droplets)
and non-physical merging of, for example, separate surface
details moving in parallel close to each other without touch-

ing. Finally, we observe that dilation is not necessary for any
features of φh already large enough to be resolved on φl .

Based on these observations we have devised a Spatially
Adaptive Morphological (SAM) filter that is able to mitigate
aliasing problems during downsampling while still avoiding
the topology and boundary problems described above. Our
filtering algorithm consists of the following steps:

1. For every sample point x : |φ(x)h|< 1.5∆xh calculate the
surface normal nφh using an upwinding scheme [LOC94].

2. For every sample point x : |φ(x)h| < 1.5∆xh gather the
neighboring 2N sample points along the direction of the
surface normal nφh into a linear stencil S = {φh(x−
N∆xh),φh(x−(N−1)∆xh), ...,φh(x+N∆xh)}. Where we
suggest N ≥ α+ 1. See figure 2 for an illustration of the
7 point stencil, recommended when α = 2.

3. Along every stencil S calculate the thickness εn
φh

of φh.
Observe that φh may intersect the stencil multiple times,
in which case the thickness is calculated from the part of
φh that is closest to the center of the stencil. If φh crosses
the stencil multiple times, and the distance between two
such interfaces is less than some desired threshold ε f luid ,
make note of this. Also make a note of any cases where
the closest part of φh is in contact with a solid object. If
the stencil is too small to estimate the thickness of any
part of φh we set the estimated thickness to “infinity”.

4. For every grid point x close to the interface of φh calculate
the dilation function go f f set = max(εtarget−εn

φh
,0) where

εtarget is the desired minimum geometric thickness. At
this point we need to decide what to do if the interface
is close to either a solid or another part of the fluid as
detected in step 3.. In regions where φh has a solid or
fluid on both sides we should not widen the surface, i.e.
go f f set = 0. If on the other hand φh only has fluid or solid
on one side, and the current grid point x is close to the
side of the surface that is not in contact with the offend-
ing geometry, we keep go f f set as initially calculated. This
will in effect only widen the surface in the direction away
from the offending geometry, avoiding undesired pene-
tration or merging. If the relevant part of φh is free we set
go f f set = 0.5go f f set in order to compensate for the fact
that the surface will be widened on both sides.

5. The dilation, go f f set , estimated above will only be a good
approximation close to the interface and only when the
fluid is thin. Thus we extrapolation the surface estima-
tion of go f f set to the rest of the level set function φh by

means of the hyperbolic transport equation ∂go f f set (x)
∂t =

−nφh ·∇go f f set(x), with the interface locked as boundary
condition. This extrapolation will be such that the values
of go f f set are constant along the normals of φh thus gen-
erating a valid field for dilating the level set surface while
still maintaining the Euclidean signed distance property.

6. We now create a temporary widened level set function
φ(x)temp = φh(x)−g(x)o f f set ,∀x.

7. Finally φl(x) can be obtained by downsampling φ(x)temp

using for example trilinear interpolation.
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Note that the algorithm outlined above only modifies φl .
Consequently, even though we are adaptively dilating the
surface, this operation will not accumulate mass over time.

4. Sheet Preserving Adaptive Filter

The adaptive nature of the algorithm described in section 3
also allows us to explicitly preserve thin sheets of fluid if
desired. This can be done by applying our adaptive morpho-
logical filter to regions of φh that are deemed thin and free. In
order to accomplish this we extend the algorithm in section
3 as follows:

1. Calculate εn
φh

as described in section 3 step 1. - 3.
2. For every sample point x close to the interface of φh cal-

culate the surface offset function gwiden
o f f set = max(εwiden

target −
εn

φh
,0) where εwiden

target is the desired minimum sheet thick-
ness. If the surface closest to x is deemed not free then
gwiden

o f f set = 0 for that point, allowing the fluid to break
apart when contacting solid geometry and preventing un-
desired merging. To suppress undesired amplification of
surface noise we can optionally set gwiden

o f f set = 0 in regions
where the mean curvature is larger than a user-defined
threshold.

3. Extrapolate gwiden
o f f set as described in section 3 step 5.

4. Perform the dilation φ(x)h→ φ(x)h−g(x)widen
o f f set ,∀x.

For sufficiently large εwiden
target this Sheet Preserving Spatially

Adaptive Morphological (SP-SAM) filter will guarantee that
free parts of φh are always wide enough not to dissipate
due to limited grid resolution. This approach may of course
add mass to the simulation, however the amount added will
decrease with increasing resolution of φh since typically
εtarget = β∆xh where β is constant. Still, we deem the SP-
SAM filter most useful when significant sources are already
present in the simulation, or when persistent thin sheets of
fluid are more desirable than volume conservation.

Figure 2: Example of a normal-aligned 7 point stencil.

5. Results

The goal of this paper is to present an alternative to the fast
but memory demanding and sometimes noisy PLS method.
As such our main focus is on surface fidelity and low mem-
ory footprint. However, we also put emphasis on low com-
putational complexity and for this reason we will limit our-
selves to α = 2 throughout the rest of this paper. As can be
seen from the examples below this is sufficient to allow for
surface details comparative to the PLS. However, if more
surface detail is desired a larger α may be chosen. For all

examples below we use the parameters ε f luid = 1.05∆xl ,
εtarget = 1.05∆xl and εwiden

target = 2.1∆xh. In order to maxi-
mize the advantage of our higher resolution surface we solve
equation (1) trough high order explicit integration. For all
examples the HJ WENO [LOC94] and TVD Runge-Kutta
[SO88] methods were employed.

5.1. Breaking Dam Simulation

This example is intended to show the additional level of de-
tail that can be obtained by employing our method. A com-
parison between our surface tracking approach and several
other methods is shown in figure 3. Most notably we see that
our dual interface approach provides comparative results to
the PLS method without any surface noise. We also note that
the SAM and SP-SAM filters behave very similarly. This is
to be expected since the SP-SAM filter only widens surfaces
when needed and thus leaves the simulation untouched in
well behaved cases such as this.

Figure 3: Each row of images above show three snapshots (frame
40, 73 and 110) of the breaking dam simulation using different sur-
face tracking methods. From top to bottom these methods are: Single
level set at 1003 resolution, PLS at 1003, Dual level sets and SAM
filter at 1003/2003. Dual level sets and SP-SAM filter at 1003/2003.

5.2. Splash Simulation

This example tests the behavior of our method during ex-
treme stretching of the fluid. A comparison of frames from
this simulation using different surface tracking methods can
be found in figure 4. In this example we see the real value of
the SP-SAM filter. Where both a high resolution single level
set and a PLS fail to keep the sheets of fluid, our method
kicks in and creates a smooth, noiseless surface. Note that
as expected the surface still breaks apart on impact with the
pedestal.
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Figure 4: Each row of images above show three snapshots (frames
2, 30 and 69) of the Splash simulation using different surface track-
ing methods. From top to bottom the methods are: PLS at 1003 res-
olution, dual level sets & SAM at 1003/2003 and dual level sets &
SP-SAM at 1003/2003 .

1003 2003 3003 4003

Single level set 1.9 12.1 45.6 153
PLS 2.8 20.1 67.7 181
Dual + SAM 6.2 28.8 78.8 207
Dual + SP-SAM 6.3 31.8 96.6 212
Single level set 2x res 12.1 153 689 2261

Table 1: Benchmark results showing average time in sec-
onds per frame for the initial frames of the Braking Dam
simulation.

5.3. Computational cost

Table 1 shows the average computation time per frame for
the first couple of frames of the breaking dam simulation. In
table 2 we show the memory footprint associated with repre-
senting the fluid surface of the breaking dam simulation us-
ing different methods and resolutions. All methods use the
DT-Grid data structure. As can be seen our method is sligtly
slower than the PLS, but requires more than an order of mag-
nitude less memory.

6. Conclusions

We have presented a dual resolution purely implicit interface
tracking algorithm based on a spatially adaptive morphologi-
cal filter. We have also shown how this filter can be extended
to preserve thin sheets at the cost of volume gain. As can be
seen in figure 3 our algorithm allows us to capture additional
fluid surface details without increasing the resolution of the
fluid solver itself. From figures 3 and 4 we also conclude
that the visual appearance is similar to the level of detail ob-
tained by the common PLS method. In figure 4 we see that
our algorithm can be used to preserve thin sheets of fluid
even under extreme conditions. In all our tests we have also
observed that the resulting fluid surfaces are smooth and free
from the subtle noise often introduced by the PLS method. In

1003 2003 3003 4003

Single level set 0.21 0.80 1.79 3.18
SAM & SP-SAM 0.90 3.63 8.19 14.58
PLS 14.81 59.99 135.61 241.56

Table 2: Table showing initial memory footprints (in MB)
for the fluid surface of the breaking dam simulation. The PLS
uses a particle density of 64.

table 1 we show that the computational cost of our algorithm
is significantly less than if the full simulation was run at the
higher resolution. This emphasizes that our method provides
additional detail without introducing a significant computa-
tional overhead. In table 2 we also show that the memory
footprint of our method is more than an order of magnitude
less than that of the PLS - typically 16 times smaller.

The main disadvantage of our method is that it is slightly
more computationally expensive than the PLS method as can
be seen from table 1. Also, the difference in resolution be-
tween vl and φh could potentially lead to parts of φh moving
in an unphysical manner. However, our adaptive filter takes
several steps to mitigate this by attempting to avoid uninten-
tional merging of φh as it is downsampled.

All things considered we conclude that the method de-
scribed in this paper constitutes an effective implicit alter-
native to the PLS method. However we do not claim to have
invented the “silver-bullet” for fluid surface tracking, and we
acknowledge that the PLS is still an attractive method. Nev-
ertheless, we hope and expect that our method will become
yet another useful addition to the ever growing fluid anima-
tion toolbox.
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1. INTRODUCTION

In recent years there has been an increase in movie visual effects
based on Computational Fluid Dynamics (CFD). The most com-
mon CFD effects are computer generated fire and smoke but high
quality water animations have also appeared in several blockbuster
movies. At the core of these effects are typically the incompressible
Navier-Stokes equations. However, for some phenomena, like wa-
ter, the effect of viscosity is sometimes ignored and the Euler equa-
tions are solved instead. Though many methods exists for solving
the Navier-Stokes equations [Monaghan 1988; He and Luo 1997;
Zhu and Bridson 2005] among others, grid based Eulerian solvers
tend to be very popular when high quality results are desired. CFD
calculations in general, and Eulerian solvers in particular are how-
ever very computationally expensive. Consequently it is desirable
to limit the volume in which the simulation takes place, i.e. the sim-
ulation domain. Using a small domain can however cause its own
problems. One of these, undesired wave reflection, is the focus of
this paper.

Consider as an example a ship moving over a wide ocean; the
ship will generate waves as it pushes through the water and these
waves will travel outwards away from the ship. Close to the ves-
sel we want a realistic fluid simulation that accurately captures the
physics of this scenario - the waves breaking around the bow for
example. This requires a fairly accurate and thus typically slow
simulation method. In order to complete the simulation within a
reasonable timeframe we need to limit our simulation domain to
the close surroundings of the ship. However, the waves generated
by the ship will eventually reach and reflect off of the simulation
domain boundaries. These reflected waves can easily return to the
region of interest close to the ship causing wave patterns (i.e. inter-
ference) that should not exist for a lone vessel on an open ocean.
An example of such a scenario is depicted above. Note the dis-
tinctly different behavior of the fluid along the boundaries of the
“walled in” reference simulation (left) and the “true” open ocean
simulation (right).

In physics this type of problem is often encountered for com-
pressible fluid simulations - for example when simulating air-
flow around an aircraft as is done in [Hein et al. 2007;Özyörük
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2009] among many others. The typical solution is to employ non-
reflecting far-field boundaries instead of simple walls at the edge of
the simulation domain. One of the best known realizations of such
a non-reflecting boundary is the Perfectly Matched Layer (PML)
approach [Berenger 1994; Richards et al. 2004; Johnson 2007].In
physics one often deals with a continuous compressible medium
covering the entire simulation domain - wind, weather and acous-
tic simulations for example. However, in this paper we will instead
focus on developing a PML based, non-reflecting boundary con-
dition for visual effects oriented problems like the ship on open
water. This includes deriving a PML boundary formulation for the
incompressible Navier-Stokes equations as well as properly treat-
ing the dynamic fluid surface now present. We also aim to construct
a method for solving the resulting equations that is fast and stable
enough to be useful for visual effects.

In section 4 of this paper we derive such a boundary condition by
extending the work of Hu et al. [2008] to incompressible fluids in
the presence of an external force field. In section 5 we then describe
how to apply the resulting equations to free surface fluid animation.
This includes the steps necessary to handle the fluid surface as well
as how to properly deal with the transition from the regular simu-
lation domain to the reflection preventing boundary region. In sec-
tion 6 we present an algorithm for solving the relevant equations
based on the popular Stable Fluids approach [Stam 1999; Foster
and Fedkiw 2001; Fedkiw et al. 2001; Enright et al. 2002]. Sec-
tion 7 presents two additional methods for achieving low reflection
boundaries - explicit and implicit dampening. In section 8 we pro-
vide numerical examples aimed towards measuring and validating
the effectiveness of our PML boundary using explicit and implicit
dampening as comparisons. Finally we provide concluding remarks
in section 9.

2. PREVIOUS WORK

The first perfectly mathced layer approach was introduced by
Berenger in 1994 for computational electromagnetics [Berenger
1994]. Berenger used a split-variable formulation that was later
shown to be dynamically stable but only weakly well-posed [Abar-
banel and Gottlieb 1997]. Since then it has been shown that the
PML method is equivalent to a complex change of variables in the
frequency domain and that the PML equations can be formulated
in unsplit physical variables [Chew and Weedon 1994; Turkel and
Yefet 1998; Zhao and Cangellaris 1996]. The PML method was
first applied to computational fluid dynamics and computational
aeroacoustics starting with the linearized Euler equations in [Hu
1996]. In [Hu 2001b] it was later found that a necessary condition
for the PML method to work in this scenario was that all phys-
ical waves have consistent phase and group velocities. This con-
clusion was also reached independantly in [Bcache et al. 2003].
In response to this issue several new PML formulations have been
developed. In [Hu 2001a] a stable PML method for the linearized
Euler equations in the precense of a uniform mean-flow was pro-
posed. Equivalent methods have also been presented in [Bécache
et al. 2004; Hagstrom and Nazarov 2002; 2003]. Recently the PML
method has also been applied to the non-linear Euler [Hu 2006] and
Navier-Stokes equations [Hagstrom et al. 2005; Hu et al. 2008].

It is interesting to note that the fundamental idea of deriving ab-
sorbing boundary conditions by means of complex scaling of co-
ordinates, which forms the very basis of the PML,e.g. equation
(5), originates outside the field of computational fluid dynamics.
While it is virtually impossible to track its exact origin, this idea of
complex scaling has existed in quantum dynamics for a long time.
Specifically, it has successfully been applied to the study of atomic

and molecular dynamics in [Reinhardt 1982; Neuhasuer and Baer
1989; Museth and Leforestier 1996] among others.

In the fields of computer graphics and fluid animation simple
open boundaries for incompressible gas and smoke simulation has
been widely used for some time. Examples include [Stam 1999;
Fedkiw et al. 2001]. Compressible gas and smoke simulation is not
widely used in computer graphics, however PML boundaries con-
cerning this problem has been well studied in the field of computa-
tional acoustics as presented above. To the extent of our knowledge
non-trivial open boundaries for free surface incompressible flow
was first presented in [S̈oderstr̈om and Museth 2009] which consti-
tutes preliminary results of the current paper.

3. CONTRIBUTIONS

Our approach for deriving a non-reflective boundary condition for
the Navier-Stokes equations is primarily based on previous work
by Hu et al. [2008]. However, we make several novel contributions.
First of all we show how to extend PML type boundaries to incom-
pressible fluids in the presence of a free surface. We also derive
the equations necessary to handle conservative forces, like grav-
ity, in the boundary domain. Furthermore we present a novel algo-
rithm for solving the resulting equations based on the Stable Fluids
approach. Though our algorithm is not unconditionally stable we
describe a specialized time integration scheme that makes the sta-
bility condition independent of the boundary, allowing for fast and
stable simulations regardless of the amount of wave dampening ap-
plied. Finally we present a thorough analysis of the effect of the
various parameters involved in our boundary model as well as de-
scribing how to use both explicit and implicit geometry to represent
the boundary itself.

4. DERIVING A PML BOUNDARY CONDITION
FOR THE INCOMPRESSIBLE NAVIER-STOKES
EQUATIONS

In this section we will derive a formulation of the Navier-Stokes
equations that will be able to efficiently absorb any waves present
in the solution. The goal is to obtain wave dampening equations
that are matched to the behavior of the Navier-Stokes equations,
thus achieving better dampening results than simpler techniques.
We will deploy these matched equations in a boundary layer neigh-
bouring a region where the regular Navier-Stokes equations are
solved, thus obtaining a boundary capable of preventing reflections.
As we will see this approach results in directional dampening of
the Navier-Stokes momentum equations. We will also see that even
though we are dealing with an incompressible fluid our approach
leads to artificial sources and sinks in the boundary regions. This
pseudo-compressible behaviour allows our method to efficiently
absorb incoming waves by temporarily absorbing mass as well as
energy. We start the derivation of our boundary condition by con-
sidering the Navier-Stokes equations for incompressible flow, com-
monly written as

∂v
∂t

+ (v · ∇)v =
f
ρ
+ ν∇2v − ∇p

ρ
(1)

∇ · v = 0 (2)

wherev = (vx, vy, vz) is the fluid velocity vector field,p repre-
sents pressure,f denotes external forces,ν is the kinematic viscos-
ity andρ is the density of the fluid. Equation (2) and (1) can also be
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written in conservation form, resulting in the equation

∂u
∂t

+
∂F1

∂x
+

∂F2

∂y
+

∂F3

∂z
= f (3)

where

F1 =




ρvx
ρv2x + p− τxx
ρvxvy − τyx
ρvxvz − τzx


 ,F2 =




ρvy
ρvxvy − τxy
ρv2y + p− τyy
ρvyvz − τzy


 ,

F3 =




ρvz
ρvxvz − τxz
ρvyvz − τyz
ρv2z + p− τzz


 u =




ρ
ρvx
ρvy
ρvz


 , f =




0
fx
fy
fz




and

τxx = 2ρν ∂vx
∂x1

, τyy = 2ρν
∂vy
∂x2

, τzz = 2ρν ∂vz
∂x3

,

τxy = ρν
(

∂vx
∂x2

+
∂vy
∂x1

)
, τxz = ρν

(
∂vx
∂x3

+ ∂vz
∂x1

)
,

τyz = ρν
(

∂vy
∂x3

+ ∂vz
∂x2

)

Note that since we have assumed incompressibility we also know
thatρ(x, y, z, t) = ρ0 whereρ0 is the initial density field.

Our derivation below will be fairly math intensive, however,
many of the calculations will be similar for different vector compo-
nents and/or spatial directions. Thus in order to reduce the number
of equations and the size of each equation we will throughout this
paper use the following index notation: The indexα ∈ {0, 1, 2, 3}
will be used to enumerate vector components and the indexβ ∈
{1, 2, 3} denotes spatial directions. Thus the notationqα,β will de-
scribe 12 different variables, one for each vector component and
direction. The notationxβ ≡ {x1, x2, x3} represents the three spa-
tial variables commonly referred to asx, y andz. Using this no-
tation the incompressible Navier-Stokes equations in conservation
form can be written as

∂uα

∂t
+

∑

β

∂Fα,β

∂xβ

= fα (4)

Since the indexα = {0, 1, 2, 3} equation (4) actually describes
four equations - one for each vector component. The notationFα,β

denotes vector componentα of flux vectorβ, thus, for example,
F1,3 = ρvxvz − τxz. This notation is essentially equivalent to the
index notation typically used for matrices and vectors and in this
context it may be helpful to think ofFα,β as a matrix where each
flux vector constitutes one column. It is important to understand
that equation (3) and (4) are equivalent since we will make heavy
use of this type of notation throughout the paper.

The derivation below is based on the work of Hu et al. [2008],
however we will make a novel contribution in order to handle the
presence of external forces. For the scope of this paper we will also
limit ourselves to PML boundary conditions without the presence
of a mean-flow in the boundary region.

Our approach to obtaining a PML boundary formulation for the
incompressible Navier-Stokes equations is based on applying a
change of variables in the frequency domain. This approach has
successfully been used to realize PML type boundaries in [Hu et al.
2008; Berenger 1994; Richards et al. 2004; Hu 2001a] among oth-
ers. The transformation typically used is

x → x+
i

ω

∫ x1

x0

σ(x)dx (5)

whereω is the frequency,σ(x) is a dampening function to be deter-
mined later(σ(x) ≥ 0 ∀ x) andx0 is the position of the boundary

between the regular Navier-Stokes equations and the PML bound-
ary region. We will refer to this as theinner boundaryas opposed to
the solid wallouter boundariessurrounding the simulation domain.
The width of the PML boundary region is|x1 − x0|. To give an in-
tuition for the behaviour of this transformation, consider a complex
wave component of the form

ei(kx−ωt) (6)

If we apply (5) to (6) we obtain

ei(kx−ωt)e
− k

ω

∫ x1
x0

σxdx (7)

As can be seen the second term of equation (7) represents expo-
nential decay, assumingk

w
≥ 0 andσx ≥ 0, i.e. we can achieve

exponential dampening of wave components moving through the
region where the transformation (5) is used. We note that there are
some stability issues involved in guaranteeingk

w
≥ 0when a mean-

flow is present, a scenario well described in Hu [2008] among oth-
ers. However, since we assume that we have no mean-flow in the
boundary region this is not an issue we will address in this paper.

We will now derive the PML formulation for equation (4). We
start by writing the integral equation (5) as its differential equiva-
lent

∂

∂xβ

→ 1

1 + i
σβ

ω

∂

∂xβ

(8)

Since equation (8) operates on spatial differentials it will prove con-
venient to introduce the vectors

eβ =
∂v
∂xβ

(9)

We may now consider the flux vectorsFβ as functions ofu andeβ .
At this point we transform equation (4) and (9) to the frequency
domain and apply the transformation (8). This yields the equations

−iωũα +
∑

β

1

1 + i
σβ

ω

∂F̃α,β

∂xβ

= f̃α (10)

ẽβ =
1

1 + i
σβ

ω

∂ṽ
∂xβ

(11)

where we have used the symbol˜ to denote the frequency trans-
form. Note that equation (10) assumes that all wave components
can be written in the formei(g(x)−ωt) for some arbitrary functiong.
Our next step is to transform these equations back to the spatial do-
main. However, due to the presence of an external force term on the
right hand side of equation (10) we can no longer directly follow
the approach of Hu et al. [2008]. At this point we note that though
complex external force interactions may be present in the regular
simulation domain this will typically be some distance from the ac-
tual walls of the domain. Based on this we make the assumption
that all external forcesin the PML boundary regionare conserva-
tive. This obviously includes the force of gravity but could poten-
tially also be used for other types of interactions. Any conservative
forcef can be written in the form

f = −∇U (12)

whereU is the potential field associated withf. By applying equa-
tion 12 to equation 4 we can rewrite equation (10) as

−iωũα +
∑

β

1

1 + i
σβ

ω

∂
(
F̃α,β + δα,βŨ

)

∂xβ

= 0 (13)
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whereδα,β is the Kronecker delta symbol,i.e. δα,β = 1 if α = β
and 0 otherwise. Equation (11) and (13) are now in a form that can
be transformed back to their spatial representation by employing
the split variable approach described in [Berenger 1994; Hu 1995]
among others. We start by introducing the auxiliary variablesqα,β

which satisfies the equations

uα =
∑

β

qα,β (14)

−iωq̃α,β +
1

1 + i
σβ

ω

∂F̃α,β + δα,βŨ

∂xβ

= 0 (15)

Here the variablesq0,β can be interpreted as a vector density. It will
soon be evident that these potentially time dependant density com-
ponents results in the pseudo-compressible behaviour we described
in the beginning of this section. Consequently the variablesq2,β ,
q3,β andq4,β can be interpreted as components of a velocity tensor
field. We will later see that this tensor velocity allows for direc-
tional dampening of the Navier-Stokes momentum equation. The
relation between theqα,β tensor and the components{vx, vy, vz}
of the velocity vectorv can be obtained by tensor contraction of
qα,β along the directional indexβ, i.e. equation (14). The split of
equation (13) allows us to multiply the left and right hand side of
equation (11) and (15) with1 + i

σβ

ω
. This yields

(−iω + σβ)q̃α,β +
∂F̃α,β + δα,βŨ

∂xβ

= 0 (16)

(
1 + i

σβ

ω

)
ẽβ =

∂ṽ
∂xβ

(17)

To transform equation (17) into a partial differential equation we
now introduce the auxiliary variablesrβ , such that

∂rβ
∂t

= eβ (18)

After applying equation (18) to (17) we finally perform the trans-
formation back to the spatial domain and thus obtain the complete
set of equations describing the PML boundary condition for the
incompressible Navier-Stokes equations in the presence of a con-
servative external force:

∂qα,β

∂t
+ σβqα,β +

∂Fα,β + δα,βU

∂xβ

= 0 (19)

∂rβ
∂t

+ σβrβ − ∂v
∂xβ

= 0 (20)

eβ =
∂v
∂xβ

− σβrβ (21)

In addition to these equations we also have equation (14) describing
the relation betweenqα,β anduα.

The above set of equations can also be written in a somewhat
simpler and more familiar form by combining (19), (20), (21) and
(14):

∂u
∂t

+
∂F1

∂x1

+
∂F2

∂x2

+
∂F3

∂x3

+ σ1q1 + σ2q2 + σ3q3 = f (22)

or

∂v
∂t

+(v·∇)v=
f
ρ
+(∇·τ)T −∇p

ρ
−σ1Aq1−σ2Aq2−σ3Aq3(23)

∇·v=−σ1Bq1−σ2Bq2−σ3Bq3(24)

where

A =




0 1 0 0
0 0 1 0
0 0 0 1


 , B =

(
1 0 0 0

)
(25)

As can be seen the four equations in (3) have become twelve
equations for theqα,β fields, nine equations for therβ fields and
nine equations for theeβ fields for a grand total of 30 equations.
Additionally we have the three equations in (14) relatingqα,β and
v. This obviously increases the computational complexity when
solving equations (19) - (21), however, as we will show in sec-
tion 6 we can solve these equations approximatly. This will reduce
the number of equations and unknowns to 12, thus significantly re-
ducing the computational complexity and memory overhead of our
method. Still, the task of solving the system of equations presented
above may appear daunting. However, the solver presented in sec-
tion 6 will prove to be rather similar to the familiar Stable Fluids
method, showing that PML boundaries can be employed without
much complexity added to one of the common solution methods
used in computer graphics.

5. FREE SURFACE FLUID SIMULATION WITH PML
BOUNDARIES

Solving equations (19) - (21) in the compressible case, without the
presence of a free surface or external forces has been done in [Hu
et al. 2008] using the viscous aeroacoustic approach [Li and Gao
2005; 2008] together with a dispersion-relation-preserving scheme
[Tam and Webb 1993] and a high order Runge-Kutta scheme [Hu
et al. 1996]. However, we now seek a way to solve these equations
that is more appropriate for visual effects -i.e. a scheme forin-
compressiblefluids that is stable, fast and accurate enough to yield
visually pleasing results. Furthermore we want to be able to handle
external forces and the presence of a free surface. Below we will
outline our algorithm for solving equation (19) - (21) under these
conditions.

5.1 Boundary conditions for the velocity tensor

Next we shall derive appropriate Dirichlet boundary conditions
for the auxiliary variablesqα,β at solid boundaries. The Dirichlet
boundary condition for the velocity fieldv at a solid boundary reads

v · ns = vs · ns (26)

This simply states that the fluid velocityv along the boundary sur-
face normalns should equal the velocity of the boundaryvs along
the same normal. Thus we can extrapolate this condition to the ve-
locity related components of the tensor fieldqα,β , i.e. the compo-
nents whereα > 0, leading to the equation

qα,βn
s
α = qsα,βn

s
α, α > 0 (27)

wherens
α are the components of the boundary surface normal and

qsα,β is the tensor velocity of the boundary. Here we simply state
that for the fluid tensor field neighbouring a solid surface the vec-
tor associated with the plane to whichns

α is a normal component
equals the corresponding vector for the solid boundary. For the ve-
locity tensorT = qα,β , α > 0 we can write this condition as:

nT
s T = nT

s Ts (28)

HerenT
s denotes the transposed solid surface normal.

Due to the presence of a free surface we also need to apply an ap-
propriate boundary condition at the fluid/air interface. In this case

ACM Transactions on Graphics, Vol. 28, No. 4, Article 106, Publication date: August 2009.



A PML Based Non-Reflective Boundary for Free Surface Fluid Animation • 5

we will use a continuative boundary condition,i.e. we assume that
the motion of the medium surrounding our fluid is completely gov-
erned by the motion of the fluid itself. Thus we can apply the tensor
equivalent of the velocity extension algorithm described in [Osher
and Fedkiw 2002] among others. This amounts to solving the equa-
tion

∂qα,β

∂τ
+ n · ∇qα,β = 0 (29)

wheren is the fluid surface normal andτ is the fictous time used to
propagate the solution to a steady state. The solution to this equa-
tion will guarantee thatqα,β outside the fluid is constant along the
direction of the fluid surface normal.

5.2 The dampening function σ

The transition from the regular simulation domain to the PML
boundary region can be achieved in several ways. The simplest is to
assume that the dampening functionσ is a step function. However,
this is problematic since equation (21) will lead to terms of the form
∂σβrα,β

∂xβ
which makes the choice of a discontinuousσ function in-

appropriate. Furthermore we suspect that a smooth transition will
provide better numerical results. In [Richards et al. 2004] a transfer
function of the form

σ(x) =
xγ

ε
(30)

was used. The optimal choice ofγ was found to be problem depen-
dant, however a choice ofγ ≈ 2 generally provided good results.
However, due to the exponential nature of (7) we suspect that a
function more related to exponential growth might provide better
results. Thus we also introduce two trigonometric based dampen-
ing functions. The first is a smooth step function of height1 and
width ε:

σ(x) =





0 x < 0
1 x > ε
x
ε
− 1

2π
sin

(
2πx
ε

)
x ∈ [0, ε]

(31)

In section 8.1 we will evaluate this choice of function through nu-
merical experiments. We will also investigate the “half step” func-
tion

σ(x) =





0 x < 0
1 x > ε
x
ε
− 1

π
sin

(
πx
ε

)
x ∈ [0, ε]

(32)

as well as the function (30) withγ = 2.
The shape of function (31) for different values ofε can be seen

in figure 1 and a comparison between the three types of transfer
function mentioned above is shown in figure 2.
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Fig. 1. Smooth step dampening function for different values
of ε.
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Fig. 2. Comparison between the different transfer functions
described in section 5.2. For the step functionsε = 1.0
has been used. All functions have been normalized such that∫ 1

0
σ(x)dx = 0.5.

5.3 Estimating maximum dampening

Equation (7) indicates that our PML boundary condition can the-
oretically yield an exponentially decaying solution in the bound-
ary region. Thus we assume that the height of an incoming sur-
face wave will be dampened exponentially as it travels through the
domain. Based on this we approximate the amount of dampening
needed to reduce reflections by a factorD through the equation

1−D = e
− k

ω

∫ x1
x0

σmaxσ(x)dx ⇒ (33)

σmax = − ln(1−D)
k
ω

∫ x1

x0
σ(x)dx

,D ∈ [0, 1[ (34)

whereL is the width of the relevant boundary zone andD is the
desired dampening given as a fraction.D = 0.9 means that we de-
sire the boundary to reduce the incoming wave amplitude by 90%.
In order to simplify our scheme we want to avoid calculating the
fraction k

ω
. Thus we will assume

k

ω
= 1 (35)

and instead try to estimate the optimal dampeningD through ex-
periments in section 8.1. This approach essentially assumes that we
have a non-dispersive medium which typically is not true. Thus the
optimal σmax will be problem dependant under this assumption.
However, in section 8 we will show that aσmax estimated for one
scenario can be used with good dampening results in a multitude of
similar scenarios.
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5.4 Defining the boundary regions

For the PML boundary condition to work we need to define buffer
zones close to the actual solid wall boundaries. Inside these buffer
zones we apply the modified Navier-Stokes equations (19) - (21)
derived above, thus achieving absorption of waves entering this
region. Outside the buffer zones we solve the regular, unmodi-
fied Navier-Stokes equations. In order to define these regions we
present two methods - an explicit axis-aligned boundary and an
implicit boundary for general, complex shapes.

Axis-aligned boundaries.The first method puts emphasis on
the directional nature of the PML boundary representation derived
above. Theσ = {σ1, σ2, σ3} vector defines the dampening in each
Cartesian direction and by placing planes in these directions we can
define regions in which only oneσ component is non-zero. An ex-
ample of this can be seen in figure 3. Note that the corners of the
simulation domain will have two non-zeroσ components (in 2D).

Fig. 3. An example of boundary zones. The dashed lines are the
inner boundaries and the thick outer rectangle is the outer bound-
aries -i.e. the actual physical walls of the simulation domain. In the
area in the middle we solve the regular, undampened Navier-Stokes
equations.

Level Set Boundaries.For complex boundary shapes we will
use level sets [Adalsteinsson and Sethian 1995; Osher and Fed-
kiw 2002] to represent the PML boundary region. For compact
and efficient storage of boundaries regardless of their complexity
we employ the compressed tubular level set framework of [Nielsen
et al. 2007]. Using level set boundaries we can calculate normals at
any point in the boundary domain. This allows us to calculate the
amount of dampening applied at a pointp through

σ = σn (36)

whereσ is given by equation (31) andn is the normal of the level
curve that intersectsp.

6. SOLVING THE WAVE ABSORBING
NAVIER-STOKES EQUATIONS

In this section we will show how to solve our modified Navier-
Stokes equations in the PML boundary region. Our approach will
be based on the popular Stable Fluids method and we will also use
the regular Stable Fluids algorithm to solve for the velocity field
outside of our PML boundaries. Note that in the boundary region
we will typically deal with the auxiliary variablesqα,β which can
be seen as a tensor velocity field forα > 0 and theq0,β components

can be interpreted as a vector density. The regular velocity field
v can at any time be obtained through equation (14). By making
use of the operator splitting approach of the Stable Fluids method
our scheme for updating the auxiliary tensor fieldQ ≡ qα,β one
timestep will be

Qt
dampen & advect→ Q1

viscosity→ Q2
forces→ Q3

project→ Qt+∆t

where Qt is the solution at the beginning of our timestep and
Qt+∆t is the new solution to the boundary equations at timet+∆t.

In order to facilitate this approach we start by noting that equa-
tion (19) can be written as




α = 0 :
∂qα,β

∂t
+σβqα,β+

∂vβ
∂xβ

=0

α = 1, 2, 3 :
∂qα,β

∂t
+σβqα,β+

∂vαvβ
∂xβ

+δα,β
1
ρ

∂Uβ

∂xβ
− ∂τα,β

∂xβ
+δα,β

1
ρ

∂p
∂xβ

=0

(37)

The first row of (37),i.e.α = 0 corresponds to the conservation of
mass and describes the pseudo-compressible nature of our bound-
aries. This equation will be tightly coupled with the projection step.
The remaining three equations of (37),i.e. α = {1, 2, 3} corre-
sponds to the conservation of momentum. By introducing the in-
dex λ = {1, 2, 3} and using the operator splitting approach we
can identify the integration steps of the Stable Fluids algorithm as
follows:

—Dampened Self-advection:
∂qλ,β

∂t
+ σβqλ,β +

∂vλvβ
∂xβ

= 0

—Viscosity:
∂qλ,β

∂t
− ∂τλ,β

∂xβ
= 0

—External forces:
∂qλ,β

∂t
+ δλ,β

∂U
∂xβ

= 0

—Projection:
∂qλ,β

∂t
+ δλ,β

1
ρ

∂p
∂xβ

= 0 and
∂q0,β
∂t

+
∂vβ
∂xβ

= 0

We will now go through each of these equations and describe how
they can be solved.

6.1 The dampened self-advection term

The first step of our solution algorithm is to obtain the fieldQ1 from
Qt by accounting for dampening and self-advection. This amounts
to solving the equation

∂qλ,β
∂t

+ σβqλ,β +
∂vλvβ
∂xβ

= 0 (38)

We also solve the equation

∂q0,β
∂t

+ σβq0,β +
∂vβ
∂xβ

= 0 (39)

i.e. the first equation of (37) during this step. We have as of yet not
been able to construct an unconditionally stable integration scheme
for equation (38) and (39) and thus for the scope of this paper we
will focus on solving equation (38) and (39) through explicit in-
tegration. However, we will derive an explicit integration scheme
with a stability condition that is independent of the dampeningσβ ,
hence allowing for fast integration even for very largeσmax. In sec-
tion 8.1.4 we will show that the reflection preventing properties of
our boundaries are virtually unaffected by the use of this scheme.
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Our first step is to assume thatvβ is constant during each
timestep,i.e. the same assumption employed by the Stable Fluids
method. This allows us to treat equation (38) as dampened advec-
tion, as opposed to dampened self-advection. Inspired by the anal-
ysis in [Baldauf 2008] we will solve this equation using third order
TVD Runge-Kutta [Shu and Osher 1988] together with fifth order
WENO upwinding [Liu et al. 1994]. Note that though the scheme
below is derived for equation (38) the equivalent method can be
used for solving equation (39). We now make the assumption that
∂vλvβ
∂xβ

is constant during our timestep. By making this assumption

we can reduce equation (38) to a first order ODE to which the so-
lution is

qλ,β = − C

σβ

+

(
q0λ,β +

C

σβ

)
e−σβt (40)

whereC =
∂vλvβ
∂xβ

andq0λ,β is the value ofqλ,β at the beginning

of the current timestep. Equation (40) can now be seen as a model
approximating equation (38) for small timesteps. Thus we propose
to use this model instead of equation (38) when integrating the self-
advection term in the boundary region. Note that equation (40) is
also well behaved forσβ → 0.

Assuming thatqλ,β follows the model in equation (40), andσβ

is time independent we next see that

∂qλ,β
∂t

=
∂

∂t

(
− C

σβ

+

(
q0λ,β +

C

σβ

)
e−σβt

)
⇒ (41)

∂qλ,β
∂t

= −q0λ,βσβe
−σβt − Ce−σβt (42)

which when discretized can be integrated by parts using the opera-
tor splitting approach employed by the Stable Fluids method. The
scheme for updatingqλ,β will be

q0λ,β → q1λ,β → q2λ,β

whereq0λ,β is the initialq field andq2λ,β is the resulting field after
solving equation (42). The fieldq1λ,β can be calculated fromq0λ,β
by solving

∂qλ,β
∂t

= −q0λ,βσβe
−σβt (43)

andq2λ,β can then be calculated fromq1λ,β by solving

∂qλ,β
∂t

= −Ce−σβt (44)

The assumption of pure advection allows us to write equation
(44) as

∂qλ,β
∂t

= −vβe
−σβt ∂vλ

∂xβ

(45)

which when discretized has a CFL stability condition limited by
|vβe−σβt|. Since we know thatσβ ≥ 0 andt ≥ 0 this condition
will at worst be equal to that of the undampened advection. Thus,
using the model in equation (40) the stability of equation (44) is not
adversely affected by the size of the dampening coefficientσβ .

In order to investigate the stability of equation (43) we assume
that it will be solved using simple first order Euler integration. This
gives us

qt+∆t
λ,β =

(
1−∆tσβe

−σβ∆t
)
q0λ,β (46)

whereqt+∆t
λ,β is our approximate solution to (43) at timet+∆t and

q0λ,β is the solution at time t. We now note that

σβ∆te−σβ∆t ∈ [0, e−1], ∀ σβ ≥ 0, ∀ ∆t ≥ 0 (47)

Performing Von Neumann stability analysis of equation (46) read-
ily shows that it is unconditionally stable since∆t ≥ 0 andσβ ≥ 0.
However, note that the combined scheme still has a CFL stability
condition due to equation (44). As a result we conclude that by inte-
grating equation (40) instead of (38) we have obtained a numerical
scheme with a stability condition that is not adversely affected by
the size ofσβ . The above reasoning is valid for first order time dis-
cretization. However, it follows that any higher order scheme that
can be described as a convex combination of such first order inte-
gration steps, e.g. the TVD Runge-Kutta scheme, will also have a
CFL stability condition equivalent to that of this first order method.
For the specific stability conditions of such higher order schemes
consider for example the work by Gottlieb and Shu [1998].

6.2 The viscosity term

In order to obtain the fieldQ2 from Q1 we need to account for the
effect of viscosity through the equation

∂qλ,β
∂t

=
∂τλ,β
∂xβ

(48)

which, assuming incompressibility and constant viscosity, can be
written as

∂qλ,β
∂t

= ν
∂eλ,β
∂xβ

(49)

For incompressible flow this equation is dominantly parabolic and
thus numerically troublesome. Though we can solve equation (49)
through explicit integration we consider this too slow to be practi-
cal. The stable fluids approach solves this problem through implicit
integration and thus we attempt to do the same. By substitutingeλ,β
from equation (21) we arrive at the following equation describing
the effect of viscosity in the PML boundary:

∂qλ,β
∂t

= ν
∂
(

∂vλ
∂xβ

− σβrλ,β

)

∂xβ

(50)

Using equation (14) we can rewrite this as

∂v
∂t

= ν∇2v − ν
∂σ1r1
∂x̄1

− ν
∂σ2r2
∂x̄2

− ν
∂σ3r3
∂x̄3

(51)

which tells us that this term consists of the familiar velocity dif-
fusion term and a set of correction terms containing the auxiliary
tensor fieldrβ . In order to solve for this term in a fast and efficient
manner we will make the assumption that the contribution of the
correction terms in equation (51) is small. That this can be the case
is supported by the experimental results in section 8.2. Thus, for the
scope of this paper, we will focus only on the diffusive part of equa-
tion (49) and drop the auxiliary variablesrβ entirely. This greatly
reduces the number of auxillary variables needed by our scheme
and leaves us with the equation

∂qλ,β
∂t

= ν
∂2vλ
∂x2

β

(52)

which we solve through implicit integration using the Conjugate
Gradient method.
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6.3 External force term

At this point we can proceed to calculate the fieldQ3 from Q2 by
solving the equation

∂qλ,β
∂t

+ δλ,β
∂U

∂xβ

= 0 (53)

To solve equation (53) we use first order Euler integration ifU is
time independent and third order TVD Runge-Kutta otherwise.

6.4 Pressure correction

As the final step of our solution algorithm we want to account for
the effects of internal pressure. In order to do so we employ a mod-
ified version of the projection method of [Chorin 1968]. First we
apply equation (14) to calculate the velocity fieldu from the tensor
field Q3. At this point we note that the right hand side of equation
(24) is not zero, implying that the auxiliary variablesq0,β act as
sources and sinks in the boundary region. Thus we interpret them
as such and modify the standard projection step with these artifi-
cial sources/sinks added to the pressure Poisson equation. This will
account for the pseudo compressible nature of our boundaries. The
modified projection equation becomes

∆t

ρ
∇2p = ∇v + σ1Bq1 + σ2Bq2 + σ3Bq3 (54)

and its solution gives us the fieldp which can be interpreted as
pressure. We can now obtain our final tensor fieldQt+∆ from Q3

by solving the equation

∂qλ,β
∂t

= −δλ,β
1

ρ

∂p

∂xβ

(55)

7. ADDITIONAL REFLECTION REDUCING
TECHNIQUES

In order to test the performance of our wave absorbing boundary we
will compare its effectiveness against two additional reflection pre-
venting techniques which we denote respectively “Explicit damp-
ening” and “Implicit dampening” [Richards et al. 2004]. Both these
methods are well known in the field of physics but to the extent of
our knowledge neither of them has previously been applied to free
surface incompressible flow.

7.1 Explicit dampening

As with our PML based method this technique also relies on bound-
ary zones in which alternative physics is applied in order to achieve
dampening of wave reflections. Explicit dampening is a very simple
wave dampening method that works by direct modification of the
velocity field. Though high quality results can be obtained through
this method large boundary zones are typically required for it to be
effective [Richards et al. 2004]. The explicit dampening boundary
condition can be formulated as

unew = v − (v − vtarget)σ (56)

wherev is the velocity field,vtarget is the target velocity at the solid
boundary andσ is a spatially varying function that is zero outside
the boundary region and one close to the actual physical boundaries
of the simulation domain. Equation (56) is applied at every iteration
of the fluid solver and achieves dampening by simply reducing the
velocity vectors in the boundary region. In [Richards et al. 2004] a

transfer function of the form

σ =

(
d

L

)γ

(57)

was used for dampening the compressible Euler equations. In equa-
tion (57)d is the distance from the outer boundary (the wall) and
L is the width of the dampening region. The optimal value forγ is
problem dependant. However, as demonstrated in [Richards et al.
2004],γ ∈ [2, 2.5] appears to be an overall good choice and thus
we use this transfer function withγ = 2 in our tests. A signifi-
cant problem with the explicit dampening method is to determine
the optimal target velocityvtarget. Ideally this velocity at the outer
boundary should be such that a reflected wave is completely damp-
ened out the moment before it reaches the inner boundary again.
However, due to the unpredictable dampening performance of the
explicit method such a target velocity is non-trivial to estimate in
general. Thus we find that the best choice for a general scenario is
vtarget = 0, i.e. that all wave motion at theouter boundaryhas
been completely dampened out. Thus our explicit dampening for-
mulation becomes

unew = u − u
(
d

L

)2

(58)

7.2 Implicit dampening

We will also make use of implicit dampening, another fairly simple
technique for reducing wave reflection. In this case we add a damp-
ening term to the Navier-Stokes equations and solve the resulting
equations using the Stable Fluids method. This method requires
fairly small timesteps for large values ofσ and can hence be rather
slow. The Navier-Stokes equations for implicit dampening in the
boundary region reads

∇ · v = 0 (59)
∂v
∂t

+ (v · ∇)v =
f
ρ
+ ν∇2v − ∇p

ρ
− σv (60)

For these equations we will use the sameσ function as for our PML
method,i.e.equation (31).

8. RESULTS

In order to test the behavior and performance of our PML based
boundary condition we have run a series of simulations correspond-
ing to graphics scenarios where wave reflection is undesirable. In
order to measure the effectiveness of the non-reflective boundaries
we look at the total kinetic energy of the simulation

∫

V ol

1

2
u · udV (61)

as well as the flux
∫

δV ol

u · nδV oldA (62)

through the planes separating the simulation domain from the
dampening zones near the boundary. We also use visualizations of
the offset of the water surface from its equilibrium state in order to
better show the wave patterns that develop on the fluid surface. The
color map used for the surface offset visualizations are provided
to the right of these figures and measures the height of the fluid
surface in voxels.
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8.1 The Pebble in the Pond

Our first test simulation corresponds to a drop of water hitting the
surface of a pond, generating waves that propagate outwards in
rings. This setup is fairly simple and controlled and thus we will
use it to investigate the effect of several of the parameters involved
in the PML boundary formulation. For all tests in this section a
simulation domain of 165x70x165 voxels was used.

8.1.1 Transfer function comparison.When moving from the
regular simulation region to the boundary region we need to change
σβ from 0 toσmax. This can be done through a simple step function
but we suspect that a smoother transition will yield better results.
The transfer functions tested can be seen in figure 1 and 2. In the
figures below we have described the step widthε as a fraction of the
boundary width. The dampening percentage is calculated through
equation (34) withk

ω
= 1, thus 99% dampening equalsσmax ≈ 77.

As can be seen from the results displayed in figure 4 the sharpness
of our smooth step function does make a difference. Forε = 0.1 we
see a distinct interference pattern after around 8 seconds. Due to the
construction of our simulation this deviation from a pure decaying
oscillation must be caused by wave reflection. We can also see that
though good results are obtained forε > 0.4 the best result seem
to be obtained forε = 1 and thus we conclude that this is the best
shape of the “smooth step” transfer function.

Since a sharp transfer function has a larger integration area and
thus results in more aggressive dampening for a givenσmax we
need to test the effect of differentσmax on the smooth step function
with low values ofε. This in order to verify that the differences in
figure 4 are due only to the shape of the transfer function and not the
increased integration area. As can be seen from the results in figure
5 even atσmax = 38, i.e. roughly half of what is used in figure
4 we see a distinct interference pattern. This is consistent with the
previous claim that a smooth transfer function is the most appropri-
ate. Note that since the difference in area between the smooth step
at ε = 1 andε = 0.1 is approximatly 2 the amount of dampening
provided by the smooth step withε = 0.1 andσmax = 38 should
roughly equal that of the smooth step withε = 1 andσmax = 77.

We now proceed to investigate the effectiveness of the two ad-
ditional transfer functions presented in section 5.2,i.e. equation
30 and 32. In order to make this a fair comparison we have nor-
malized all functions so that the integral of the dampening func-
tion across the boundary is the same as for our step function. This
should ensure that the amount of dampening is the same and any
differences are only caused by the shape of the function. As can be
seen from the results in figure 6 all transfer function shapes tested
do a good job at preventing reflections. The symmetric step func-
tion does however absorb less kinetic energy while still preventing
reflection as well as the other two shapes. Thus we conclude that
this shape is the most effective. However, from figure 4 and 6 it is
evident that as long as the function is fairly smooth it is effective
for preventing reflection.

8.1.2 Effect of differentσmax. We now proceed to investigate
the effect of differentσmax on the smoothest step function (step-
width = 1.0). As can be seen in figure 7 we have almost no wave
reflections for all our tested values ofσmax. However, if we look
closely we can see that the result for 99% dampening is better than
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Fig. 4. Energy and flux profiles for varying shape of the “smooth
step” boundary transfer function. The step width (i.e. ε) is given as
a fraction of the boundary width which is 6% of the width of the
simulation domain (i.e.10 voxels) for this simulation.
for both 95% and 99.9%. Thus we conclude that for this simulation
an optimum exists close toσmax = 77, i.e. 99% dampening and
we will use this setting henceforth.

8.1.3 Effect of boundary width.Next we will investigate the
importance of the width of the dampening region. The results of
this test can be seen in figure 8. Here we see the expected result that
the performance of our boundary is better the wider the boundary
region is. We also note that a width of 6%,i.e. 10 voxels seems to
be sufficient and even 3% is enough to prevent most of the wave
reflection.

8.1.4 Effect of PML stabilization.In section 6.1 we have de-
rived a method to stabilize the time integration for large values
of σ. We now investigate the effect of this approach on dampen-
ing performance and stability. For this test we will not adapt our
timestepping to the requirements of our boundary condition. In-
stead we will only use the timestepping constraint associated with
the undampened simulation,i.e. σ = 0. As can be seen in figure
9 this does cause an instability for the aggressive case of a narrow
boundary and a desired reflection of 1% of the incoming wave am-
plitude. However, as we enable our time integration stabilization,
without any changes to the timestepping condition itself, the sim-
ulation is once again stable. We also see that the shape of the flux
plots in figure 9 show an exponentially decaying oscillation for all
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Fig. 5. This graph shows the effect of differentσmax on an aggres-
sive transfer function (stepwidth = 0.1). A smooth step (stepwidth
= 1.0) is provided as a reference. 90%, 95% and 99% dampening
corresponds toσmax = 38, 50 and 77 in this test.

stable test cases - indicating no detectable reflection. However, the
aggressive dampening of the 3% boundary (with proper timestep-
ping) evidently dissipates a lot of energy from the simulation. We
suspect that this may be caused by increased numerical dissipation
due to the increased number of iterations needed to obtain a sta-
ble solution for this case. Another possible explanation is that the
large amount of dampening necessary to obtain 1% reflection for
this extreme case is responsible for removing excessive amounts of
energy from the rest of the simulation domain. In either case the re-
sults shown in figure 9 indicates that for very aggressive dampening
our PML stabilization scheme is in some cases preferable to proper
timestepping not only because of low computational cost but also
with regard to visual quality of the simulation.

8.1.5 Boundary effectiveness.Finally we compare the effec-
tiveness of our three reflection preventing methods - explicit damp-
ening, implicit dampening and our PML based wave absorbing ap-
proach. For these tests we have used a 6% boundary thickness and
our boundaries once again use the time integration stabilization de-
scribed in 6.1. As can be seen from the energy and flux graphs in
figure 10 the superior performance of our method is evident under
these conditions. This result is further supported when looking at
the fluid surface offset visualizations,i.e. wave pattern visualiza-
tions, provided in figures 11 to 14. We see that all methods except
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Fig. 6. Comparison between our three different types ofσ func-
tion: The smooth step (31), the half step (32) and the quadratic
function (30). For all testsσmax = 77 and the boundary width is
6%.

our PML based method exhibit clearly visible interference patterns
caused by undesired wave reflections from the physical walls of the
simulation domain. When looking at the graphs in figure 8 and 10
it is also interesting to note that our boundary condition at half the
boundary width,i.e. 3%, is still more effective then both explicit
and implicit dampening in this test.

8.1.6 Speed comparison.In the boundary domain our method
needs up to 12 vector components to represent the velocity field in-
stead of the regular 3. Since the computations performed on each
component is very similar to that of the undampened solver an
approximate upper bound for the computational cost of our PML
condition is 4x the cost when our boundaries are not present. This
cost corresponds to the case where every voxel in the simulation
domain is a boundary voxel. However, as is evident from the re-
sults in, for example, figure 9, our boundaries are efficient using
boundary widths of only three to six percent of the width of the
simulation domain. Thus the real-world cost of using our method
is significantly lower than the estimated upper bound.

In order to measure the computational cost of our boundaries we
have performed the “Pebble in the Pond” simulation using explicit
dampening, implicit dampening and our PML based method. The
simulation with PML boundaries uses the time integration stabi-
lization presented in section 6.1. As a reference we have also per-
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Fig. 7. This graph shows the effect of differentσmax on a smooth
transfer function (stepwidth = 1.0). 90%, 95%, 99% and 99.9%
dampening corresponds toσmax = 38, 50, 77 and 115 in this test.

formed the simulation using an undampened Stable Fluids solver.
Note that in this case we have assumed that allσβ components can
be non-zero. If the directional boundaries described in section 5.4
are used only oneσβ component is non-zero with the exception
of the corners. This allows for further optimizations which can po-
tentially reduce the cost of our boundaries further. As can be seen
from the results presented in table I the computational cost for our
boundary in the unoptimized case is approximately 1.75x that of
the undampened simulation. The cost of using implicit dampening
is fairly high due to the additional number of iterations necessary to
ensure stability when a dampening term is present. The negligible
cost of applying explicit dampening is also evident - the explicitly
dampened simulation actually takes less time than the undampened
reference simulation. This is caused by the explicit method being as
fast as the reference simulation but due to the dampening of waves
we can take progressively larger timesteps, resulting in a slightly
faster simulation.

The negligible cost of the explicit dampening method calls for
further investigation. We could significantly increase the width of
the boundary region for the explicit method before we reach the
computational cost of our PML approach. In figure 15 we have
shown the results obtained when this is done. The average time
per frame for the explicit simulation is now 184 seconds and the
boundary width is 50 voxels. The size of the undampened central
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99% dampening, stepwidth = 1.0, width = 3%
99% dampening, stepwidth = 1.0, width = 6%
99% dampening, stepwidth = 1.0, width = 9%

Fig. 8. Effectiveness of dampening for different width of the
boundary. Boundary width is given as a percentage of the width
of the simulation domain. 3% corresponds to 5 voxels.
region for both simulations are equal. As can be seen from figure
15 the explicit method works much better with these wide bound-
aries, however, in spite of boundary regions covering nearly 60%
of the fluid surface the explicit method is still unable to obtain the
reflection preventing qualities of our boundaries. This is even move
evident if one studies the surface offset visualizations in figure 16.

Table I. Time required for completing one frame of the
“Pebble in the Pond” simulation using different

dampening methods.
Reference Explicit Implicit PML

Time/frame (s) 90 86 137 156
Relative time 1.00 0.96 1.54 1.74

8.2 The Pebble in the Pond - Viscous

This test is designed to show the performance of our PML based
boundary for viscous fluids. The setup is the same as for section
8.1 above - a drop of water falling into a pond. In this case we
imagine the fluid being cold motor oil (ν = 8.1 Stokes). As can
be seen from figure 17 our method maintains its effectiveness also
for this scenario. Thus we conclude that our method can be used as
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Fig. 9. This graph shows the effects of the PML stabilization. We
use a boundary of width 3% and 6% (5 and 10 voxels) and using
unaided explicit integration as a reference.
a reflection-preventing technique for viscous fluids in spite of our
approximation in section 6.2.

8.3 Speedboat

The Speedboat simulation is intended as an example of a non-trivial
use of our PML boundary condition. Here we have used the level
set boundary approach in section 5.4 in order to create a smooth
and non-trivial boundary shape. For this simulation we have cre-
ated a bottle-like boundary that allows the boat to enter and leave
the simulation domain through a narrow opening. An illustration
of this boundary shape is provided in figure 18. The kinetic en-
ergy diagram for this simulation can be seen in figure 19 and a
visualization of the fluid surface offset at different points in time
is presented in figure 20. As can be seen in figure 20 the reference
simulation exhibits the telltale undesired interference pattern long
after the boat has passed. This is not the case when our boundary
condition is employed, thus showing its effectiveness in absorbing
any waves leaving the simulation domain also for this scenario.
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Fig. 10. Comparative results between an undampened reference
simulation and the three types of reflection preventing boundary
conditions mentioned in this paper. The boundary width is 10 vox-
els and for implicit and PML dampeningσ = 77 is used.

Fig. 11. Surface offset visualization for the “Pebble in the Pond”
reference simulation at time 1.1, 2.4, 7.2 and 10 seconds respec-
tively.

Fig. 12. Surface offset visualization for the “Pebble in the Pond”
simulation using explicit dampening. The images shows the simu-
lation at time 1.1, 2.4, 7.2 and 10 seconds respectively.
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Fig. 13. Surface offset visualization for the “Pebble in the Pond”
simulation using implicit dampening. The images shows the simu-
lation at time 1.1, 2.4, 7.2 and 10 seconds respectively.

Fig. 14. Surface offset visualization for the “Pebble in the Pond”
simulation using our PML based wave absorbing boundaries. The
images shows the simulation at time 1.1, 2.4, 7.2 and 10 seconds
respectively.
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Fig. 15. Comparison between explicit and PML boundaries at
roughly the same computational cost. The boundary widths are 50
voxels for the explicit simulation and 10 voxels for the PML damp-
ened simulation. The average time per frame is 184 seconds for the
explicit method and 156 seconds for the PML simulation. Only the
boundary widths are different - the size of the undampened region
is equal in both simulations.

Fig. 16. Surface offset visualization for the “Pebble in the Pond”
simulation using wide explicit boundaries. The total area of the
boundary region corresponds to roughly 60% if the entire simu-
lation domain. The images shows the simulation at time 1.1, 2.4,
7.2 and 10 seconds respectively.
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Fig. 17. This graph shows the behavior of our wave absorbing
boundary for a viscous fluid withν = 8.1 Stokes. As a reference
the same simulation with≈ 0 viscosity is also provided.

Fig. 18. Illustration of the non-reflective boundary shape used for
the “speedboat” simulation.
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Fig. 19. Kinetic energy graph for the “Speedboat” simulation.

Fig. 20. Water surface offset visualization of the “Speedboat” sim-
ulation. The first three images (top row) shows the reference simu-
lation after 0.8, 2.5 and 7.8 seconds respectively. The three images
on the second row shows the same simulation with a PML wave
absorbing layer present.

8.4 Crazy Boat

This simulation is intended to show that complex fluid interactions
are possible when using our PML based boundaries. Here a boat
moves around in a lake making tight turns in a flower-like pattern.
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Fig. 21. Kinetic energy graph from the “Crazy Boat” simulation.

Fig. 22. Surface offset visualizations from the “Crazy Boat” sim-
ulation at time 0.1, 0.8 and 2.8 seconds respectively. The top three
images shows the reference simulation and the bottom three shows
the same simulation using our PML based boundaries.
As can be seen from the kinetic energy graph in figure 21 and even
more clearly from the surface offset visualizations in figure 22 our
boundaries once again do a good job at removing reflections. Thus
we conclude that our method works well also for non-trivial, visual
effects oriented fluid simulations.

9. CONCLUSIONS

We have presented a novel PML based wave absorbing boundary
condition for the free surface incompressible Euler and Navier-
Stokes equations in the presence of external forces. We have also
presented a novel algorithm for solving the resulting equations in
the boundary region based on the Stable Fluids approach. We have
shown that our boundary condition can efficiently absorb incoming
waves causing very little reflection in the process and that this abil-
ity also extends to complex boundary shapes and non-trivial fluid-
solid interactions. Furthermore we have shown that our method
provides significantly better results than both explicit and implicit
dampening - sometimes requiring boundary widths of only a cou-
ple of voxels in order to be effective (see figure 8). In order to solve
our boundary equations in a fast and stable manner we have had to
make a number of approximations. However, our results show that
in spite of this our method performs very well as a non-reflecting
boundary. Our results also show that the transition from the regu-
lar simulation domain to the boundary region needs to be smooth.
However, the exact shape of the transfer function has proven to be
of lesser importance - all the functions tested performed well with
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the exception of a step function. We have also shown that our spe-
cialized time integration scheme for the dampened self-advection
term results in a stability condition that is not dependant on the
amount of dampening applied - thus making our method fast even
for very aggressive boundaries. Finally we have shown that the
computational cost associated with our boundaries is fairly low,
typically 1.75 times that of the undampened reference simulation.
This cost, though not insignificant, has still proven to be smaller
than the cost of achieving equivalent results using explicit and im-
plicit dampening as is evident in section 8.1.6. It should be noted
that the dampening regions surrounding the simulation domain be-
have in an unphysical manner, which can be surmised from for ex-
ample figures 13, 14 and 22. This is to be expected since these
regions represent a wave absorbing medium and not actual fluid.
From a visual effects perspective it is thus prudent that these re-
gions are removed from the final rendering of the simulation using
for example Constructive Solid Geometry (CSG) operations.

We note that there are several areas in which our method can be
improved. First of all the algorithm described in section 6, though
based on the Stable Fluids approach, is not unconditionally stable.
Due to our explicit integration of the self-advection term a CFL
stability condition must be considered. An unconditionally stable
method for solving this term in the boundary region would poten-
tially allow for faster stable integration and thus even faster compu-
tations. We have also observed a tendency for theq0,β variables not
to return completely to zero when the fluid returns to a stationary
state, thus resulting in a small net flux into or out of the bound-
ary region. For all our tests this effect has been too small to be
seen by the naked eye, however, it is an indication that our integra-
tion scheme for these variables can be further improved. Another
potential area for improvement is the integration of the viscosity
term. Though our tests in section 8.2 indicate that our boundaries
work well also for viscous fluids an unconditionally stable method
for solving equation (50) without approximations could potentially
provide even better results. It is also important to note that we have
assumed that all forces in the boundary region are conservative. In
practice this works well since the only force we need to incorpo-
rate everywhere by necessity is the force of gravity. This is further
helped by the fact that our boundaries do not need to be very wide
to be effective. If more general force interactions are desired we ex-
pect that arbitrary external forces can be integrated into our method
by splitting equation 10 as is. However, this will add additional
complexity to the derivation in section 4 and the algorithm in sec-
tion 6. Thus we consider arbitrary external forces in the boundary
region to be beyond the scope of this paper. In this paper we also do
not consider the case of a mean-flow in the boundary domain. How-
ever, we believe that the method described in [Hu et al. 2008] for
this scenario can be applied to our work as well. Finally we wish to
note that though our boundary condition is PML based the resulting
equations are not formally perfectly matched to the Navier-Stokes
equations, primarily due to the splitting approach used to transform
equation (13) back to its spatial representation. Thus to be accurate
our boundary condition should be considered “well matched” to the
Navier-Stokes equations.

The limitations above allow for further improvement of our
method. However, we are still able to efficiently realize boundaries
that are practically reflection free. Though our boundaries are rather
involved much of the complexity can be hidden from the end user.
Only two parameters are necessary during deployment - desired re-
flection (in percent) and desired boundary width. As a result we
believe that our method can be deployed in an intuitive and user
friendly way. We also strongly believe that this paper and the work
it presents will provide the visual effects community with a new and

highly useful tool in the struggle for better and ever more realistic
visual effects.
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